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We reanalyze the problem of a 1D Dirac single-particle colliding with the electrostatic
potential step of height V0 with an incoming energy that tends to the limit point of the
so-called Klein energy zone, i.e., E → V0 − mc2, for a given V0. In this situation, the
particle is actually colliding with an impenetrable barrier. In fact, V0 → E + mc2, for
a given relativistic energy E (< V0), is the maximum value that the height of the step
can reach and that ensures the perfect impenetrability of the barrier. Nevertheless, we
notice that, unlike the nonrelativistic case, the entire eigensolution does not completely
vanish, either at the barrier or in the region under the step, but its upper component does
satisfy the Dirichlet boundary condition at the barrier. More importantly, by calculating
the mean value of the force exerted by the wall on the particle in this eigenstate and
taking its nonrelativistic limit, we recover the required result.
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1D Schrödinger theory

The potential step of height V0 (> E > 0)

��-

φ(x) =

{
0 , x < 0
V0 , x > 0

��-

(a) The impenetrable barrier limit

= The in�nite-potential limit (V0 →∞)

(b) ⇒ ψ(NR)(0−) = ψ(NR)(0+) ≡ ψ(NR)(0) = 0,

i.e., the Dirichlet boundary condition

(c) ψ(NR) has just one component



1D Dirac theory

The potential step of height V0 (> E > mc2)

��-

φ(x) =

{
0 , x < 0
V0 , x > 0

��-

(a) What is the impenetrable barrier limit?

(b) The in�nite-potential limit (V0 →∞) ⇒ Transmission!

T → 4a

(a + 1)2
, a ≡

√
E −mc2

E + mc2

T is the transmission coe�cient
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When E ∼= mc2 (low energies): a→
√

E(NR)

2mc2
∼= 0 ⇒ T ∼= 0

When E � mc2 (high energies): a ∼= 1 ⇒ T ∼= 1

Thus, this kind of tunneling is more noticeable when the particle
has a high energy

(c) The Dirichlet boundary condition is not acceptable!

Ĥ = −i~c α̂
d

dx
+ mc2β̂ + φ with D(Ĥ) : { ψ(0+) = ψ(0−) ≡ ψ(0) = 0 }

is not self-adjoint! 1 [ x ∈ R− {0}, and D(Ĥ) (6= D(Ĥ†)) is the domain of
Ĥ ]

(d) ψ has two components

(e) In fact, by imposing the Dirichlet boundary condition on the
general solution of the 1D Dirac equation at a point like x = 0,
the only solution is the trivial one. The problem is overdeter-
mined!

1 For example, use von Neumann's theory of self-adjoint extensions



The Klein energy zone

E − V0 < −mc2 ⇒ V0 > E + mc2 (for a given energy)

Thus, V0 > E (but we also know that E = Ek + mc2 > mc2, always)

(a) Tunneling occurs in this range of energies, it is the so-called
Klein tunneling

T =
4a |b|

(a− b)2
, a ≡

√
E −mc2

E + mc2
, b ≡ −

√
E − V0 −mc2

E − V0 + mc2

(when V0 →∞, we have that b→ −1, and therefore T → 4a/(a + 1)2)

The limit point of the Klein energy zone

V0 → E + mc2 (for a given energy)

(a) Tunneling disappears in this limit!

T → 0

(In fact, when V0 → E + mc2, we have that b→ −∞, and T → 0)



�

V0 → E + mc2 is the impenetrable barrier limit in the 1D Dirac
theory!

(a) Thus, in this limit, the point x = 0 becomes an impenetrable
barrier

(b) But, in this limit, what is the boundary condition that
emerges? i.e., what is the boundary condition that the 1D Dirac
wavefunction must satisfy at the impenetrable barrier?

And now, the details

(a) In the Dirac representation, the time-independent 1D Dirac
equation is given by

Ĥψ(x) =

(
−i~c σ̂x

d

dx
+ mc2σ̂z + φ

)
ψ(x) = Eψ(x)

where

ψ(x) =

[
ϕ(x)
χ(x)

]
= (ψi(x) + ψr(x) ) Θ(−x) + ψt(x) Θ(x)

is the scattering solution in compact form
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(b) The incoming, re�ected, and transmitted plane-wave solu-
tions are given by

ψi(x ≤ 0) ∼
[

1
+c~k
E+mc2

]
e+ikx → ψi(x ≤ 0) =

[
1
a

]
eikx

ψr(x ≤ 0) ∼
[

1
−c~k
E+mc2

]
e−ikx → ψr(x ≤ 0) =

(
a + b

a− b

)[
1
−a

]
e−ikx

ψt(x ≥ 0) ∼

[
1
−c~k̄

E−V0+mc2

]
e−ik̄x → ψt(x ≥ 0) =

2a

a− b

[
1
−b

]
e−ik̄x

where

a ≡
√
E −mc2

E + mc2
, b ≡ −

√
E − V0 −mc2

E − V0 + mc2

k =

√
E2 − (mc2)2

~c
, k̄ =

√
(E − V0)2 − (mc2)2

~c
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(c) ψ is a continuous function at x = 0

ψ(0−) = ψ(0+) ≡ ψ(0) ⇒ ψi(0) + ψr(0) = ψt(0)

(x± ≡ lim
ε→0

(x± ε), with x = 0)

(d) The probability density and the probability current density,
namely,

%(x) = ψ†(x)ψ(x) = |ϕ(x)|2 + |χ(x)|2 ,

j(x) = cψ†(x)σ̂xψ(x) = 2cRe (ϕ∗(x)χ(x))

are also continuous functions at x = 0, i.e.,

%(0−) = %(0+) = %t(0) =
4a2(1 + b2)

(a− b)2
,

j(0−) = j(0+) = jt(0) = − 8c a2b

(a− b)2
> 0

(%t(x) and jt(x) are calculated for the solution ψt(x), etc)
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(e) The re�ection and transmission coe�cients, or the re�ection
and transmission probabilities, are given by

R =
|jr|
|ji|

=

(
a + b

a− b

)2

,

T =
|jt|
|ji|

=
4a |b|

(a− b)2

where R + T = 1 (No Klein paradox occurs, i.e., the situation where
R > 1, just Klein tunneling)

(f) Note that

p̂ψt = −i~1̂2
d

dx
ψt = −~k̄ ψt

but

vt ≡
jt

%t
= − 2c b

1 + b2
= − c2~k̄

E − V0
= c

√
1−

(
mc2

E − V0

)2

> 0

i.e., the transmitted velocity �eld is positive
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(g) The mean value of the external classical force operator

f̂ = − d

dx
φ(x) = −V0 δ(x)

i.e., the average force acting on the particle by the wall of potential at
x = 0, in the scattering state ψ, is given by

〈f̂〉ψ = 〈ψ, f̂ψ〉 = −V0

� +∞

−∞
dx δ(x)ψ†(x)ψ(x) = −V0 %(0) = −V0 %t(0)

= −V0
4a2(1 + b2)

(a− b)2

The limit V0 → E + mc2

(a) It implies b → −∞, and therefore R → 1 and T → 0 (also
vt → 0)

(b) And the scattering solution of the Dirac equation,

ψ(x) =

([
1
a

]
eikx +

(
a + b

a− b

)[
1
−a

]
e−ikx

)
Θ(−x) +

2a

a− b

[
1
−b

]
e−ik̄x Θ(x) ,
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takes the form

ψ(x) =

[
2i sin(kx)
2a cos(kx)

]
Θ(−x) +

[
0

2a

]
Θ(x)

(c) Thus,

ψ(0−) = ψ(0+) ≡ ψ(0) 6= 0

i.e., the entire Dirac wavefunction is not zero where an impenetrable
barrier exists

(d) But

ϕ(0−) = ϕ(0+) ≡ ϕ(0) = 0

This is the boundary condition that emerges when one imposes the
impenetrable barrier limit in the 1D Dirac theory (in the Dirac repre-
sentation, and for positive energies)

(e) Also note that

%(0−) = %(0+) ≡ %(0) = 4a2 6= 0 , j(0−) = j(0+) ≡ j(0) = 0
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(f) Also, the mean value of the force exerted by the wall on the
particle takes the form

〈f̂〉ψ = −(E + mc2) 4a2 = −4 (E −mc2)

(g) In the nonrelativistic limit, i.e., E → E(NR)+mc2 ∼= mc2 (⇒ a→ 0),
we obtain the results

ψ(x)→
[

2i sin(k(NR)x)
0

]
Θ(−x) , 〈f̂〉ψ → −4E(NR)

(k(NR) =
√

2mE(NR)/~). These are the required results!

Other impenetrability boundary conditions

(a) The Dirac Hamiltonian operator

Ĥ = −i~c σ̂x
d

dx
+ mc2σ̂z + φ

(x ∈ R− {0}), with the following domain:
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D(Ĥ) :

{
ϕ(0+) + i cot

(µ + τ

2

)
χ(0+) = 0, ϕ(0−) + i tan

(
µ− τ

2

)
χ(0−) = 0

}
(0 ≤ µ, τ < 2π) is self-adjoint! [ i.e., Ĥ = Ĥ† and D(Ĥ) = D(Ĥ†) ] 1

(b) For all these boundary conditions, we have that

j(0−) = j(0+) ≡ j(0) = 0 ,

i.e., all these boundary conditions de�ne di�erent impenetrable barriers
at x = 0!

(c) Note that

ϕ(0−) = ϕ(0+) ≡ ϕ(0) = 0

is inside D(Ĥ) (make µ = τ = π/2, 3π/2), but

ψ(0−) = ψ(0+) ≡ ψ(0) = 0

is not!

1 For example, use von Neumann's theory of self-adjoint extensions
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Some concluding remarks

In the 1D Schrödinger theory, the impenetrable barrier limit,
i.e., the in�nite-potential limit, leads to the Dirichlet boundary
condition for the respective (one-component) wavefunction

�

In the 1D Dirac theory, and for particles with high energies,
the in�nite-potential limit does not lead to an impenetrability
boundary condition for the respective (two-component) wave-
function (because the particle can perfectly penetrate into the
potential step when the step goes to in�nity)

�

The limit V0 → E + mc2, for a given energy, is the impenetrable
barrier limit in the 1D Dirac theory. This is because it leads to
the cancellation of the probability current density at the barrier.

�

In this limit, the impenetrability boundary condition for the
wavefunction arises naturally, namely, its upper or large compo-
nent -in the Dirac representation- satis�es the Dirichlet bound-
ary condition at the barrier

�

Similarly, in this limit, we calculated the mean value of the force
exerted by the impenetrable barrier on the particle and the result
tends to the required result when its nonrelativistic limit is taken
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Thanks!
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Grazie!
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½Gracias!


