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ABSTRACT

This thesis presents the study of the construction of coherent states of Newton-
Equivalent Quantum Harmonic Oscillator (NEQHO). The coherent states are important
in quantum mechanics. They are constructed from quantum harmonic oscillator. The un-
certainty relation for the measurement of position and momentum in coherent state takes
the minimal value. NEQHO stands for the model of one-parameter family of Hamilto-
nians alternative to standard quatum harmonic oscillator. The classical version of these
Hamiltonians gives rise to the Newton’s equation for a particle moving under the har-
monic oscillator potential. However there is no guarantee that the quantum version of
these Hamiltonians would describe the same physics. In this work, we construct the wave
functions of the coherent states of NEQHO and study their uncertianty relations. We fo-
cus on the case of |a| < 2, where « is a complex number characterising coherent states.

Within the scope of our study, the minimal value of uncertianty relations is attained.



CHAPTER 1

INTRODUCTION

Coherent states are quantum states of theoretical importance and with wide
range of applications in physics. The simplest examples of coherent states are those
coming from Quantum Harmonic Oscillator (QHO). A coherent state is defined as an
eigenstate of the lowering operator with its corresponding complex eigenvalue. One of
the interesting properties of these states is that they play a role of a ground state which is
shifted in the phase space in such a way that the real part of the eigenvalue is proportional
to the displacement along the x—direction, whereas the imaginary part is proportional to
the displacement along the p—direction. Moreover, these states can be thought to be the
most classical because the minimal value of uncertainty in measurements of position and

momentum is satisfied.

As one has known that there exists the creation or annihilation operators which
create or destroy one photon in a photon number state in the quantisation of the oscillation
of electromagnetic wave. Hence, coherent states arise in this context as superpositions
of photon number states and also being eigenstates of the annihilation operators. The
probability of detecting a number of photons in a coherent state satisfies Poisson distri-
bution. In an example of applications, a laser beam is a coherent state. Laser beams are
stable because of the property of coherent states in which these state remains the same
even after one photon is detected. See [|I}, 2, 3, 4, 5, 6, 7] for more details on theoretical
importance and applications of coherent states. In this work, the issue is closely related

to QHO coherent states and their uncertainty relations are focused.

Let us turn to discuss about the Hamiltonian in classical mechanics. One usu-
ally considers a Hamiltonian which is a function of generalised coordinates and conjugate
momenta. The dynamics of a classical system can be described by the Hamilton’s equa-

tions. It is possible to derive the Newton’s equations from a given Hamiltonian for a



system of a particle moving in one dimensional space. Surprisingly, the form of Hamil-
tonian is not unique. In other words, the same Newton’s equations can be obtained from
different Hamiltonians. Although there is no problem in classical physics, these Hamil-
tonians may lead to different physics from one another after quantisation. Hence, it is
very important to be able to distinguish different physical phenomena corresponding to

these Hamiltonians.

For the quantum harmonic oscillator, a one-parameter family of Hamiltonians
is proposed [8]. It is found that the classical version of all the Hamiltonians in the family
gives rise to the same Newton’s equation for the simple harmonic oscillator. The phys-
ical quantities, e.g. the energy spectrum and the corresponding eigenstates have been
investigated which are very important for studying physical phenomena relating to these
Hamiltonians. Unfortunately, not much has been done along this direction. As far as we
are aware, there has been several related works. For example, a mathematical extension

to this work is given in [9], the explanations of related systems are given in []10, L1, 12].

To distinguish from the quantum harmonic oscillator with standard Hamilto-
nian and those with the one-parameter family in [8], let us keep labelling the quantum
harmonic oscillator with standard Hamiltonian as QHO. But for the quantum harmonic
oscillator with the one-parameter family of Hamiltonians, we will call them as Newton-
equivalent quantum harmonic oscillator (NEQHO). We will give more details about the

NEQHO in the main sections.



CHAPTER 11

LITERATURE REVIEWS

2.1 Quantum harmonic oscillator

The harmonic oscillator model is an interesting model in physics [[13], 14, [15, 16]
because of a lot of systems can be reduced to or described by the simple model of simple
harmonic oscillation. In the classical mechanics, we have seen many such as, spring
oscillation, pendulum and so on. That model can help us to understand the simple model
and can be adapted into the more complicated model. In the quantum mechanics we also
start with the simple model. To study the quantum harmonic oscillator, we have two
ways to analyse the system by starting from the Schrodinger’s equation. The first way
we study in form of hypergeometric equation and the second way we evaluate in form of
eigenvalue equation by writing the position operators and momentum operators in terms

of the ladder operators. Both ways give the same results. Let us proceed to show these.

The Hamiltonian of quantum harmonic oscillator is

.21
H = — + —mw?#*. 2.1)
2m 2

For convenience we will write eq.(2.1)) in ladder operator form. Let us start with the

commutaion relation, [Z, p] = iA. Consider R.H.S. of eq.(R.1))

n2 r 2
P 1 9.9 D mw ., 1 1
T — Aw iSRS W
om 2" omiw 2R T2 72
= ,
D mw o 7. 1
= hw U2+ Zih -
omiw | 2n T +21
= ‘
D mw o T 1
— hw mw * :
omiw 2R +2h[x’p]+2]

D +mwA2+z<M M)—I—l
— "+ —(Ip—pr)+ =
omhw | 2R AN 2

1\z [/ 1\2 . % N
rp — 1 — xr —
a2 ) P a2 ) P e T2

I

S

!

~.
T\



1

= hw (a*a + 5) : (2.2)

where
mw )

a=4/— |2+ —p 2.3
a= 5 (54 ). 23)
AR A LA 2.4
il =/ ( mwp), 04

a is the lowering operator, and a' is the raising operator. When we define these operators,
we use the fact that Z and p are Hermitian, 27 = & and p' = p. The commutation relation

of & and a' can be written as,
[a,a) =[a',a'] =0 (2.5)
and
[a,a'] = aa’ —afa = 1. (2.6)
From a'a = aa' — 1, the Hamiltonian sastisfies the following commutation relations

[H,ad) = —hwa, (2.7)

[H,af] = hwa. (2.8)
Consider the eigenvalue equation of Hamiltonian:

Hn) = E,|n). (2.9)
where E, is the eigenvalue and |n) is the eigenstate.

To interpret, we rewrite an eigenvalue equation as

ataln) = (% _ %) In). (2.10)



Let us define N = a'a, which is the number operator. It is satisfies the commutation

relations, which are

[N.d] = —a, (2.11)

[N,a'] = al. (2.12)
Consider the eigenvalue equation of the number operator N

Nn) = n|n). (2.13)
Multiplying with states (n|, we obtain

(n|N|n) = n(n|n)

) (a1 —
((n!a ) <a|n>> =n (n|n), (2.14)
#0
which implies
n>0. (2.15)

Therefore, the lowest possible eigenstate corresponding to the eigenvalue n = 0 satisfies
al0) = 0. (2.16)
This definition will help us to find the ground state of wave function.

Let us show that, if the state |n) is an eigenstate of N with eigenvalue n, then
the state a|n) is also an eigenstate of N with eigenvalue (n — 1).

Proof. With the aid of eq.(2.11))

= (n—1)(am). (2.17)



Eq.(2.17) suggests that é|n) = n_|n — 1). To find n_, one considers (n|N|n),

(n|N|n) = (nln|n)
(n|ataln) = n{n|n)

(<n|aT) <d|n>> —n. (2.18)

One can also write

=n?. (2.19)

n® = /n. (2.20)
So we can write state of a|n) as
aln) = +/nln — 1). (2.21)

Similarly, if the state |n) is an eigenstate of NV with eigenvalue n, then the state af|n) is
also an eigenstate of NV with eigenvalue (n+1).

Proof. With the aid of eq.(2.12)

- (n + 1) (d”n)). 2.22)
Eq.(2.27) suggests that af|n) = n,|n + 1). To find n ., one considers (n|N|n),

(n|Nn) = (n|n|n)
(n|ataln) = n{n|n)

my(aa* - 1) In) = n{n|n)

(wa) (a*\m) - (n + 1). (2.23)



One can also write

(mya) (a*|n>) — (<n+ 1\n+) (n+|n+ 1>)

=nZ. (2.24)

Comparing eq.(2.23) to (2.24)), we obtained

n? = (n + 1) Vil (2.25)
So we can write af|n) as
a'ln) = vn + 1|n + 1). (2.26)

Eq.(2.16) implies that if the lowering operator acts on the ground state, one
obtains zero because that the operator could not further decrease the state. On the other
hand, if the raising operator acts on the ground state, it should raise up the state too. From
eq.(2.26) if we operate a' operator on the ground state n times, the states |n) is given by

(@ah"

n) = 0). 2.27
n) =~ 2-10) @.27)
By taking the inner product between eq.(2.27) and |z), we obtain the wave function as
Un(x) = (2|n)
\n
— % oy, (2.28)

V!
Eq.(2.28) allows us to find the wave function of any states once we know the ground

state wave function. To find the wave function of the ground state one uses eq.(2.16),

0 = (x]al0)

mw R 1 .
=M%OWMW$W®- (2.29

Then we split out & and p from the eigenvalue equation and rewrite eq.(2.29) as

0=,/ x<xyo>+i3<x\0>
Vo (s + s 0)

h



This is a first order ODE and we obtain

Yolx) = N exp (—”;—ﬁx ) 2.31)

where N is the normalisation factor, which can be obtained by using (|¢)) = 1. The

ground state wave function is

(o) = (22 exp (~2a?). 32)

We use the similar method to find the wave function of the first excited state
i (x) = (x|a’|0) = (z[1). (2.33)
With the aid of eq.(2.3), eq.(2.33) becomes

Wi(x) = (z[al0)

e Gty
— /2 (ste ——%< ). 2.34)

This time we use eq. (2.31)) to find ¥, ()

w0 =5 (v o) (%)i o (5 )

2 [mw /rmw\ i mw
or
i (w) = 21 %wo(x). (2.36)

Similarly, we can obtain the second excited state




o (2 () o (52

5 () (e () )

:% %(2# = po(w)

e (=) <))

eV (71 2) e

() L [ @57

(@) = @0
= e[ (talil2) - (a2
= 2 (wtel) - )
- s () - ) (2o
- (e s
T e
- %% (? : (8933 - 1293%)%(3;). (2.38)

The step can be repeated upto the n' order. It is also useful to change the variable

x to y which is dimensionless as

2

Un(y) = Hn(y)< ! )é(%)}1 exp ( - %) (2.39)

21|

-

where y = (%) *z and H, (y) is Hermite polynomials

Ha(0) = (-1 e
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Figure 1 The plot of the wave function at each energy level with the potential V' for
the Quantum Harmonic oscillator, for z, = / % is the width of the ground state

in a Gaussian distribution. This figure is adapted from [].

Eq.(2.39) is an eigenfunction of the Hamiltonian (. 1) with the corresponding eigenvalue

E, = hw(n n %) (2.40)

If n is zero, Ey = hw/2 which is known as the energy of the ground state. We can plot the

possible energy eigenvalues (2.40) and the wave functions (2.39) of harmonic oscillator

with potential V(z) = mw?z?/2 in Figll. The figure shows the discrete energy levels

with the gap of fw.

In this work, we are particularly intereted in the lowering operator because of
its property. In particular, it has eigenstates which are interstings both in theory and in
applications. These states are called the coherent states. We will discuss about these

states again in the next section.
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2.2 Perturbation Theory

The perturbation theory is a useful approximation to analyse the system in physics,
because in practice a lot of systems are too complicated to explain without approxima-
tion [|L7, 18, 19, 20, 21]]. Complicated systems which are slightly deviated from simple
systems can be studied using the perturbation theories

To study perturbation theory, we start with the time-independent Hamiltonian

H=H"+)\H", (2.41)
where H' is the perturbed Hamiltonian and X is the bookkeeping parameter. The eigen-
value equation of the unperturbed system can be written as

H°|n®) = E%|n°). (2.42)
The eigenvalue equation for the full Hamiltonian is
H|m) = En|m), (2.43)

where the eigenstates can be written as a linear combination of unperturbed eigenstates

as
= Comln”). (2.44)
To write the full form of perturbation for :he eigenvalue equation, we use eqgs.(2.41)) to
2.44)
(ﬁo + /\fI1> m) = E,,|m)
Z Con (H°+ AH) n) Z EppComln)

3" Cum (Eg B+ Af]ﬂ) %) = 0. (2.45)

We need to find the coefficient by multipling (°;j| with eq. (2.45),
313" Com (Eg Bt )\FP) % =0

Cim (B = B+ AHL) + A ComH}, = (2.46)
n#j



where H}, = (95| H'|n°) and (°j|n°) = &;,. Let us expand C;, and E,, as

Cim = CO + ACL, + NC2, 4 -+

En=FE) +\EL + NE2 + -+ .

Subtituting eq.(2.47) and (2.48) into eq.(2.46)

(B - B0 o+ A (H), — L) CY, + (B = BY, ) Ch
+ > HLC |+ (B - L) O+ (BY - ES )R,
n#j

+ 30 CLHY, — LR + 00 =0,

nm*"jn jm*~m

n#j
The zeroth order of ) of eq.(2.49) is

0_ 70\ 0 _
(B - ES )8, =0,
which is trivial if m = j. If m # j, C},, then

= G

Let us next consider the first order of A of eq.(2.49). It is

1 1) 0 0 0\ 1 1 A0
n#j
Considering the case j = m and using C]Qm = Ojm, it gives,
1_ gl

However, when j # m,

1 10 0 0 )1 Lo 1O
(Hjj — Em> ij —+ (E] — Em) ij + Z H]nonm - Z Hjjcjm
n=j

n#j =
0 0 1 1 ¢0
n#j
then,
1
C Him
Jm EO0 EO

=0

=0

12

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)
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Let us finally consider the second order in A of eq.(2.49). It is

1 1 1 0 0 2 1 1 0 2
(#l, = BL)Ch+ (B = BS)C2, + 3 L HY, = OO, B2 =0, (2.55)
n#j

From the result of the first order and j = m, we obtain

H' H!
2 n, n
e A

When j # m,

(B9 - BD)C3, = —C(H) — EL)

1 1 1 1 0 2
- Z Canjn + ijHjj - C’]mEvm

n#j
0 0 2 1 1 1
(£ - B0 2, = O () - EL)
H.
1 nj 1 1 1
+> Ch (m) Hj, + C; 1
nj i
H! H!
0 0 2 Jjm 1 nm 1
(5~ B )G = g 2 (= En) + X g g o
m J n#j m n
then,
C2, = I N — JO - (2.57)
(m-m) (- 2) (2 - 22)
Thus,
H! H!
Ey, = E) +\H,,, — N> o Dt (2.58)
ntj J n

Actually, the pertubation can be found up to any orders but in our work we are interested

only in the first order.

The pertubation theory will help us analyse the difficult system in the next chap-

ter.
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2.3 Coherent States

The coherent states are important and interested in a wide range of physics.
Furthermore the properties of the coherent states are important in physics [|1, 2, 3|, 4, |19,
20]. This is because of the properties for those states are useful to help us evaluate a lot
of things in physics. For instance, any states can be expressed as a linear combination
of coherent states. The coherent states arise from the QHO. Let us consider the lowering

operator with eigenvalue equation,
ala) = ala), (2.59)

where a € C is eigenvalue of a. The reason that o can be a complex number is beacuse
a is not hermitian. It is in contrast to the number operator because the number operator
is hermitian, yielding a real eigenvalue n . There are two ways to obtain the form of
the coherent states. The first way is by expressing as a linear combination of energy

eigenstates. The second way is by using the displacement operators.

So, let us discuss the first way. Consider

o) =) ealn). (2.60)
n=0

To find ¢, let us substitute eq.(2.60) into eq.(2.59). The L.H.S. is

oo

fl|Oé> = chd|n>
n=0
= Z Cn\/ﬁ‘n - 1>
n=1
The R.H.S. of eq.(2.59)
ala) =« Z Caln)
n=0

=a) cpaln—1). (2.61)
n=1
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By comparing two sides, we obtain the relations of the coefficients as

Co/ N = 0Cyp_1.

To solve for ¢, we explicitly write eq.(2.61) for first few values of n

«
n=1o.c —ﬁco

«
an,cz—Ecl

a
Cyg = —=——=C
2 xﬁj\/I 0
3 a o o
n=9,3 = —=—7=—7=C
T VB2V
043
C3 —

co, (2.62)

[e.e] O{n
la) = ¢ ; m\ny (2.63)

To find ¢y, we need to normalise it, let us use normalisation condition («|a) = 1. From

eq.(2.63), we obtain,

(o] =3 %(nﬂ. (2.64)

Then,

n,m=

e XN N

o

P T e = o

n=0 ’

) o |aPn o "

ey S exp )

n=0 n=0

— leof*exp (Jaf?). (2.65)



By using normalisation condition, we obtain

n=0
’Oz|2 > a™
=ex (——) nn—1
p(—5 2\@\/_! )
ex( |Oz|2) - a™ | 1) ]
= e — n— nm—1=m
PUT ) & )
’Oz|2 o am+1
= (- 15) m)
2 ) 2 o
aexp (=120 S0y
= — m
P 2 — (m)!
= ala)

If we substitute eq.(2.27) into eq.(2.67), we rewrite it as,

lof®

0 =on (-2 S 020,

n=0

16

(2.66)

(2.67)

(2.68)

(2.69)

Let us now discuss the second way to write the form of coherent states. Let us

start from

) = D(a)[0),

(2.70)

where D(«) = exp (a&T — a*d) is “displacement operator”. The coherent state written

in (2.70) is also called the displacement ground state. Mathematically, from the Baker-

Campbell-Hausdorff formula we can write

exp(A + B) = exp ( — %[/1, é]) exp(A) exp(B),

Q2.71)



17

where [A, B] = ¢, where ¢ is a complex number (or [¢c, A] = [¢, B] = 0). For the
displacement operator, we set A = aal and B = —a*a, we then have

~F * A 1 A~ * A ~ T * A
exp (04@ -« a)> = exp(— 5[04@ ,—Q a]) exp (aa ) exp(—@ a)

’ 2

= exp ( — ‘QT[&T, —&]) exp (a&T> exp ( — a*&)

= exp ( — %) exp (a&*) exp ( — a*d), (2.72)

where we have used the identities

[aal, —a*a] = |af?, (2.73)

[aal, [aa’, —a*ad]] = [~a*a, [aal, —a*a] = 0. (2.74)
Then, we rewrite the displacement operator as

D(a) = exp ( - %\oﬁ) exp (a&T) exp ( - a*d), (2.75)

The properties of the displacement operator are;

I) DY) =D"'(a)=D(—a), (2.76)
II) D'(a)aD(a) = a+ o, (2.77)
II1T) D' (a)a'D(a) = a' + o, (2.78)
IV) D(a+ ) = D(a)D(8) exp ( - iIm(aﬁ*)), (2.79)

From eq.(2.70) and eq.(2.75), we have

|of”

|a) = exp ( — T) exp (a&*) exp <a*d> |0). (2.80)

Using Taylor expansion in eq.(2.80) gives

) = exp - @) i (aaf)" (a*é)” 0)

2 e n! n!
a* < (eaf)” ” fa)?
4“(‘7)% n Lhatat 5] o Jl0)
2 ~\2
:exp(—%) 1+ aal + (a;) +~~~}\O). (2.81)
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Since eq.(R.81) is exactly the same as eq.(2.69), the two ways to write coherent
states are indeed coincide. Actually, describing coherent states by using displacment op-
erators are more physically appealing than the first idea, because this way is also used
to describe the coherent of photon like a laser beam. Since they are of physical impor-
tance, let us study the coherent states further by discussing their properties. The first one
is the completeness. We have known that lowering operators are not hermitian so their
eigenvalues are complex numbers. In fact, this also implies that the coherent states are
not orthogonal. Nevertheless, it is possible to express any states as a linear combination

of coherent states by using completeness relation.

d 2
/i\axay = 1. (2.82)
m
The inner product of |«) and |3) is given by
B 1,on 10\ e Ba
(Blo) = exp (= gl = 5131) 323 ) (2:83)

From this equation (/3|a) # d,. This result means that coherent states are not orthogonal.
It illustrates that coherent states are overcomplete. It is possible to express a coherent

state as a linear combination of other coherent states.

The wave function of a coherent state is
Vo) = (z]ar). (2.84)

So, if we substitute eq.(2.81]) into eq.(2.84), we obtained

o]

Yala) = exp (= 5= | (2l0) + (zlaa’|0) + (@

(aa’)®

2!

10) + - - ] (2.85)

Substituting eq.(2.39) into eq.(2.83) order by order, we obtain

2 n

vul) = exp (= 2) () ey (<) SO (S -2 ) 236

To simplify eq.(2.86), we use the generating functions for Hermite polynomials,

exp <2xt — t2> - i Hy (). (2.87)
n=0

n!
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Let

= (%)" (2.88)

then we rewrite eq.(2.86) by using generating functions as
vuln) = o0 (— LY (22 e (- LY exp (22— (2) ). 259
“ 2 h 2 V2 V2 ' '

Let us now turn to the measurements of position and momentum of quantum
states, especially coherent states. To do this we use the methods of classical statistics. The
statistical interpretation of the wave function leads to a principal uncertainty to localise
a particle. We cannot predict the definite measurement outcome for a specific particle,
where it is localised at a certain time, thus we cannot assign a path to the particle. For the

uncertainty of observables, we start from position operators and momentum operators

7= w/QZw (a+&*), (2.90)

p=—i %(&—&T). 2.91)
The mean and the mean squared of = are
(T)a = (a2]a), (2.92)
(%), = (a]2?|a), (2.93)
and the mean-square deviation is
(Az)g = (3%)a — ()2, (2.94)

with

(0)g = ,/% /_ h ) (2)0, () dx, (2.95)

the mean-squared deviation of Z is the uncertainty of an observables 7 in the states |«).

The mean-squared deviation of p can be defined in similar way as that of Z. It can be
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shown that the uncertainty relation for the observables & and p satisfies the inequality,

which is valid for all states,
. . L. .
(A2)3(Ap)e = Z([#,PDI- (2.96)

Whenever the commutator of two observables is nonvanishing, there is an uncertainty of
these observables. Since Z and p do not commute, we may interpret the uncertainty rela-
tion as follows. Whenever a position measurement is accurate (i.e. precise information
about the current position of a particle), the information about the momentum is inaccu-
rate uncertain and vice versa. The coherent states attain the minimal uncertainty. So they
can be interpreted as being semi-classical. To further see the semi-classical behaviour of
QHO coherent state, it would be useful to investigate time evolution of these states and
compare with classical harmonic oscillator. However, our work do not extend along this
direction but only on the construction of coherent states and check minimal uncertainty

from NEQHO, to be defined in the next section.



CHAPTER 111

NEWTON-EQUIVALENT HAMILTONIANS FOR THE
HARMONIC OSCILLATOR

3.1 Deriving alternative Hamiltonians from the Newton’s equation

In classical mechanics, the motion of a particle under the influence of external

force can be determined from the Newton’s second law,

- Op
F=o (3.1)

Alternative to Newton’s second law, other formulations, which are Lagrangian mechan-
ics and Hamiltonian mechanics, can also be used to describe dynamics. These two formu-
lations can be used to obtain Newton’s second law. An important quantity in Lagrangian
mechanics is a Lagrangian. Newton’s equation can be obtained by substituting an ap-
propriate Lagrangian into Euler-Lagrange equations. Similarly, an important quantity in
Hamiltonian mechanics is a Hamiltonian. Newton’s equation can be obtained by substi-

tuting an appropriate Hamiltonian into Hamilton’s equations.

Given a Lagrangian or a Hamiltonian a unique Newton’s equation is obtained.
On the other hand, given a Newton’s equation there can be many possible Lagrangians or
Hamiltonians. The problem to determine some or all such Lagrangians or Hamiltonians

is called the inverse problem, which are studied for example in [23, 24, 25, 26, 27].

The reference [8] starts by giving alternative forms of Hamiltonian for a particle
of mass m moving with momentum p in one demesion under a potential V'(x). The one-
parameter family of Hamilton functions yielding the Newton’s equation of the harmonic
oscillator is reviewed. For the Newton and Hamilton’s equations described this system
can be written respectively as

d? d

— — = -2
mdt2x+de(x) 0, (3.2)
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. OH
: oH
p=—5 (3.4)

Here, H is the classical Hamiltonian of this system. Substituting eqs.(3.3),(B.4) to eq.(3.2),

one then obtains

O°HOH OUHOH | 10V _
dxOp Op op? 0xr  moxr

0. (3.5)

To solve the Hamiltonian from this equation, it is possible to apply the method of sepa-
ration of variables. In this consideration, we are interested in two ansatz which are the

additive and multiplicative forms.

For the additive form, the Hamiltonian can be written as
H(z,p) = F(p) + G(z). (3.6)

If we substitute eq.(B.6) into eq.(B.5), we obtain

1!

—F'(p)G () + %V’(a:) =0, (3.7)

which can be separated into two equations, one involving only functions of z and another
only of p. The solutions are that F'(p) can be written as Ap®> + Bp + C and G(z) =
V(z)/(2Am) + D. Here A, B,C and D are arbitrary parameters, for this solution we
substitute back to eq.(B.6). It can be realised as the standard classical Hamitonian form

Hp.
Let us turn our attention to the multiplicative Hamiltonian,
H(z,p) = F(p)G(x). (3.8)

Substituting eq.(B.§) into eq.(B.5), we obtain

H(z,p) = ¢i cosh (czp + 63) (izvcgi) + c4> ) (3.9)

163
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Let us choose ¢; = 4mc?, ¢y = ==5,c3 = 0,c4 = 1 and redefine the Hamiltonian b
2mce Yy

subtracting 4mc?. As a result, the Hamiltonian in multiplicative form is expressed as

a2 P V(z) %_ >
H,(z,p) = 4me cosh<2mc> (1+ chz) Ame?. (3.10)

In the limit of ¢ — o0, it reduces to the standand Hamiltonian. It can be shown as follows

H,(x,p) = 4mc* cosh <L> <1 + V(x)) — 4mc?

2me 2mc?

2 P’ p*
= dme (1 * 22m2c22! * 24mAct4! L >
Vi)  V?(a) 2
1 _ ) 4
( * dme?  16m2c2! i me
_r Vi) - Vi) pV() pVi) p
2m 8mc? 8m2c? 32m3ct  96m3c?
pV(x)  pVi@)
384mAct  3072mbcb

Therefore

2

lim [H.(z,p)] = 2 + V(z) = Hp(z,p). (.11

c—00 2m

As mentioned we will focus on the harmonic oscillator system. Therefore, the
potential is V (z) = mw?z?/2. By quantising the Hamiltonian with the chosen potential,

one may obtain

. 1 3 .. .
H. = 2 cosh <ﬁﬁ> (1 + ﬁ2m2w2:ﬁ2) + (hermitian conjugate), (3.12)
m

where 8 = (2mc)~!. In fact there are many possible ways to write the quantum Hamil-
tonian. This is due to the fact that Z and p are not commute. Another possible expression

for the Hamiltonian operator is
— {(1 +iBmwi)? exp(—ifiB8,)(1 — iBmwi)? + (i — —i)} . (3.13)
m

This Hamiltonian is chosen by [8], because it is inspired by the work [22], which studies
relativistic Calogero-Moser systems. For the eigenvalue equation with eq.(B.13)), the

ground state wave function is given by

BN _ 1 i I :
v (x)_[(F(ﬁﬁ%w+ﬁﬁ))<r(ﬁﬁ2mw m)ﬂ | G149
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where I' is Gamma function. The wave function \If[()ﬁ )(x) satisfies the eigenvalue equa-

tion,
A (@) = 50 (), (3.15)

which 1/4%m is an energy spectrum or eigenvalue. We will discuss more details about

Hamiltonian operator H (3) later.

In classical formalism, let us note that the classical version of (2.1]) can be written

in form of

Hg = waa®, (3.16)
which can be seen from
2
PRI (:c +zi) (x - z‘i> (3.17)
m2w? mw mw
and
2 2
p 1 2 2 2 2 p
o 3 = (5 ) (3.18)

o= (%)(Hz%) (3.19)
o = (%)(w . @%) (3.20)

For the poisson bracket of {a, a*}

o0 = (2) {aﬁ (z+ %)%(x i)
) )
()0 75) - G

— (3.21)
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then
{a,a”} = —i, (3.22)

and
{a,Hg} = —iwa, (3.23)
{a*, Hg} = iwa". (3.24)

Let us now turn to the one-parameter family Newton-Equivalent Hamiltonians
H,. We may try to define the quatities which are similar to @ and a* defined from eq.(B.19)
and eq.(3.20). The idea is that the momentum p can be expressed as p = mad and that

time derivative of  can be written as & = {x, H.}. Therefore, the counterpart of a is

A= (T (o 12T
2 w
_ (T : : - 2 2 2 2)2
_ () <x+ﬁmw<smh(gp)(1+gmm) )). 329
We also write the poisson bracket relations. This can be obtained as follows

%6HC B %81—[6
Or Op Jp Oz

- (%) () [ (1 e ()

(1 + 52m2w2x2>75> (B sinh (Bp)(1 + /32m2w2:172)%>>
— <0 - Lb’ cosh <6p) <1 + B2m2w2x2) %) X

= )}
(%) () [ () 1+ )

+ i%mwx sinh? <6p> — i3%mwx cosh? (ﬁp)]

{A7 HC} =

D=

(cosh (Bp) %2x62m2w2 (1 + 52m2w2x2> B
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<m7w> : (ﬁ;m> [B sinh (ﬂp) (1 + 52m2w2x2>; - ZﬂQmwx]
<%>; lﬁim sinh (ﬁp> <1 + 52m2w2x2>; — iwa:]
x+ ! sinh (ﬂp) (1 + ﬁ2m2w2x2) ;]

_ (mw)é
= —iw|—
2 Bmw

= —iwA. (3.26)

As for {A*, H.}, we use a similar method and we will obtain {A*, H.} = iwA*. More-
over, the case of {a, a*} is generalised to { A, A*},

0AO0A* O0AOA*

WA= "o
= <m7w> (1 + 5;M (sinh <Bp> %QwBszwzx

(14 8mta?) ) (0 - — cosh (p) (14 miuta?) )

— (0 = cosh (1) (1 4+ BPmtuta?) )

(1 — ﬁni’bw (sinh (ﬁp) %2x62m2w2 (1 + ﬁ2m2w2x2> _%>]
— (%) [ — i cosh (Bp) (1 + 52m2w2x2)%

+ xf sinh <Bp> cosh <ﬁp> — # cosh <ﬁp> (1 i Bzmzw%g)%
~ zBsinh (Bp) cosh <ﬂp>]
= —1 [cosh <ﬁp> (1 + ﬁ2m2w2x2> 5]

2

- —i?QZZ [cosh <Bp> <1 + 62m2w2x2> %]

— —iFmH,. (3.27)

Let us proceed to the quantum level, we recall the lowering operators,

() e i)
“= 2h v me’
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and all of the commutation relations for [a,al] = 1, [a, H] = hwa, [af, H] = —hwal
From these commutation relations we will use the same idea, just as at the classical level.
Then, we can realise that j can be written as mz = —imh™!|z, H ]. So the operator
form of Newton’s equation is [[#, H], H] = h*w2i. Now we have to check another one
[, H(B)], H(B)] = h2w?. This is very impressive because the quantum Hamiltonians

Hand H (B) are once more Newton equivalent. Therefore,
- mw\ 3 1 -
i=(52) [:c +i—[i, H(ﬁ)]}

— (52)" |+ g [(1 - s0mat) ” exp (— inss)

(1 - z‘@mmc)é (i —@')H . (3.28)
The commutation relations of lowering operator, raising operator and hamiltonian are
[A, H(B)] = hwA,  [AT H(B)] = —hwA, (3.29)
and
[A, AT] = B*mH(B). (3.30)

To evaluate these commutation relations, we need to use properties of exponential func-
tion of 0, to shift functions f(z) to f(z F a), so all of this is easily verified. It would be

interesting to rederive the above results by using dimensionless variable

A= @(fzmwf. (3.31)
Then write
i — 1(A+“) (3.32)
a— — Dy ), )
A hw R )
H—>7<—pz+y2), (3.33)

where p, = p/vVmwh, p = —ih0,.

As for the one-parameter of H (B), we set new symbols for convenient,

1

T, = (1 + MQ) ? exp ( + Apy) (1 - z')\;g)é, (3.34)
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and the relation between 7'y and ¢y can be written in form of commutation relations as,
[Ty, i) = £M\Ty, [T, T4] = 2X%j). (3.35)
To keep away from confusion, we switch one-parameter to lower case symbols as,
o
A—=a(N), A" = a'(\), —= — h()N), (3.36)

Thus, we write it as,

a(\) = 27172 (y + % (ﬁ . T_>) (3.37)
at(\) = 2712 (y . % (ﬁ - 1)) (3.38)
) = (207 (Th - T0). (3.39)

Then we rewrite eq.(3.29), (B.30) into lower case symbols

[@(A), AN = a(X), [a' V), h(N)] = =aT(A), [

Q>
—~
>
S~—
Q>
paf
—~
>~
=
I
>
[}
=
—~
>
N~—

(3.40)

In order to explain the relation of af()\) and h()) to operators a! and Hp/hiw, we will

expand from (B.34)) and limit A\ — 0, for this one we obtain

. ~ _ _1 /(. N _ 5 . A _ _l(A_.A>:AT
lim a()) 22<y+2py> a, lima'(\) =272(g —ip, | = a',

~ 1 N
: 2 _ —f _p2 ~2 — -1 _ =
lim A(A) — A2 = 3 (= + 1) = () iy — 5.

Let us now turn to the ground state wave functions of NEQHO and rewritten in

form of dimensionless as

Fo-f ) e

and for the normalisation of ground state is

30w = (@) W) e w), (3.42)

where

(406, v ) = 25 (). (3.43)
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It converges to the normalise ground state of the standard harmonic oscillator as A — 0:
2

. 1 _y_)
tim 9§V (y) = 7 Fexp (= %), (3.44)

In the next chaper, we will use the lowering operators from eq.(8.37) to construst

the coherent states for the one-paremeter family of hamiltonians.



CHAPTER 1V

ON THE CONSTRUCTION COHERENT STATE OF
NEWTON-EQUIVALENT

4.1 The construction of the coherent states wave functions

Turning to our work, we will use the method and strategy from the previous
chapter to construct the coherent states of the Newton-Equivalent wave functions. Actu-
ally, the closed form of excited states can be obtained after we operate raising operator
on the ground state for an approprite number of times. In practice, it turns out that this
kind of direct calculation for NEQHO is difficult to do. So we come up with a simpler
method to be described. We will use a process to approximate the coherent state wave
functions. In this chapter, we will explain and justify this process, then use the coherent

state wave functions to compute uncertainty relation and then interpret.

As we mentioned, we try to find coherent states for NEQHO. Let us start with

eigenvalue equations with eq.(8.37), it gives

9-1/2 (y + %(n — T_)) o) = afa). (4.1

From this equation the state |«) should be the functions of A and we will also find co-
efficient as the functions of \. We are going to restrict to small values of A. To find

coefficient, we need to expand 77 in A as

271/2

. 1 1
@+%[(1+Mg)2 exp(—i—)\ﬁy) (1 —M@)Q

_ (1 _ Mg)é exp ( - A@) (1 n z)\y)H = ala). 42)
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Expanding in A gives
2

AT . o
271/2 <y + P, + o (pz — 3p, — 31y + 3y2py) + O(A3)> la) = ala) (4.3)

2

A 9 A
9-1/2 (Q +ipy + ZE (152 — 3p, — 3iy + 3y2py)> <00|0> +c1|1) 4+ ]2 + )

- a(co|0> +er|l) + cal2) + ) (4.4)

for convenient, we multiply with (y| and written as,

2

A
9-1/2 (y + 3y + E( — 0yyy — 36y + 3y + y28y)> (CO@Z)O(Q) + 1y (y)

ertn(y) + ) = aleotoly) + avi(y) + on(y) + ). @5

In this equation, we have made a perturbative expansion of the operator and keep up
to order \2. Let us make a further approximation of the coherent state by expressing
it as a linear combination from the ground state y(y) up to state ¢ (y). For instance,
if we are interested in the N = 2 truncation, we can see that R.H.S. of eq.(#.9) is a
linear combination of ¥y (y), 11 (y), ¥2(y). However, the L.H.S. is a linear combination
of Yo (y), V1 (y), ¥2(y), Vs(y), ¥a(y), ¥s(y). So in the case, eq.(#.5) gives 6 conditions
for 3 unknowns c;, ¢, c3. So to proceed, let us some extra conditions by ignoring the
conditions corresponding to the coeficients of ¥3(y), ¥4(y), ¥5(y). The removal of these
conditions as explained might seem arbitrary. But we expect that as /N increases, our

method would not lead to any problem. By following the process, we obtain

a(a?(=2?)+2a2+3)2+4)
(@212)(02+2)

(V202421202202 421202 —/2)2)

1 — (02+2)(a2+2)

Cp, C2 — Co.
Note that this relation works only for the N = 2 truncation. If we consider larger IV, we

should find the similar relations again.

As a result of this, we substitute into the definition of the coherent state wave

functions as,

V2 (y) = (yla)
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e—% 2<a2y2 +V2ay + 1>
T )
<20¢2 — 40y + 2% + V2a%y — 3v2ay — 1) ]

(a2 + 2)2

then we can compute the variance of position and momentum for the state described by

— )2 (4.6)

this wave function by using

Ay = /(2D — (39022, @.7)
(Ap)02 = /)0 — ((5,)02)”. (4.8)

As an example result, for consider the case N = 2, « = (0.5. We obtain, presenting up

to 3 significant figures,

(Ay)$5? = 0.681 — 0.0234)%, (4.9)
(Ap)y® = 0.741 — 0.01697, (4.10)

then if we write the uncertainty relation from two variance, we obtain

(A2 (AP)SE? = 0.504 — 0.0059A2. 4.11)

It can be expected that the result of eq.(#.11]) does not accurately respresent the
uncertainty relation of the NEQHO coherent states because 12 () is expressed as a linear
combination of only the states |0), |1), |2). If we need more accuracy, we should add more
state into the linear combination. If we include states up to | N), we may follow above

steps which eventually give

(AP = /(20N — (), (4.12)
(AP)PN =\ (8N — (V)2 (4.13)

where the expectation value of the operator is

A h 0 A
Ola= (o) [ dg()0u ). @.14)

—00
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By following the algorithm outlined, we have computed (Ay)ff’m, (Apy)((f’N),
and (Ay)g\’N)(Apy)g’N) for various o and N. For any fixed N, these quantities are
expressible as Taylor series expansion in \ up to the order of A% such that each coefficient
is a function of o. After substituting in a numerical value for «, these coefficients are
given by some numerical values. Since these coefficients are mathematical functions,
their values can be given precisely (i.e. up to any significant figures), as long as we give
a precise value of a.. Correspondingly, the programming language that we have used in

the calculation allows arbitrary precision, and we have made the full use of this capability.

As an example result, let us consider the cases with fixed « = 0.5 4 0.7 and

vary order of truncation N = 2,4, 6, ..., 26. These results can be read from Table 1,

Table 1 The values of (Ay)&A’N) — (Ay)&’\’N_2) and (Apy)&A’N) - (Apy)&’\’N_2) for o =

0.5 + 0.7z with various values of N

N (Ay)e™ — Ay (Apy)§™ = (Ap,)§S"

4 —8.97 x 1072 + 1.65 x 1071 \? —2.02 x 1072 — 1.41 x 107\
6 —7.34 x 1073 + 1.14 x 107 \? 1.29 x 1073 — 7.66 x 1072\
8 —1.86 x 107 + 8.58 x 10732 7.31 x 1075 — 4.30 x 1073\2
10 —2.31 x 1079 +2.62 x 10~*)\? 1.20 x 1076 — 1.08 x 107\
12 —1.71 x 1078 + 4.41 x 1076)? 1.03 x 1078 — 1.86 x 10762
14 —8.31 x 10711 4 4.54 x 1073\? 5.51 x 1071 — 2.18 x 1078)\?
16 —2.87 x 10713 4 3.05 x 10710)\2 2.03 x 10713 — 1.66 x 10710)\2
18 —7.40 x 10710 4+ 1.42 x 10712)2 548 x 10710 — 8.56 x 10713 )2
20 —1.48 x 107 +4.79 x 107°X2  1.13 x 1071® — 3.12 x 10712\
22 —2.35 x 10721 4 1.22 x 10717)\? 1.85 x 10721 — 8.44 x 10718)\2
24 —3.04 x 10724 4242 x 1072002 245 x 1072* — 1.75 x 10720)?
26 —3.27x 1072 +3.84 x 1072)? 2,69 x 10727 — 2.89 x 10723)2




(Apy)

(AN)

From the results, it can also be seen that the values of (Ay) 2. g 7 — (Ay)

(AN)
0.5+0.7d

(Apy)

(AN

0.

) 72) 1 1
+o.7; converge as [V is increased.
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(AN-2)
0.5+0.7i >

Table 2 The values of (Ay)gf’N) and (Apy)((f’N) for o = 0.540.7¢ with various values

of N

N (Ay)+ (Ap,)&

2 0.804 — 0.026)\? 0.726 — 0.040)\?
4 0.715 + 0.139)\? 0.706 — 0.181)\?
6 0.707 + 0.253)\? 0.707 — 0.257)\?
8 0.707 + 0.261)\? 0.707 — 0.262)\?
10 0.707 + 0.262)\? 0.707 — 0.262)\?
12 0.707 + 0.262)\? 0.707 — 0.262)\?
14 0.707 + 0.262)\? 0.707 — 0.262)\?
16 0.707 + 0.262)\? 0.707 — 0.262\2
18 0.707 + 0.262)\? 0.707 — 0.262\2
20 0.707 + 0.262)\2 0.707 — 0.262\2
22 0.707 + 0.262\? 0.707 — 0.262)\?
24 0.707 + 0.262\? 0.707 — 0.262)\?
26 0.707 + 0.262\? 0.707 — 0.262)\?

We have checked that for other values of o with || < 1, the behaviours are
also qualitatively the same. That is, when /V is large enough the values of (Ay)(o?’N),
(Apy)ff’N) and (Ay)&A’N)(Apy)&A’N) converge as Table 2 and Table 3. We suppose that

other values of « also share this behaviour.

We therefore choose the value of /V sufficiently large enough. In particular, we
choose N = 25 which is useful to study coherent state wave functions with |a| < 2.

Larger values of « can also be studied accurately, provided that we increase N to an
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Table 3 The values of and (Ay)g{\’N) (Apy)(a’\7N) for o = 0.5+ 0.7: with various values

of N

N (Ay)a™ (Ap,)s

2 0.584 — 5.12 x 10722 + O(\?)
4 0.504 — 3.10 x 107202 + O(\?)
6 0.500 — 3.20 x 1073X% + O(\?)
8 0.500 — 1.12 x 1074\2 + O(\?)
10 0.500 — 1.83 x 1075A% + O(\?)
12 0.500 — 1.68 x 10732 + O(A?)
14 0.500 — 9.88 x 10711\2 4+ O(\3)
16 0.500 — 4.00 x 107132 + O(\3)
18 0.500 — 1.18 x 1071522 + O(\3)
20 0.500 — 2.67 x 107'8)2 4+ O(\3)
22 0.500 — 4.73 x 1072'\2 + O(\3)
24 0.500 — 6.77 x 1072*\2 + O(\3)
26 0.500 — 7.97 x 10727\2 + O(\3)

appropriate value. It is a well-known result that coherent states for standard QHO has
the minimal value of uncertainty. See Equation (2.96). As for the coherent states of
NEQHO, however, it is non-trivial whether these states give the minimal value of uncer-
tainty. So we study the values (Ay)éA’N)(Apy)&’\’N) for N = 25, |a| < 2, and compare
with the minimal value of uncertainty, which is 0.5. In particular, Table 4 demonstrates
the difference in each of the cases where o = 0,0.2,0.4, ..., 2. The differences for other
cases with |a| < 2 (recall that « is a complex number) also share the same feature as
those presented in Table 4. That is, the coefficients of the 0 and 2"¢ order of \ are very

small. As a result of Table 4, we see that when « are increased, the difference between
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Table 4 The difference between the uncertainty (Ay)(a)“N) (Apy)g"N) with N = 25,

a=0,0.2,04,...,2, and the minimal value 0.5 of uncertainty

a (AP (A8 — 0.5

0.0 0

0.2 2.79 x 10792 — 2.22 x 107X\ + O(\?)
0.4 111 x 10746 — 5.66 x 10741A% + O(\3)
0.6 1.31 x 10737 — 1.36 x 10732)\2 4 O(\?)
0.8 3.11 x 1072 — 1.07 x 1072°A2 + O(\3)
1.0 2.37 x 10726 — 3.51 x 1072)2 + O(\?)
1.2 2.00 x 10722 — 1.51 x 107¥A2 + O(\?)
1.4 3.60 x 107% — 1.56 x 1079A2 + O(\3)
1.6 2.05 x 10716 — 5.52 x 107 13A% + O(\3)
1.8 4.75 x 1071 — 8.43 x 107M\2 + O(\3)
2.0 5.32 x 10712 — 6.51 x 107902 + O(\?)

the uncertainties are further away from the minimal value 0.5 of uncertainty. We expect
these differences are just errors which result from using truncation N = 25. If N is in-
creased, we expect that these differences would be decreased and eventually disappears
as N — oo. We propose that the greater error for greater value of « can be interpreted
as follows. For the standard coherent states, the real part of « is the expectation value
in position of the coherent state, whereas the imaginary part is the expectation value in
momentum of the coherent state. We expect that this would be similar for our case. So
this means that the errors would be related to the distance of the expectation values from

the origin of phase space.



CHAPTER V

CONCLUSIONS

We may conclude that in order to obtain coherent state wave function, we write
lowering operator up to the second order in \. NEQHO wave function coherent states are
obtained as eigenstate of lowering operator. According to QHO, the uncertainty between

position and momentum of coherent state satisfies minimum value.

According to NEQHO coherent states with |a| < 2, the uncertainties are ap-
proximately equal to the minimal value, see table . So by using this consideration, it is

not a simple matter to distinguish them from the coherent states for QHO.

We expect that even for || > 2, the uncertainties of NEQHO coherent states
are still approximately equal to the minimal value. Nevertheless, this should still be
investigated. Because, error between (Ay),&A’zs)(Apy)ff’%) — 0.5 tends to be larger for

la| > 2, see table . We leave this verification to future works.

It is also interesting to go beyond the second order in A to see whether the un-
certainties of NEQHO coherent states still have the minimal value. We also leave this
varification to future work. Furthermore, other physical phenomena relating to coherent
states should also be investigated to see whether it is possible to distinguish NEQHO
coherent states from their QHO counterparts. One of the phenomena to be checked is the

noise in the time evolution of coherent states.
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