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Student ID:.................................................................

Part 1: Mathematical Methods of Physics - Compulsory

Instructions and cautions

1. Choose 4 out of the following 8 questions.

2. Write down detailed and clear solution to problems of your choice.

3. Complete answers are preferred to fragments.

4. Write on one side of the paper only and begin each answer on a space provided.

5. Write legibly, otherwise you place yourself at a grave disadvantage.

Question No. Checked Question to be marked
1
2
3
4
5
6
7
8



Name:.................................................................................................

1 Vector Calculus

Question 1.

Evalaute the
s

S

F.dS, where F = 4xzî − y2ĵ + yzk̂ and S is the surface of the cube bounded

by x = 0, x = 1, y = 0, y = 1, z = 0, z = 1.

d
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2 Linear Algebra

Question 2.

2.1 Let

A =

−4 −6 −12

−2 −1 −4

2 3 6

 , u =

 6

5

−3

 , v =

−2

0

1

 , and w =

−2

−1

1


1. Express the vector u as a linear combination of v and w.

2. Compute A3v.

3. Compute A3w.

4. Compute A3u.

d
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2.2 If A and B are two unitary matrices, show that AB is also unitary.

d
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3 Group Theory

Question 3.

Consider the following multiplication table for a group G and answer the following questions.

× a b c d f

a b f d a c

b f c a b d

c d a f c b

d a b c d f

f c d b f a

(a) Which element is the identity element?

(b) Is the group commutative?

(c) Is there some x G such that x3 = d? d
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Question 4.

Let G be a group with elements a and b in G. Show the equivalence

ak = e⇐⇒
(
bab−1

)k
= e

Can you draw any conclusion regarding order (a) and order (bab−1)?
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4 Function of Complex Variables

Question 5.

Evaluate the contour integral ∫
C

f(z)dz

using the parametric representations for C, where

f(z) =
z2 − 1

z

and the curve C is

(a) the semicircle z = 2eiθ(0 ≤ θ ≤ π)

(b) the semicircle z = 2eiθ(π ≤ θ ≤ 2π)

(c) the circle z = 2eiθ(0 ≤ θ ≤ 2π)
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5 Integral Transform

Question 6.

The Hamiltonian of a harmonic oscillator is given by

H =
p2

2m
+

1

2
kx2.

The time independent Schrödinger equation for the lowest energy state is given by

− h̄2

2m

∂2

∂x2
φ (x) +

1

2
k2x2φ (x) =

√
k

m

h̄

2
φ (x) .

Hint: The Gaussian integral
∫∞
−∞ e

−x2
dx =

√
π.

(a). The approximate solution of the wave function is

φ (x) ∼ e−
√
mk
2h̄

x2

.

Find the normalized φ (x).

(b). Derive φ (p) by using Fourier Transform.

(c). Is the wave function φ (p) normalized?

(d). Show that φ (p) satisfy the Schrödinger equation in momentum basis.
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Question 7.

The Parseval’s relation is given by∫ ∞
−∞

f(t)g∗(t)dt =

∫ ∞
−∞

F (ω)G∗(ω)dω.

Where F (ω) and G(ω) were the Fourier Transform of f(t) and g(t) respectively.

(a) Proof the Parseval’s relation

(b) Obtain the integral
∫∞
−∞

1
ω2+α2dω by using the Parseval’s relation with the function

u(t) =

{
e−αt , t ≥ 0

0 , t ≤ 0
; α > 0.
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6 Ordinary Differential Equations

Question 8.

Solve the following ODEs,

a) x
dy

dx
− y =

x3

y
e

y
x

b) y′′ − 3y′ + 2y = sinx
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Qualifying Examination
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Part 2: Subjects Relating to student’s Research Field

Instruction and cautions

1. Choose 3 out of the following 6 problem relating student’s field.

2. Write down detailed and clear solution to problems of your choice.

3 Complete answer are preferred to fragments.

4. Write on one side of the paper only and begin each answer on a space provided.

5. Write legibly, otherwise you place yourself at a grave disadvantage.

Question No. Checked Question to be marked
1
2
3
4
5
6
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1 Manifold, Curvature, Gravitation, Spherically sym-

metric solution, Black holes

Question 1.

A space of constant curvature is given by

Rαβγδ = K (gαγgβδ − gαδgβγ) .

a). A 3-dimensional spherically symmetric space is given by

dσ2 = eλ(r)dr2 + r2
(
dθ2 + sin2 θdφ2

)
,

the non-vanishing Ricci curvatures are given by

Rrr =
∂rλ(r)

r
; Rθθ = csc2 θRφφ = 1 +

1

2
re−λ(r)∂rλ(r)− e−λ(r),

show that the metric for a three dimensional spherically symmetric space with constant curva-

ture is

dσ2 =
dr2

1−Kr2
+ r2

(
dr2 + sin2 θdφ2

)
.

b). Show this metric on the conformally flat form by taking this transformation.

r =
r̄

1 + 1
4
Kr̄2

.

For marker: Name............................................... Signature................................................ 11



Name:.................................................................................................

d

2 Inflationary cosmology: Base on the book of V. Makhanov

Question 2.

The Friedmann equation and the conservation law are given by

H2 =
8π

3

(
1

2
φ̇2 + V (φ)

)
,

and

φ̈+ 3Hφ̇+ ∂φV = 0,

where φ is a scalar field and “dot” denotes the derivative to time.

a). The slow-roll condition is give by

|φ̇2| � |V | ; |φ̈| � 3Hφ̇ ∼ |V,φ |.

The Hubble parameter defined as H ≡ d ln a
dt

, where a is the time dependent scale factor, show

that

a(t) = ai exp

(
8π

∫ φi

φ(t)

V

V,φ
dφ

)
,

where “i” represents the initial value.

b). For a power-low potential V = 1
n
φn, how does the scalar field change with time if we need

a e-fold expansion?
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3 Field Theory of Gravity

Question 3.

The Einstein equation is given as,

Rµν −
1

2
gµνR = κTµν ,

where κ = 8πG/c4 and Tµν is the energy-momentum tensor [EMT] of the matter field.

Derive the Einstein equation for the action,

LS =

∫
d4x
√
−g
[

1

2κ
R +

1

2
gµν∂µφ∂νφ

]
,

and show that the scalar equation of motion (EOM) is Harmonic:

∂2φ = 0, where ∂2 =
1√
−g

∂µ
(√
−ggµν∂ν

)
.

Hint: Consider the formulae:

δR

δgµν
= Rµν ,

δ
√
−g

δgµν
= −1

2
gµν
√
−g.
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4 Linearized gravity, Gravitational wave

Question 4.

In the linear approximation the covariant metric tensor is expanded about the Minkowski

background as,

gµν = ηµν + hµν , |hµν | << |ηµν |.

a) Show that the contravariant counterpart must take the form,

gµν = ηµν − hµν .

b) Show that in this linear theory the scalar curvature is give by,

R = ∂µ∂νh
µν − ∂2h, h = hµµ.

Hint: Useful formulae:

Γαµν =
1

2
gαβ (∂µgβν + ∂νgβµ − ∂βgµν) ,

Rρ
σµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓ

λ
νσ − ΓρνλΓ

λ
µσ, Rσν = Rρ

σµνδ
µ
ρ , R = Rµνg

µν .
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5 Physical Foundation of Cosmology

Question 5.

According to the Hubble’s Law, the velocity of any two galaxies in the universe moving apart

from each other is

Velocity = H0 ×Distance.

a) We can encounter a situation in which the very faraway galaxies are receding from each

other with a velocity more than the velocity of light very faraway. Give your comment on this.

Do you think special theory of relativity is violated in this case?

Explain the difference between co-moving distance and physical distance, and their connec-

tion to cosmological redshift. You only need a couple sentences here, to show a qualitative

understanding.
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6 Questions of Newtonian cosmology

Question 6.

The mass within the sun’s 8 kpc orbital radius about the Milky Way is ∼ 1011M � (M� =

mass of the sun ≈ 2 × 1033g ). By what factor does the average density in this sphere exceed

the mean density of matter in the Universe? (Assume the values preferred at the moment:

Ωm = ρmatter /ρcrit = 0.25, H0 = 70kms−1Mpc−1 ).
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