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ABSTRACT

We introduce the generalised Fisher information or the one-parameter extended
class of the Fisher information. This new form of the Fisher information is obtained
from the intriguing connection between the standard Fisher information and the varia-
tional principle together with the non-uniqueness property of the Lagrangian. Further-
more, one could treat this one-parameter Fisher information as a generating function for
obtaining what is called Fisher information hierarchy. The generalised Cramér-Rao in-
equality is also derived. The interesting point is the fact that the whole Fisher information
hierarchy, except for the standard Fisher information, does not follow the additive rule.
This could suggest that there is an indirect connection between the Tsallis entropy and the
one-parameter Fisher information. Furthermore, the whole Fisher information hierarchy

is also obtained from the two-parameter Kullback-Leibler divergence.



CHAPTER 1

INTRODUCTION

1.1 Background and motivation

There is no doubt that we are now in the “information era”. The information is
physical [1] and plays an essential role in modern physics ranging from thermodynamics,
statistical mechanics, quantum mechanics to relativity. The birth of information theory
can be traced back to the seminal paper of Shannon [2] on communication. The key
quantity in this context is the entropy or more precisely “Shannon entropy” as the mean
value of information or uncertainty inherent in the possible outcomes. The interesting
point is that the Shannon entropy is in the same form as the Gibbs-Boltzmann entropy
in the context of statistical mechanics if one ignores the Boltzmann’s constant, which
measures the configuration of the microscopic states. However, the notion of entropy was
first introduced in the context of thermodynamics the second law of thermodynamics,
which is a bit more abstract relating to the heat flow in or out and the temperature of
the system. However, if we trace back long before the breakthrough work of Shannon,
Fisher purposed another information quantity, later known as Fisher information [3], as a
measurement uncertainty on estimating unknown parameters in the system. This means
that the Fisher information allows us to probe into the internal structure of the system.
At this point, Shannon entropy and Fisher information provides a complete description
of the system in the sense that the Fisher information can give an insight of what the
system is made of and the Shannon entropy gives the system behaviour in the big picture.
Moreover, the Shannon differential entropy and Fisher information are connected which
was first observed by Kullback [4]. With the Kullback insight, the Fisher information
matrix can be obtained from the second derivative of the Kullback-Leibler divergence(or

the relative entropy).



The generalised version of the Shannon entropy was first introduced by Renyi
[5]. The Renyi entropy comes with a parameter and with a suitable limit, the Shannon
entropy can be recovered. Then one could think that the Renyi entropy is a one-parameter
extended class of the Shannon entropy. On the statistical mechanical side, the generalised
version of the Gibbs-Boltzmann entropy was proposed by Tsallis [6]. Again, this Tsallis
entropy comes with a parameter and the Gibbs-Boltzmann entropy can be recovered with
a suitable limit. One main feature of the Tsallis entropy is the non-additive property
directly related to the non-extensivity of the system. Consequently, this leads to a new
kind of research area known as the Tsallis statistics with a wide range of applications in
statistics, physics, chemistry, economics, and biosciences [7]. On the other hand, several
extensions of the Fisher information have been proposed with different aspects [8—13] to

serve different uses in statistics.

1.2 Objectives

The aim of this work is to derive the one-parameter generalisation of the Fisher

information.

1.3 Frameworks

In this contribution, we propose another one-parameter extended class of the
Fisher information. The key motivation and derivation come from the intriguing connec-
tion between Fisher information and variational principle observed by Frieden [14—16]

together with one-parameter extended class of the Lagrangian [21].

1.4 Structure of the thesis

The body of this thesis is the following. In chapter 2, we will give a brief re-
view of basic statistical notation, entropies, generalized entropies, and Fisher informa-

tion. In chapter 3, one parameter extended class of the Fisher information is derived by



employing the connection with the variational principle. The Fisher information hierar-
chy will be so obtained, the extended Cramér-Rao inequality and non-additive property
are given as well. Moreover, The connection between two-parameter Kullback-Leibler
divergence and Fisher information hierarchy will be established and we also show that
Fisher information hierarchy has a connection to Shannon entropy throught out matric
tensor in Kullback-Leibler divergence. The last chapter will be about the conclusion and

discussion.



CHAPTER 11

THEORIES

In this chapter, we will first provide all necessary basic ingredients. The basic
of the statistics such as the notation of random variables, probabilities, the expectation of
random variables and statistical moments will be given in the first section . In the next
section, the concept of entropies will be discussed including thermodynamic entropy,
statistical entropy, Shannon entropy, Tsallis entropy and Kullback-Leibler divergence.
The definition of the generalised entropy will be mentioned as well. The standard Fisher
information will be given at the end of the chapter together with the connection with the

geometric metric tensor on the probability manifold.

2.1 Basic statistics

2.1.1 Random variable and probability

In statistics, we usually deal with a random process which is an event or ex-
periment that has random outcomes, i.e., tossing a coin, rolling a die, choosing a card.
For these kinds of experiments, we cannot exactly predict an outcome. Then there will
be a range of possibilities that we can calculate the probability of a particular outcome.
Random variables give numerical value to outcomes of random events. Normally, the
random variables, defined on the sample space €2 which is a collection of all possible
outcomes of a random event, are denoted by capital letters, i.e., X = number of aces in a
card hand or Y = total of lotto numbers. The random variables can be divided into two

classes which are discrete and continuous cases.



2.1.1.1 Discrete random variable.

Definition: A discrete random variable X is a measurable and countable value

from a set of possible outcomes €2 to a measurable space. That is
XCQ, (2.1)
where X is a set of possible values, X = {x1, 29, ...,zx}.

Let us give an example. Suppose that we would like to predict the outcome of
the rolling unbiased dice. Of course there are six possible outcomes and therefore {2 =
{1,2,3,4,5,6}. If we are interested in only even number outcomes then X = {2,4,6}
is our a set of random number. We now further introduce a quantity, associated with a

chance of getting a particular outcome, called probability mass function (PMF).

Definition: Let X be a discrete random variable (finite or countably infinite).

The function

Pyx(z:) = P(X =;), for i =1,2,3,... (2.2)

is called the probability mass function (PMF) of X. The subscript X indicates that this

is the PMF of random variable X. These PMFs must satisfy

N
Z Px(x;) =1, (2.3)
i=1

which is called the normalisation condition.

If we again consider the unbiased dice, we can define probabilities of each value
as P(1) = P(2) = P(3) = P(4) = P(5) = P(6) = 1/6 and these all should satisfy

normalization condition Z?:1 Px(x;) = 1.



2.1.1.2 Continuous random variable.

Definition: A random variable X is said to be continuous, when it is measur-
able and uncountable value from a set of possible outcomes () to a measurable space.

Therefore, this means that X can be any, uncertain, possible value
X = [a,b], (2.4)
where a and b are boundary value of X.

Let us give an example. Here we would like to measure the temperature of
water and the range of possible temperature is X = [25,30] degree celsius from the
sample space {2 € R. We can also define a chance of getting random variables called

probability density function (PDF).

Definition: The probability that a random variable X takes a value in the (open
or closed) interval [a, b] is given by the integral of a function called the probability density
function fx (z) :

Pla< X <b) = /b fx(@)dz (2.5)

where P(a < X < b) indicates probability of X in interval [a, b].

If we consider random variable being any real numbers and the PDF is nor-

malised so that

/00 fx(z)dx = 1. (2.6)

Normally, we might write it in a simple way as

/ f(z)dz =1, (2.7)
Q

where random variable is finite value.



2.1.2 Moment generating function

Here, we will introduce and discuss moment generating functions which will be
recalled later. The moment generating functions of a random variable X is a function
M (a) defined as

S re*iP(x;) for discrete random variable
Mx(a) = (2.8)

Jo e f(z)dz  for continuous random variable

Then we can consider Taylor series of exponential

(@X? | (X  (aX)"

aX _
T 31 nl

o (2.9)

and expected values of Equation (2.9) can be written as

Mx(a) = (e*) = 14+a(X)+a? <)2(—‘2> +a? <X—3> + .ot a” <ﬁ> + ...

3! n!
m m my,
= 1+am1+a22—f+a33—f’+...+a"F+..., (2.10)

where m,, is called the n" moment. Next, we can also consider logarithm function of

moment generating functions as follow,

Kx(Oé)

log Mx () = log {e"*)

= log<1 Fam +a?l2 3T a"% + ) (2.11)

2! 3!
Normally there are 2 type of moments. The first one is the moment about the origin

(raw moment) of a random variable X, denoted by m,, (as pervious)

S i alP(x;) for discrete random variable
m, = . (2.12)

Joa"f(z)dx for continuous random variable
The second one is the central moment is moment about the mean (1) of a random vari-
able X, denoted by m/, ,

> ' (x; — p)"P(x;) for discrete random variable
m! = . (2.13)

Jo(@ — )" f(x)dz  for continuous random variable



Actually the meaning of the raw moments is just the expected value of " about origin.
But the central moments refer to the behaviour of distribution for example,

1) the first Moment is a measure of the central location.

2) the second Moment is a measure of dispersion/spread.

3) the third Moment is a measure of asymmetry.

4) the fourth Moment is a measure of outliers/tailedness.

Moreover, there are the relations between raw and central moments as well. For example,

the 2" central moment 1/, can be expressed as follows
my = ((z—p)?)
= <:1c2 — 2ur + ,u2>
= my—mi, (2.14)

where m; = p is the mean value. In the same fashion, some other order of central

moments are related with raw moments as follows
ms = Mg — MgMy + 2m? (2.15)

m, = my—4dmims -+ 6mimy — 3m;. (2.16)

2.1.3 Cumulant generating function

Ifwe define Y = 1+ amy + o® 52 —|—a3m3 + ...+ a™ ™ 4+ .., we can expand

logarithm function as

Y2 y3 v*

Then Equation (2.11) is rewritten as

meo m
Kx(a) = <am1+a?+ 53'34‘ )

1 mM1Mo
-3 (o + 025

+
1 m2m m2m
4= <oz3m§’+a4 1 2 b 1 3)

m1m3
+at )

3 2!

3
mmg mm5
( 4m411 5 1' 6 1

+ . (2.18)

1
4



Rearranging and grouping the common terms, we will get

2 3

+ [mg — 3mymg + ZmJ 37 +

KX(Oé) = mia—+ [mg—mﬂ %

4
[m4 — dmgmy — 3m3 + 12mam] — Gmﬂ %

_ k1a+k2a2+k3§?+k4j—?+...:§;k (2.19)
where &, is n'" cumulants given by
ki = mi=m, (2.20)
ky = mh=my—m?, (2.21)
ky = mb=mg—mgmy+2m; (2.22)
ky = ml —3mg=my —4dmims — 3m2 + 12mym3 — 6m; , (2.23)

This means that cumulants can be used to describe the behaviour of the distribution as
well. Recalling the definitions of moment and cumulant generating function (2.10) and

Equation. (2.11), we then introduce the effective values of a random variable [18].
efxletl = (elam X (2.24)

where [-] is a notion to emphasise the difference between the terms o« — 1 for two sides

of the Equation. To match them, we define X, such that
(—1)- X, = Kxla—1]. (2.25)
Then we will have
ele™ )Xo — oRxla—l] — <e(°"l)'X> . (2.26)

Expanding the right hand side of Equation(2.26), one can obtain

i k" (a—1)""", (2.27)

n=1

where X, is called the effective values of order « of the random variable X.
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2.2 Entropy and Fisher information

In this section, the notions of various entropies will be given together with their

physical meaning. In the last subsection, the Fisher information will be discussed.

2.2.1 Thermodynamic entropy

Here we shall first discuss the notion of the entropy in the context of the ther-
modynamics. The notion of the entropy was introduced to capture the statement of the
second law of thermodynamics which is concerned with the direction of the natural pro-
cess (irreversible process). A common example is that the heat always spontaneously
flows from a hot body to the cold body. We never encounter the situation that the heat

spontaneously flows from a cold body to a hot body as shown in Figure 1.

Ta Tp Ta Tp
A B A B
(a) Natural process (b) Impossible process

Figure 1 When we contact system A and B together with temperature of A is greater
than B (T4 > T), heat will be naturally transferred from A to B (a). While

the opposite case (b) should be impossible without external conditions.

Then, we can conclude that entropy is the quantity that tell us what the processes in ther-
modynamic are possible or impossible. The mathematical interpretation of entropy was
introduced by Rudolf Clasius. For a closed system, which evolves along the reversible
path from the initial state to the final state, an infinitesimal increment of the entropy d.S
is given by

_ 49
as == . (2.28)
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where d() is an infinitesimal transfer of heat to the system and 7" is a common temperature
between the system and the environment which supplies heat. The symbols d and d are
employed to denote exact differential and inexact differential, respectively. And, the
concept of an exact differential refers to concept of path independence, while inexact

differential refers to concept of path dependence [19].

Another point that we need to introduce, before we start to consider entropy
change of system, is Clausius inequality. Basically, The Carnot’s theorem, for the Carnot

cycle, gives

dQ. 1.

g We Lo 2.29

n o 0 (2.29)
P
1 Isothermal Expansion at 7},
*2
dQn

/ Adiabatic

Adiabatic . Expansion
4
Compression
dQc l 3

Isothermal Compression at T,

\
4

v

Figure 2 The Carnot cycle contains with isothermal and adiabatic process.

Where 7 is efficiency of Carnot heat engine and while system receives heat d(); from
high temperature 7}, reservoir and rejects heat d().. to lower temperature 7. reservoir, see

Figure 2. Since, d(). is negative, it reduces to

dLQh d@c
Th + T,

=0. (2.30)

Next, for arbitrary reversible process (closed loop), one can approximate it with many

Carnot cycle as shown in Figure 3.



12

\
4

P

Figure 3 The reversible cycle which can be sub-divided by drawing a family of

Carnot cycles.

Therefore, Equation (2.30) can be considered for every Carnot cycle in this process and

then we obtain

n

Zd;?i:o or f @:0, (2.31)

i=1

i
reversible loop

where d(); is heat flow for whole process at a temperature 7;. Next, we will consider

arbitrary irreversible process.

By The Carnot principle on the second law of thermodynamics, which is “efti-
ciency of an all irreversible heat engine is always less than the efficiency of a reversible

one operating between same two thermal reservoirs” [20], what we have now is

Nir < Ty
dQ), T,
1— == 1—— 2.32
or
dqQ, dQ’
dQh | Qe (2.33)

Th Tc
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Please note that, we just use d@’ to indicate different of heats for irreversible
and reversible process but these are the same sort of quantity. With the same reason to

get Equation (2.31), we lastly get

i=1

id;;?%o or f ?d}. (2.34)

irreversible loop

Actually, if we combine Equation (2.31) and (2.34) together,

£ <0 (2.35)

]{ o) % = (0 for reversible closed loop
T

$ % < 0 for irreversible closed loop

which is known as Clausius inequality. Here, recalling entropy (2.28), the total change

of entropy will be given by

final state

_ aQ
AS = / = (2.36)

initial state

Therefore, the entropy change of any closed reversible process is zero

AS =0= ]{ ? (2.37)

reversible loop
as a consequence of the Clausius inequality. Equation (2.37) gives an important feature

called the path independent property between the initial state and the final state.

v

A

~

Figure 4 here are three possible paths from initial state (1) to the final state (2).
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For the irreversible process, we can always connect the initial and final states
with a fictitious reversible process and integrate along that path to calculate the difference
in entropy. Considering an irreversible cycle in Figure 4, included path II and III, and

applying Clausius inequality, we have

aq
— 0
f{ T "
irreversible loop
dq aq
— — . 2.38
/ T + / T < 0 (2.38)
III 1I

Next, if we consider the reversible cycle, included path I and I1, we have

[

reversible loop

ENES

1I

/?:—/?. (2.39)

I 1I

—

Here, replacing the second term in (2.38) with (2.39), we obtains

!?</§:AS.

Finally, we can write entropy change for irreversible process as

final state

dQ
AS > / = (2.40)

initial state

In the case that the process is adiabatic d() = 0, together with (2.37), we obtain
AS>0. (2.41)
Now we can draw a conclusion that the process of heat transferring from a hot

body to a cold body is allowed because the entropy change is greater than zero. The

reverse process is forbidden because the entropy change is contradict with (2.41).
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2.2.2 Boltzmann-Gibbs entropy

In the previous subsection, the notion of thermodynamic entropy is discussed.
Here, another notion of entropy known as the statistical entropy will derived. What we
know is that thermodynamics is concerned with the macroscopic behaviour of the sys-
tem. However, the system is constituted of tiny parts, i.e., a box of N atoms. The in-
teresting fact is that the macroscopic properties of the system actually is the statistical
emergence of one configuration from possible many configurations of the microscopic
states. Let us now define an ensemble W which is a collection of all possible con-
figuration of the microstates and suppose the system is composed of two subsystems
at thermal equilibrium, see Figure 5. Then we could define number of microstates of
the whole system W, 5(F1 ), the first subsystem W;(E;) and the second subsystem
Wy(Ey = E149 — E1). When Ey, E; and E, 5 are energies of subsystem 1, subsystem

2 and the whole system, respectively.

Figure 5 The composite system, which contain with subsystem 1 and 2.

Of course, relation between these three ensembles could be written as
Wiga(Erye) = Wi(E)Wa (B — Ey) (2.42)
Therefore, probability of microstates is expressed as

P(E1+2) - CW1<E1)W2(E1+2 - El) s (2-43)
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where C' is normalised constant of probability. Since the logarithm function is concave,

the extremum point is not altered, we obtain
In P(E1+2) =InC + In W1<E1> + In WQ(E1+2 - El) (244)

Here, we need to know that which system provides the extremum probability respect to

energy F;. What we have now is

0 0 0
a—& In P(E1+2> = 8_E11 In Wl (El) + 8_E11 In WQ(E1+2 — El) . (245)

Using the fact that a%lP(EHg) = 0, Equation (2.45) becomes

0 ) O(Erys — Ey)
0 = a_EH In Wl(El) + (‘9_E2 In WQ(EQ) aEl
0 0
= 8—E111nW1(E1) — 8—E21nW2(E2)
= B(Er) — B(EL) (2.46)

where [ is a new function of energy and now the relation between two subsystems is

B(El) = 5(E2) : (2.47)

At thermal equilibrium there is only temperature between subsystems that will be the

same (for canonical ensemble).

Therefore, we assume that 3 = kBLT, where kg is Boltzmann constant. Then we
obtain
1 0
— = — InW(F
wT — oE, "B
L kg InWi(E) (2.48)
T = oE B 1) - .

There exists a function S(£, V') such that

1 9S
— = 24
T OF 249)

Hence, from Equation (2.48) and (2.49), we now see that

S = k’B In Wl(E1> . (250)
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We note here that one can start with 5(E») and will obtain Equation (2.50) as well. The

quantity is called Boltzmann entropy (statistic entropy)
Sp = kphhW, (2.51)

where W is number of possible microstates of the system that we are interested in. To see
the behaviour of the system through the Boltzmann entropy, let us consider the situation
in Figure 6(a). Initially, the subsystem 1 contains three energy bunches (indistinguishable
objects) and the subsystem 2 contains one energy bunch. For the system 1, we can say

that we have three balls and four boxes. The number of ways to choose the balls with

= ()

n+k—1
:< . > (2.52)

This is the number of k-element combinations of n objects. Surely, each possible of

repetition is given by

combination is microstate of system and £ is now defined to be number of balls and n is
defined to be number of boxes. Then we can compute number of microstates for system

1 as

_ 4+3-1
WlEC4,3 = ( )

6
- (5
6!
31(6 — 3)!
= 20. (2.53)

Also, we can compute number of microstates for the system 2 with the same process,
where we have n = 4 and £ = 1. This gives us W5 = 4. Then Boltzmann entropy of

whole system at the initial configuration is

St = kplnWiy . (2.54)
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Actually, we also know that the system which contains subsystem 1 and 2 should has
number of mirostates as in Equation (2.42) (multiple form). Here, Equation (2.54) be-

comes

St = kgl W, W,
= kpIn(20)(4)

— kgln80. (2.55)

(a)
oo}
o o

(b)

Figure 6 The subsystem A and B are containing three energy bunches and one en-
ergy bunch, respectively, (a). After, they are come to together, it will be

the system that contain four energy bunches (b).

Later, let 1 and 2 contact each other allowing energy bunches to move across the subsys-
tems, see Figure 6(b). We find that the maximum entropy of the whole system is attained

if each subsystem contains two energy bunch, see Figure 7.
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Then the final entropy of the whole system is

SE = kplmW,W,

= kpIn100 . (2.56)
Therefore, the entropy change is
St — St = kg n(10)(10) — kg In(20)(4) > 0, (2.57)

which agrees with the second law of thermodynamics.

Initial state Final state

\ Probable state

Figure 7 There are five configuration of energy bunch at final state.

Here we conclude that the statistical entropy probabilistically describes the system in
the same way as the thermodynamic entropy which is the entropy of an isolated system

cannot decrease with time.

So far, we treat all possible microstates on the same equal footing. This means
that the probability distribution is uniform for the whole ensemble. Then if the probability

distribution is not uniform, the Boltzmann entropy is no longer applicable.
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However, one could employ another notion of entropy

w
Se=—kp» pilnp; (2.58)
=1

which was introduced by Josiah W Gibbs. In the case that if all microstates are equally

likely p; = 1/W, we obtain

w W w

211 11
Se = —kp Zl —In— = kgW (— lnw> = kgInW, (2.59)
which is actually the Boltzmann entropy. Then we can state that the Boltzmann entropy

is the upper bound of the Gibbs entropy S > S¢.

2.2.3 Shannon entropy

In this section, we will introduce another type of entropy known as Shannon
entropy. The origin of this entropy is nothing to do with what we have mentioned previ-
ously, namely thermodynamics and statistical mechanics, but rather from the communi-

cation.

According to Shannon, the communication is composed of 3 fundamental parts,
a sender, a communication channel and a receiver. The quest is that how the receiver can
identify what data is sent by the sender over the channel. Shannon demonstrated that the
entropy represents an absolute mathematical limit on how well the data from the sender

can be compressed onto a perfectly noiseless channel.

Recall a random variable X = (x1, x9, 3, ..., x 5y ) and a set of associated proba-
bilities of each outcome P = (p1, p2, p3, ..., pn) |. We now define a quantity that implies
amount of surprise for 7"-outcome z; as 1/p;. The meaning of this quantity can be inter-
preted as follows. We consider a coin flip experiment. There are two outcomes resulting
in the random variable X = {zy, z7}: head and tail. If the head outcome x turns up

every single time of flipping coin implying 100% chance associated with this particular

"Normally, it should be Px (;), but we neglect subscription X and z; as p; to be convenient
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outcome known as maximally biased coin, the amount of surprise is 1, which is the min-
imum value, implying that there is nothing to be surprised with the head outcome since
it turns up every single time of the experiment. In the case that there are 50% chance
for outcome z gy and 50% chance for outcome z1 known as unbiased coin, the amount of
surprise is 2 for each outcome, which is higher than the previous case. This means that
you have to guess the outcome of the experiment for every single time. You could pick
the head outcome x  to be the one to turn up, but it might actually be z; to turn up, with
50% chance. Of course, you are surprised with the outcome because it is not what you
expected. From these two situations, we find that the more improbable a particular out-
come is, the more surprised we are to observe it. A question is now how can we measure
the amount of surprise properly? Here we find that if we choose logarithms to the base

2 (binary system) then the amount of surprise for each outcome is quantified in bits

1
Shannon information = J; = log, — ,  [bits] (2.60)

(2

which is called the Shannon information and also called surprisal. In Figure 8, the Shan-
non information increases logarithmically with decreasing the probability. This means

that more improbable of the outcome is, the more Shannon information.

oo

Shannon information : log, 1/p
s
T
|

O | | | |
0 0.2 0.4 0.6 0.8 1

Probability : p

Figure 8 Shannon information related with probability of x.
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Of course, in principle, the system would possess an ensemble of many possible
outcomes with a particular probability distribution. This also means that we will have a
corresponding ensemble of surprisals: {J;,Js, ..., Iy }. We then could look for an (linear)

average of the surprisal

N N
1
<JI>=> pli=> pilog, o (2.61)
i=1 i=1 v

Rearranging form a bit, we obtain
N
H(p17p27“"pN) =< jX >= _sz log2pi ) (262)
i=1
which is known as the Shannon entropy?. To see what we could say about the Shannon
entropy, we again recall the flipping coin experiment. In the case of unbiased coin, we
have {py = 0.5,pr = 0.5} and

1 1 1 1
H = ——log, - — —log, - =1 bit. 2.
This is of course the average of the Shannon information or the amount of information

to be extracted from the experiment is 1 bit.

In the case of biased coin, the Shannon entropy is always less than 1 bit and the
minimum value of the Shannon entropy is 0 for the maximally biased coin: either py = 1

or pr = 1, see Figure 9.

In general, the maximum entropy is attained when the probability distribution

of all N outcomes is fair: {p; = 1/N ,Vi}
Hopaw = H(1/N,1/N,...,1/N) = log, N bits . (2.64)

Here is an interesting feature. For the Shannon entropy H, the variable X can be repre-
sented by m = 2% equiprobable values. In the case of fair coin, we find that m = 2! = 2.
This means that we can assign two different digits in binary system to each outcomes such

that {Z'H = O,iL‘T = 1}

2The Shannon entropy is the same form with Equation (2.58), but with out Boltzmann constant K
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Entropy: H
) jan) )
IS o o0
[ [ [
| | |

e
[\
[
|

| | | |
0 0.2 0.4 0.6 0.8 1
Probability of head py
Figure 9 Shannon entropy versus the probability of getting head py, which is cal-

culated by using Equation (2.62), and we automatically know that p; =

1—pH.

In the case of unfair coin with H = 0.469, the number of equiprobable values
is 20469 — 1.38. This number does not look so natural comparing with the previous
case. However, this way of transforming Shannon entropy to the number of equiprobable

values is quite natural to associate amount of information with the variable X.

In case of continuous probability distribution, we could also define the entropy.
Let X be a random variable with probability density function f(x) whose domain is a

set (2. We define
H—— / F(z) log f(z)dz | (2.65)
0

which is called the differential entropy. However, the differential entropy is unlike dis-

crete entropy becuase it can be negative. For example, we consider a normal distribution

f@) = —— exp{ (—% (g)) } | (2.66)

where a random variable X with f(x) has zero mean ( = 0). The differential entropy

given as,
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becomes

H - —/f(a:)(ln (U 1%) —%ln(e))dx
1

Ine
_ 2 2
= 51n(27m— ) + 503 <X > (2.67)
0
Using relation 02 =< X? > —< X =7, then we obtain

H = ln(27r02) + 1

2
In(270?%) + ln(e)%
In(2emo?). (2.68)

NI N~

Equation (2.68) implies that differential entropy can be negative when 2ero? takes the

value less than 1.

2.2.4 Kullback-Leibler divergence (relative entropy)

Normally, Kullback-Leibler divergence is just a modification of the Shannon
entropy. This divergence is given by

D(pllq) = ) plx;)(logp(x;) —logg(z:)). (2.69)

i=1

What we see from Equation (2.69) is that it is just the expectation of the logarithm differ-
ence between the probability of data in the original distribution p(z) and the approximat-
ing distribution ¢(x). If we consider for bit unit of information, we can interpret (2.69)
as “how many bits of information we expect to lose”, because there will be some lost of
information when we badly choose ¢(z) to approximate the true distribution p(x). For
example, suppose we obtain experimental data from original distribution p(x) and we
expect that it might be either uniform or binomial distribution being the original distri-

bution. We assume that Equation (2.69) yield
D(p || Binomial) = 0.3 and D(p || Uniform) = 0.5 . (2.70)

We can see that the information is lost when we use the uniform approximation is greater

than the binomial approximation. This means that if we have to choose some functions to
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represent our observations, it is better to deal with the binomial approximation. Basically,

Kullback-Leibler divergence can be written as

D(p|l q) Zﬁxﬂ% ) (2.71)

for the discrete case and for the continuous case, it is

Diflle) = [ faoe S .72)

We can see that if p(X)(or fx(x)) and ¢(X)(or gx(x)) are the same, D will be zero.
This means that there are no difference or no distance between them. One important fact

is that the KL-divergence is not a true measure of distance

D(p |l q) # D(q | p), (2.73)

since it is not symmetric under the commutation of the argument.

However, KL-divergence can be applied to study the probability distribution in

the geometry context.

Here, the Riemann manifolds will be replaced by the statistical manifolds whose
points correspond to probability distributions. To see this, let’s first consider the point
P=(p',p* ...,p") and P+dP = (p' +dp', p*> +dp?, ..., p" + dp") for discrete random
variable on the n-dimensional statistical manifold, see figure 10. These two points can
be treated as two different probability distributions and we can use the KL-divergence to

quantify the difference

D(P || P+dP) }:p <p+dp>.

If dp' are infinitesimal, we find that

dp'dp’

D(P || P+dP)= 2}: >

=1
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p

P +dP

Figure 10 Two different points P and P + dP on manifold 17,.

(Sij
T

If we define g;; = %p—, we then have

D(P | P+dP)=> " gydpdp . (2.74)
i=1 j=1

With the present form of the Equation (2.74), one can treat the KL-divergence as the
square of an infinitesimal line element ds? or “interval” between point P and P + dP.
Then, of course, g;; is the metric tensor, known as Fisher-Rao matrix, associated with
the statistical manifold. We note here that the asymmetric property of the KL-divergence
does not affect the lowest term in the expansion of Equation (2.74). Under the coordinates
transformation p* = 0° = 0'(p', p?, ..., p"), of course, there exists an inverse transfor-
mation such that p*(6', 62, ...,0™). With this transformation, a new statistical manifold

whose points correspond to different probability distributions © = (01,62, ..., ™).

M,

p

P 4 dP

Figure 11 The probability manifold under the coordinate transformation.
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The metric is transformed as follows

n N

op' op'
Jab = ZZ&?&%QM
i g

N N A
1 80,]) ! abp]
212;2}7?_%, (2.75)
? J

where a% = 0, and % = Op. A new metric can be further simplifed

N . .
1 aapzabpZ
9ab = ZZT

N . .
1 aaplgbpz 7

- (A
4 PP

N
1 ) , ,
= Zplaa Inp'0y Inp*
1 i i
= Z@“ Inp'0y Inp*). (2.76)

We would point out that the term with the bracket is the Fisher information’.

In addition, if we consider

| PH 14,
Lo 1oy 2.77
20piopi 2 pi Jii @.77)

we may treat this as the connection between the Fisher information and the Shannon

entropy.

3The derivation of the Fisher information will come up later.
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2.2.5 Generalised entropies

Fadeev [23] proposed the postulates which can be used to characterize entropy
(the discrete case is interested here) as follows

(a) H(p1,pa, ..., pn) is @ symmetric function

(b) H(p1,p— 1) is a continuous function of p for 0 < p < 1.

(c) H(1/2,1/2) = 1.

(d) H(tpr, (1 = O)p1,p2,..spn) = H(p1,pas..spn) + prH(t, 1 — t) for any

distributions P = (py, p2, ..., ps) and for 0 < ¢ < 1.

Here in this section, we will pay attention to Tsallis entropy and Rényi entropy

since they are relevant for our context on generalising the Fisher information.
2.2.5.1 Rényi entropy.

Alfréd Rényi introduced a new quantity which is called Rényi entropy [5], through
generalised probability distributions. To see what he did, let us consider [(2, B, P] be a
probability space, where € is the elements of events (sample space), 8 is a o- algebra
of subsets of (2, elements of B being events and P is probability which P({2) = 1. Then
he considered function § = {(w) for w € ; where ; € B and P(€2;) > 0. Now, if
P() = 0, € is called a complete random variable. While in the case 0 < P(£2;) < 1,
¢ is called incomplete random variable. What we are interested is a particular case such
that & takes on a finite different values x4, zs, ..., x,,, the existence of distribution can be

written as pp, = P(§ = xy) fork = 1,2, ..., n.
Here, the generalised probability can written as
W(P) = > bk, (2.78)
k=1
where P = (p1, po, ..., pn). We shall call W(P) as the weight of distribution with
0<WP)<1. (2.79)

The weight is called a complete distribution if W(P) is equal to 1, while the weight is
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less than 1 will be called incomplete distribution. Next, Rényi characterised the entropy
with a generalised probability distribution by given five postulates

(1) HI[P] is a symmetric function of the elements of P.

(2) H[{p}]isacontinuous function of p in the interval 0 < p < 1, if p is defined
as the single probability.

(3) H[1/2] =1.

(4) Let A denote the set of all finite discrete generalised probability distribu-

tions. For P € A and () € A we have
H[(P*Q)] = H[P|+ H[Q] , (2.80)

where Q = (q1,¢2, ---, @) is other set of probability. If we denote P and () as two

generalised distributions such that W(P) + W(Q) < 1, where the union of set being as

PU Q = (p17p27 <y Pny 41,42, 7Qm) ) (281)

and, of course, P U ( is not defined when W(P) + W(Q) > 1.
The last one may be called the mean-value property of entropy.

(5) If Pand Q € A, one obtains

W(P)H[P] + W(Q)H[Q]
W(P) +W(Q) ’

H[(PUQ)] = (2.82)

for W(P) + W(Q) < 1. An advantage of this way on defining the entropy from the
generalised distributions is that this mean-value property is much simpler in the general

case. Next, let’s define

H[{p}] = h(p) , (2.83)

where the probability p exists on 0 < p < 1 and should be continous in this interval by
postulate 2. The postulate 3 also gives us that 4(1/2) = 1. Moreover, if we have another

probability ¢ with 0 < ¢ < 1, the postulate 4 gives

h(pq) = h(p) + h(q) . (2.84)
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Thus, it follows that

H[{p}] = h(p) = log1/p (2.85)
the h(p) must be the logarithm function of p.

Rényi asked a question that what he will get if he replaced postulate 5 by some
other mean value. In general, weighted mean value of the numbers x4, xo, ..., z,, with the
weight probability w;q, ws, ..., w, for wy > 0 and Zzzl wy, = 1, can be written in the

form

g [Z wkg(a:k)] (2.86)
k=1

where ¢! is an inverse function of g(x) which is strictly an arbitrary monotonic and
continuous function.

(5’) With this reason, the new postulate is introduced

w(P)g(H[P]) + w(Q)g(H[Q])]
w(P) + w(@Q) '

It can be seen clearly that, if g(z) = ax + b with a # 0, then postulate 5’ reduces to 5.

H[(PUQ) =g" { (2.87)

Another choice is
a(x) = 200717 (2.88)

where o > 0. Then postulate 1,2,3 and 4 characterise the entropy of order a. Obviously,

postulate 5" gives a new entropy by choosing g(z) = g, (z) for P = (p1, pa, ..., Pn) as

1 e
H,[P] = log, {Z’fflpk} . (2.89)
-« D ket Dk

This will be called the entropy of order « of generalised distribution P. For the complete

distribution ) ,_, px = 1, one obtains

1 n
——log, [Z pz] , (2.90)
k=1

which is known as the Rényi entropy. It is not difficult to see that under the limit « — 1,

Ha[P] =

the Shannon entropy H,[P] = H[P] = — >_;_, p log, pi, can be recovered.
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In fact, Renyi entropy of different orders, with different values of them, are

needed to describe the uncertainty [18]. To show this claim, we recall the definition of

the surprisal [; = — log p; and rewrite as follows
HP| = —— 1o i expl(a — 1) log py)]
a = o—1 g i:1pz p gPi
1 n
= ——log | > prexpl(a— 1)(~1,)
i=1
1
= ———7 log(exp[(a — 1)(—1)]) . (2.91)

Equation (2.91) is identical to the effective values

PO 1S PN

ol log(exp[(a — 1) - X]) (2.92)

— a—1
where the coefficients ,(X) are called the cumulant. This implies that the negative
Renyi entropies are the effective values of the negative surprisal (X being replaced by

—1I). Eftectively, Equation (2.91) becomes

—H, = ; “”(TS) (a—1)"t =

loglexp[(a — 1)+ (=s))) . (2.93)

n a—1
Forn = 1, the cumulant k; = (—s) = (logp;) = Y. p; log p; is nothing but the Shannon

entropy. Then we get

> Kpl—S n—
—Ho =Y pilogpi+ > (! )(a—l) 1, (2.94)
% n=2

n

The second term represents the fluctuation in the uncertainty. Again, by taking limit

a — 1, the Shannon entropy is trivially recovered from Equation (2.94).
2.2.5.2 Tsallis entropy.

Coming from different perspective, namely on the statistical mechanics, on
generalising the entropy, Tsallis gave a one-parameter generalisation of the Boltzmann-

Gibbs entropy [7]. To illustrate the method, let us consider a differential equation
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where a and b are parameters and condition y(0) = 1. From Equation (2.95), we consider
three different possible situations.

The first equation is

dy_

= 2.96
=0, (296)

where a and b are set to be zero. Then its solution is trivially constant y = 1 and whose

symmetric curve with regard to the bisector axis is © = 1.

The second simplest differential equation would be

dy _

1. 2.97

Its solution is clearly
y=1+ux, (2.98)
and we know that whose inverse function is

y=ux—1. (2.99)

The last one which we will consider is

dy

— . 2.100
=Y ( )

It can be explicitly seen that its solution is the exponential
y=e", (2.101)
and its inverse function is
y=lnz. (2.102)
Equation (2.102) satisfies condition

In(zxazp) = In(z4) + In(xp). (2.103)
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Here, if we multiply constant K5z on both side of Equation (2.102) and replace = as a

number of microstate W. We might obtain thermodynamics quantity
SB:KBIHW, (2104)

which is Boltzmann entropy. This, of course, satisfy additive condition (2.103) as well.
In addition, it is possible to unify the same three differential equations with only one

parameter by considering

Ay _

— 2.105
o =Y ( )

with condition that y(0) = 1 and ¢ € R. Here ¢ is a index. Then we can find that its

solution is
y=[1+1-qa)'""? =, (2.106)

which is called that the Tsallis’s g-exponential and there exists inverse function as

71— 1

- =In,z, (2.107)

y:

which is called the Tsallis’s ¢g-logarithm. Of course, if we take limit of ¢ — 1 these two

g-analogues will become the original ones. It is not difficult to see that
Ing(zazp) =In,(x4) +In,(zp5) + (1 — q) Iny(z4) Iny(xp). (2.108)

Next, we can introduce the generalised Boltzmann entropy by using definition of ¢-

logarithm

1—q 1
S, = Kpln, W = KBW1— . (2.109)
—q

Equation (2.109) can be rewritten as
W
in(w)' 1
lL—gq

- K 1_2?:/1172
— p—==1
qg—1

S, = Kp

(2.110)
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Again, the Boltzmann-Gibbs entropy can be recovered by considering the limit ¢ — 1.

2.2.6 Fisher information

The new quantity can also be used to measure disorder of system such that Fisher
information which is defined from maximum likelihood estimation (MLE). With random
variable X (= w1, x9, 23, ..., zx) and independent and identically distribution (i.i.d) of

each outcome f(z; | 6), we can consider likelihood as

L] X) folw (2.111)

where 0 is arbitrary parameter in probability models. In principle, the likelihood mea-
sures how good the statistical model is comparing to the sample of data X for given the
values of the unknown parameter 6 such that at maximum value of likelihood data X
are existing at the true probability models, defined through parameter 6, itself. Then we

need to find maximum value of likelihood which means that

0

LO|X) = 0. 2.112
L] X) 2.112)
But, likelihood is often fussy on calculation, we introduce log-likelihood to solve the
problem becauses log-likelihood is monotonic increasing function which means they

have the same maximum point

0
8910gL(0|X) = 0. (2.113)

We also know that derivative of log-likelihood function in Equation (2.113) is called
Score function. It is obviously that the curvature of the log-likelihood function around
its maximum can be used as indicator for how good it is for the estimated value: If the
log-likelihood is quite narrow around the maximum we are fairly certain on the esti-
mated value, otherwise if the log-likelihood is broad we are uncertain about the estimate.
Therefore, we can consider second derivative of log-likelihood to determine curvature of

log-likelihood which is averaged for all possible random variable

1(6) = <§; log L(6 | X)> (2.114)
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because this quantity implies concavity and convexity of function and if absolute of value
is very hight its mean that function is quite sharp and easy to estimated. Thus, we define
this quatity as the measurement of accuration from data which is called Fisher informa-

tion. By the fact that

0 1 OL(0 | X)
—logL(6 | X 2.115
and the first derivative of log-likelihood will be alway zero
0 logL(0| X))=0 (2.116)
o ¢ - '

Equation (2.114) can be treated as

)

< 0 X)L e\X) (§;L<e|x>>2>

L0 ] X)

<%7|X))()> <<§9 log L(6 | X)) > (2.117)

For now on, we might neglect subscription €2 on integrating to be convenient. The first

term of Equation (2.117) can be obviously seen that it will be zero,

(SE7) - [ S e ol
:/ /892L6|X Hdm,
_ 392/ / 0]X) Hdmz

amm
= 0. (2.118)

Therefore, Equation (2.117) can be rewritten as

<§; 10gL(9\X)> - <(§€ 10gL(9\X)>2>

v { gglogumm} < gelogL(QlX)>2.
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Using Equation (2.116), the last term vanishes, then we obtain

<aa—;logL(0|X)> — —Var {%bgL(MX)} .

Here, we can conclude that Fisher information tells us how much we know about the
internal structure from data. With a given space of outcomes (2, Fisher information is

often defined by

1(0) = <(%logL(0 | X))2> = Var {% log L(0 | X)} S <8a—;logL(6’ | X)> .

In general, the estimated parameters could come in a seti.e., § = (61, 0,,...,0,).

Then the Fisher information becomes /(#) = [I;;(#)], where

32
L (0) = — log L(0| X , 2.119
which is known as the Fisher information matrix.

To explain more clearly about Fisher information, we will show a famous ex-
ample which is tossing coin. We are interested to toss the coin 10 times: N = 10. We
observe a sequence of heads and tails whichis H, H, H,T, H,T,T, H,T, H. 1f we de-

note heads by 1 and tails by 0, the data can be coded as
X =1{1,1,1,0,1,0,0,1,0,1} . (2.120)

So in this experiment, head turns up 6 times. Before considering N = 10, we actual

know that what kind of this probability model for n time tossing.

Model: We see that outcomes are independent to each other. Then the Bernoulli
distribution is an appropriate model to describe the probability of observing heads for

any single flip and parameter for this case is probability of getting head, that is 0 = py

p(zi | pu) = pE(—pm)'™™,  z;={0,1}. (2.121)
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Criterion: Of course, the criterion that will be used to estimate the probability

associated with the heads. The likelihood function is given by

Lipu | X) = Hp(ﬂ% | prr)

_ pgle xi(l _pH)N—Zf-V:l Ti , (2122)

What we need is to look at the condition for maximal likelihood function

d
—L X)=0. 2.123
don (pu | X) ( )

At this point, it is useful of we consider the logarithm function of the likelihood. Then

we work with the addition rather than multiplication as we mention earlier. So the log-

likelihood is given by
N N
log L(py | X) = <Z x) log par + (n - Zm) log(1 — py) - (2.124)
=1 =1
We find that
d
—log L(py | X) =0, (2.125)
dpu

resulting in

N
* i=1 Li
Pty = ZTl . (2.126)

Which suggests that the probability py is just proportion of number of head outcomes in
the experiment. The Figure 12 shows the various outcomes for N = 10 tossing coin. We
observe that for 3 heads and 7 tails were the outcome, the likelihood function reaches the

maximum at py = 0.3 = 3/10.

The question is now how accurate the estimate is. According to law of large
number, we would prefer a large number of data. Figure 13 shows that increase in number
of flips gives decrease in the width of the distribution resulting in a better estimation.
Then it suggests the curvature of the likelihood function around its maximum can be

used as indicator for how good it is for the estimated value.



38

~ ~ | |
< | | <
o o
=] S L -
= =
S | i S
= 2 | |
— —

0 02 04 06 08 1 0 02 04 06 08 1

Probability : py Probability : py
(a) 3 Heads and 7 Tails (b) 5 Heads and 5 Tails
T

S| | <]
] e
o o
S L - =]
= =
E E
A a

0 02 04 06 08 1 0 02 04 06 08 1

Probability : py Probability : py
(c) 8 Heads and 2 Tails (d) 9 Heads and 1 Tail

Figure 12 The likelihood function for several different possible outcomes for n = 10

flips of a coin.

If the likelihood is quite narrow around the maximum we are fairly certain on the esti-
mated value, otherwise if the likelihood is broad we are uncertain about the estimate. We

now can compute the score function

0 T N —z
Score = —— log L X)=——
Er g (PH ’ ) vg  1—pg

, (2.127)

where 2 = SV

=1 Li.
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Figure 13 (a): The likelihood function for the case if 6 heads in 10 flips. (b): The

likelihood function for 60 heads in 100 flips. (c¢): The likelihood function

for 300 heads in 500 flips.

It is not difficult to see evident that, on average the score (first moment) is zero

<8

Opu

g Ly | X))

= 8 N T 1—x
> 5 logl i (1 = pur)
w0 “PH x
N
T N—zx N ,x
> (— — 1 ) (1= pn)’
—0 \PH —PH T
Npn _ NU = pu) _ (2.128)
pu 1 —pu
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Next, we consider the average of the square score (the second moment)

<(a%{1ogL<pH|X>)2> - fj(a%logL)Q ]I Pl = p)' =

=0
N 2
x N —z N
=D (— -1 ) pi(L = pu)'
o \PH —PH x
N 0?
= ——=—( =5 loglL X
= Var (ilog L(pg | X)) : (2.129)
Opu

which gives the variance of the score. Then for a single flip, the variance is 1 /py (1 —pg)
which can be visualised in Figure 14. Therefore, the variance is proportional to the num-
ber n of trials, large n implying large variance as well as large negative expected second

derivative of the log-likelihood function.

150
S
~
= 100 | .
S
g
S
2
: 50 | |
(0]
=
23
0 | |

| |
0 0.2 0.4 0.6 0.8 1
Parameter : ¢
Figure 14 The variance as a function / = py within the Bernoulli model. As ¢
reaches zero or one the variance goes to infinity. If p;; = 1 the outcomes
will always be 1, therefore clearly conveying this information within the

data .
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Fisher information also provides a inforamtion lower bound on the variance of an un-

biased estimator for a parameter which is called Cramér-Rao inequality. Noramlly, it is

obtianed from considering unbiases estimator

B(@):<®—9>:/ﬂ.../Q(é—e)L(MX)f[d:ci:O,

where we already know that 6 is unknow parameter and define 6= h(z1,xa, ..

point estimator.

Next, if we now consider its derivative respect to parameter 6, we will have

5 (0-0) = _/-‘-/L(Q\X)ﬁdxi
+ /.../(é—Q)%L(Q‘X)ﬂd%’

using the fact that [ ... [ L(6 | X) [, dz; = 1 and we obtain

// ( logL(0|X)L(9|X)£_[1dxi

/ / @ 0) L1/2(6|X)] K—logL(MX))~L1/2(0]X)]ﬁdxi

Applying Cauchy—Schwarz to above equation, we get

(2.130)

. Tp) as

(2.131)

TRCE 9)2L1(8|X) / /( 10gL9|X)2L(9|X)ZlfIld$Z_

Var(@)

which is called Cramér-Rao inequality.

(2.132)
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Furthermore, there is also one more important feature, as same as Boltzmann-
Gibbs (2.103), Shannon and Rényi entropy (2.80), of the Fisher information known as

the additive property. From the right hand side of the inequality (2.132), we will see that
2N N
0=[.[ ( 1ong v | 6 ) T1 £ 10) ] o
i=1 i=1
2N N
1 (x; ] 0)
=1/ .. | 6 dz;
/ /(gfw 50) Tste 0] s

=1

_ - 1 Of(z:]0) Of (z; | 0)
_/m/(i;f(f’fﬂe)f(fﬂe) 90 00
i#]
Yo of(z; | 6)

+j,Z:;J‘Q(:f:J-IH)( 06 ) )Hfm" Hdl’k

_ N 1 [ 10)0f (5 10) 1T (. )
‘/"‘/;ﬂxiwv(mm VT H 16) Hd k

i

al 1 of(x;]0) e .
*/"'/;ﬁ@jye)( o) [] stoe10) [T
R 4R, (2.133)

Next, let us first consider F; term. The probabilities f(x; | 0) for k # i or j in-
tegrate through as simply factors 1, by normalization. The remaining probabilities in
1., f(zx | 6) and term [],_, daj, will be only f(z; | ) and f(x; | 8) and just f(z; | 6)
for F5.

Then result is

8fxz|9 8fx]|9 af(x; ] 0)\?
03 [ [ e+ 3 f 7 () o

3,0=1
i#j

With the reason that we are dealing with identical and independent random variable,
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this will be simplified as

0f(xi |9) , 8f]9 af(x; | 0)\°
Z/ o [ d+z/m|9((ge|)>d‘”

i,j=1
1#]

Of(z;10)\’
_Zae/fx,](?dmzag/ijledmj—l—Z/fx]w( 50 )dxj

z]l

N
=3 10). (2.134)

Particularly, the Fisher matrix (2.119) can also be obtained by considering the relative
entropy or Kullback-Leibler divergence between two distribution P = (f1, fa, ..., fn)
and @ = (q1, 2, .., gn) on the probability manifold. Then the Kullback-Leibler diver-
gence between two probability distributions L(6|X) and L(¢'|X), parametised by 0, is

given by

D(6,9)

KL(L(O1X)[[L(0'] X))
) N

:/ / (61X) 1o (((" ))Edzi, (2.135)

where likelihood is what we was already defined in Equation (2.111). For 6 being fixed,
the Kullback-Leibler divergence can be expanded around 6 as

82

D(6,8') = % @ — )" (Wp(e,e/)) ‘ @ —6)+0 ((9/ - 9)2) . (2.136)

where the second order derivative is

o? , -
(ae;ae;D(e’g)) ‘9:9/ - / /(09'09/ HIX)\ L(0]1X) del

= [I; (2.137)

With this connection, one may intuitively interpret the Fisher information as the metric

between two point on the probability manifold.
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However, the Kullback-Leibler divergenece is not symmetric and does not fol-
low the triangle inequality [22]. Then the Fisher information cannot be treated as a true

metric.



CHAPTER 1II

ONE-PARAMETER EXTENDED FISHER INFORMATION

In this chapter, we will derive a new type of the Fisher information called one
parameter generalised Fisher information. Then, we will construct the generalised one of
Cramér-Rao inequality and show that Fisher information hierarchy is non-additive quan-
tity. Furthermore, we will give the relation between Fisher information hierarchy and
the two-parameters Kullback—Leibler divergence. We also find that the standard discrete
Kullback—Leibler divergence gives a relation between Fisher information hierarchy and

Shannon entropy by considering higher rank tensor metric.

3.1 Least action principle and Fisher information

We first would like to give a short review on the least action principle. Let S[q]
given by
b
Slq :/ L), q(t), t)dt , where ¢(t) = 21 3.1)

be an action functional defined on the configuration space ¥ : ¢ = (q1, g2, .-, ¢n) With

dimension n. Here .Z is a Lagrangian defined

where T is the kinetic energy and V' is the potential energy. The action S[g| will take
its extremal value for particular function ¢o(¢). This means that under an infinitesimal
variation q(t,€) = qo(t) + en(t), where n(a) = n(b) = 0, see Figure 15, the action

remains the same 65[q] = 0.



Figure 15 Small variation ¢(, ) of ¢o(¢) between the endpoint a, b.

Now the new action is given by

Sla) — S(c) = / L(d(t,6),q(t, ), 1)t

which depends on the parameter e. It takes the extremal value

s

0= %¢

b
_ %/a ZL(d'(t,€),q(t €), t)dt

b !
- [ [ezen oz o),
o | Oqg O 0q" Oe

Integrating by parts the second term in the bracket, we obtain

YToLoq 0L dq
_ 9<% 9| gt
0 / 9 9 0q ae]

0
L[| a0y, 0z
J, L 9q 0e dt\ Oq ) Oe q' Ocla

/b (0¥ do% (t)dt
. L Oq dt Oq' "

Since 7)(¢) is arbitrary, this means that

0L _doL _

dqg dt d¢

which is known as the Euler-Lagrange equation.
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(3.2)

(3.3)

(3.4)

(3.5)



47

The intriguing connection between the variational principle and Fisher informa-
tion was proposed by Frieden [16]. Let us now define 6 as actual value of a measurement
quantity, X = (x1, Z, .., xy) as N outcomes of the quantity and Y = (y1, ¥z, ..., yn) as

random errors associated with each measurement. Then we have

Next, let f(x;|0) be a probability distribution, whose support is a set €2, over the x’s with

respect to . We recall the Fisher information *

Z / ( In f(z; | 9)>2f(xz- | 6)dz, 3.7)

In the case N = 1, we do have f(z | ) = f(x — 6) = f(y). The Fisher information is

simply reduced to

o= [ 1ty (—mf( >)2 -/ LW 4, yhen r =12 s

f(y) d
Next, we do a transformation such that ¢(y) = +/ f(y) resulting in
d
Ig(y)] = 4/ *(y)dy, when ¢'(y) = Z;y ) (3.9)

We find that the Fisher information is now a functional with the input function ¢(y).
Here comes to an interesting point. If we define I[¢] = S]g| as an action functional
and Z(¢',q;y) = 4¢”*(y) as the Lagrangian, the variational principle would give the

Euler-Lagrange equation

0Z(d 4:v) 0Z(d,¢y)\ _
9q(y) dy( 9q'(y) ) .

resulting in —8¢”(y) = 0. This second order differential equation describes how a posi-

(3.10)

tion ¢ change with time y for a free particle. This would mean that the Fisher informa-
tion (3.9) could be remarkably treated as the action functional for the free particle and
of course, in the absence of the interaction, the equation of motion in physics is a direct

result of extramising the Fisher information: 6/[q] = 0.

4Here we prefer the natural logarithm function.
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3.2 One-parameter extended Fisher information

Here in this section, we will employ the connection between the Fisher infor-
mation and the action functional together with the non-uniqueness property of the La-
grangian to construct a one-parameter generalisation of the Fisher information. Com-
monly, two Lagrangians differing by the total derivative with respect to time of some
function F'(q, y) would give the identical equation of motion on extreamising the action.
However, one could ask an inverse question as follows. Imposing the equation of motion,
could we solve all possible Lagrangians directly from the Euler-Lagrange equation? The
answer is definitely yes and this problem is known as the inverse problem of the calculus
of variations [17]. Recently, Sarawuttinack et al [21] proposed a new type of Lagrangian
called the multiplicative form for the case of one degree of freedom. Here we shall em-
ploy the same technique and propose an alternative Lagrangian for 2 (¢, ¢; y) = 4¢"*(y)
as

/ 4 /2
Al aiy) = 5 (70 -1) . G.11)

Of course, the Lagrangian %) (¢, ¢; y) can be treated as one-parameter extended class of
the standard Lagrangian .2 (¢, ¢; ). It is not difficult to see that these two Lagrangians
give exactly the same equation of motion. By considering the limit A — 0, one find that
limy_o A = Z(¢,q;y) = 4¢"*(y). Then what we have is the action functional in the

form
Lila(y)] = %/ (eAq'Q(y) — 1) dy . (3.12)

We shall call Equation (3.12) as a one parameter generalised Fisher information. The
reason can be seen as follows. If we expand the functional (3.12) with respect to the

parameter A\, we obtain

Llaly)] = 4/q’2(y)dy+4% q’4(y)dy+4;—? ¢°(y)dy + ...
= Bla(w)]+ 5 Bla)) + 5 Flaw) + . (3.13)
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What we have in Equation (3.13) is a hierarchy { I, I5, I3, ...}, where the first three are

= o () S (o)

I = 4/(5{}8) dy = /"M ;/))dy ;‘4 (%lnf(x|0))4f2(x|9)dx

(
- of (L) e Elte & () roms

The first term is nothing but the standard Fisher information I, [¢] = I[¢] coinciding with

the limit /l\in% I\q(y)] = I[q(y)]. With the above structure, one could easily write I,,[ f (v)]
—

as

4

a 2n
I,(0) = ﬁ/ (%lnf(ﬂ@)) fY(z|f)dx, n=1,2,3,.. (3.15)

The next point is that the generalised Fisher information is in the average of the score
function but the rest in the hierarchy is not. Then we shall seek a transformation to express
the higher order Fisher information in the statistical average. We shall first consider the
second function I, and introduce a new variable ¢y = f* such that f'(y) = ¢} (y)/2f(v),

resulting in

Lo A0y
or
L) = 5 [ {%mwwl@)} or(216)da (3.16)

We shall call Equation (3.16) as the 2" order Fisher information. We can proceed the

same technique of transformation and obtain the n'" order Fisher information as

4 a 2n
LO) = o [ |agnoustelt)] ol (3.17)

where ¢,,_1(y) = f™(y) and the generalised Fisher information (3.13) can be expressed

in terms of infinite series as

1,(0) = Zﬁzn(e) : (3.18)
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At this point, we may treat Equation (3.13) as the generating function for the entire hier-

archy of the Fisher information by expanding with respect to the parameter \.

3.3 Generalised Cramér-Rao inequality and non-additive property

Here in this section, we will construct the Cramér-Rao inequality associated
with the Fisher information hierarchy given in the previous section. To achieve the goal,

we start with

<é—9> :/(@—Q)fq(x | 0)dz =0, (3.19)

which is known as the g-expectation value [24-26] . Taking the 1% derivative, we obtain

889 <@ 9> - /389(6 0)f(x | O)dx + /(@ - 9)%]“‘1(:1@ | 0)dx

- /qu|0dx+q/( 0) 19 ( |9>de

= = [ sl o+ [G-0r 6o 0T,

- e (3.20)
where

we /qulﬁ (3.21)

J = /@ 0)f17 (x| 0)f(x |9>de_ 622

Conventionally, the term (), is well know as information generating function [26] with
Tsallis index ¢ [6](we are now interested in case ¢ > 1). It is also called incomplete
normalization and f? is called effective probability [25]. Next, we rewrite the J in the

form

J = / [(é—@)] {W x| 9)1 fla|0)dz (3.23)

and applying the Holder’s inequality [27] to Equation (3.23), we obtain

v < [fe-orseron] [ (PN e o sier o]
_ [/(é —0)° f(x | O)dx} v {/ (W)a o@D (g | Q)dx} 1/a 320
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where Hoélder conjugates « and [ are related with the condition 1/a + 1/ = 1 for
a, f = [1, 00|. Finally, employing Equation (3.20), the inequality (3.24) becomes

% B mé [/ <@—9>Bf<x|0>dx]l/ﬁ

a 1/«
{ / <w ) fola11 (g | e)dx] | (3.25)

which is our generalised Carmer-Rao inequality. It is not difficult to see that if one takes
q =1, = 2and a = 2, the standard Carmer-Rao inequality can be recovered. For
a =4, =4/3and ¢ = 5/4, we obtain

4 Q54
(O oy

I, (3.26)

which is the Cramér-Rao inequality for the 2" extended Fisher information. Basically,
the inequality (3.25) provides the Cramér-Rao bound for the whole Fisher information

hierarchy as shown in table 1.

Table 1 The n"* Carmer-Rao inequalities and their associated three parameters.

Parameters
n™ Carmer-Rao inequality
q B o
15t order 1 2 2
2 order 5/4 4/3 4
3" order 4/3 6/5 6
4% order 11/8 8/7 8

Next, we will investigate the additive property of the higher order Fisher infor-
mation. For simplicity, we shall start with the 2" order Fisher information. Suppose a

system composed of two independent identically subsystems that are defined its random
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variable X = (x1, x2), where superscription denote for subsystems. The joint probabil-
ity of the two subsystems is given by f1o = f(z1,22]0) = f(x1]0) f(22]|0) = f1fo. What

we have for the 2" order Fisher information is

nlfal = i [ [ (m f1f2> 72 f3dasdes
——{/( 1nf1) fldxl/demg+4/(%lnfl)gffdxl
x/(%lnfg) f22d:1:2+6/(%1nf1) ffdm/(%lan)Qfgdxg
+4/(§91an) ffdm/(aaelnfg)?’fgd@
/fldajl/(—lnfg) fgdxg]
— el [ (5 1nf1>4ffdx1+6 / (%mfl)fodxl
x/(%lnf2)2ffdxz+Q2(fl)/ (%1nf2)4f§dx2}

1
— 3| QuUIEA) + @ati () + 0TI 6.27)
Here see that the 2" order Fisher information does not follow the additive rule.

With the result in equation (3.27), it is not difficult now to see that the n order

Fisher information could give

el = | () @atreaioy [ (5 lnf(x1|9))2n (110

2n—2

(V)] (sam) e

« | (5’9 inStes)) £l
+ @Z)Qn(f(xlle)) / (%m f(wQ\e))Qn f”(x2|9)dm2] . (3.28)

where the first and last terms refer to the Fisher information for each subsystem and the
middle one is the crossing-term. Therefore, our Fisher information hierarchy does not

follow the additive property, except for n = 1 the standard Fisher information.



53

3.4 The Kullback-Leibler divergence revisited

Here in this section, we shall investigate on the connection between our Fisher
information hierarchy and the Kullback—Leibler divergence. We shall begin with the

Kullback—Leibler divergence

D(f |l q) /f ln( z>d (3.29)

where f and ¢ are two different points on the probability manifold. If ¢(y) = f(y+A) =
f(y) + Af'(y), we could have

)
DU 10+ 876 = [ 1 (520w 630

where f'(y) = df /dy. We then shall expand Equation (3.30) with respect to f’. Keeping

only the first dominate term, we obtain

L(fy)°, 1
2= W) (3:31)

We could see that the right hand side of Equation (3.31) is nothing but the standard Fisher

D) | F(y) + AF () ~ /

information.

Now we introduce two-parameter Kullback-Leibler divergence

o f) !
Dog (f(y) I f(y) +Af (y /f ( ENNTT )) dy . (3.32)

Here we do again the expansion with respect to p’ and we obtain the two-parameter gen-

eralisation of the Fisher information from the first dominant term [8]

1= [ 1) (dfd—(y”)bdy | (3:33)

where a = ¢ — ¢’ — 1 and b = ¢’ + 1 with the requirements ¢ > 0 and ¢’ > 0. We find
that, with a suitable choice of parameters, our whole hierarchy of Fisher information can

be identified as shown in the table 2.
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Table 2 Comparison our one-parameter Fisher information with two-parameter

Fisher information.

Parameters
n™ Fisher information
a b
1%t order: I; 1 2
2 order: I 2 4
3 order: I3 3 6
4% order: 1, 4 8

We note here that the quantities in Equation (3.33), of course directly connected with
our Fisher information hierarchy as we already mentioned, can be possibly viewed as the
generalised Fisher matrices. However, there exist also other generalised Fisher matrices

for different purposes and motivations [13,28].

3.5 Connection with the higher rank tensors

We also find that the standard discrete Kullback—Leibler divergence have a re-
lation to Fisher information hierarchy. What we want to look is D(p; || p; + dp;), where

dp; is small. Expanding D(p; || p; + dp;) with respect to dp;, we obtain

" [1dpidp' 1 dpidp'dp' 1 dpidp'dp‘dp’
D(P | P+dP)=>_ {— — -+ 4| . (334
i1 2! p 3! p 4! P
We now define
1 05 .
Gij = EF as the metric tensor rank 2 (3.35)
1 6ijk
Wik 3 2 as the tensor rank 3 (3.36)
Y
Vijrit = -7—= asthe tensorrank 4 . (3.37)

S
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The higher rank tensor can be generated by the same fashion. Then we will see that

relative entropy becomes

n n n n n

D(P || P+dP) = Z Zgijdpidpj + Z Zuijkdpidpjdpk
i=1 j=1 i=1 j=1 k=1

FY DD vgudp'dpdptdp + ... (3.38)

i=1 j=1 k=1 I=1
As we already mentioned, the relation between the Shannon entropy and the Fisher-Rao
matrix can be obtained through the second derivative of Shannon entropy respect to all

related probability

L O*H 16
20piopi 2! pt

= gij , (3.39)

Here, we push further on order of the derivative and we obtain

1 OH 1l 1 9H 1

= Wijk A A A TAl = = Vjjkl - 3.40
31 Opidpiopk 3l pi2 Wik =T opiOpiopkap 4! p13 = Vijkl (3.40)

Now we apply the same trick, as we did in chapter 2, on transforming the coordinates for

wjjk, and vjjp

" opf op O
Ugpe = Zzza_gflw% ij

_ Z Pﬁbpacpi
Bt pop

1 — | , , ,
= 3 Zp@a Inp'0y Inp*0,. In p*

1 ) ) )
= 5((?@ Inp'0y Inp'd. Inp*) | (3.41)
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and

L op' p? OpF op'
Vabed = Zzgza—ézw%a—gﬂm

_ Z Dup’ 3bp 3cp Aap’
4! pt pt pt P

] e . . A . A
= 1 Z p' 0y Inp'Oy Inp'd, Inp' Oy Inp’
= E(aalnplablnpzﬁclnplﬁdlnpz). (3.42)

These two transformed matrix are actually Fisher information in order of skewness and
kurtosis. If we consider matric tensor (3.41) and (3.42) for only one parameter 6, we
obtain u = £ ((2 Inp')*) and v = L((& Inp')*), respectively. What we can see is that
((%Inp")*) is nothing but the 2" order Fisher information if we defined p as ¢;. Of
course, metric tensor rank 6 with one parameter case will give us the 4 order Fisher
information. Therefore, we can say that each i*" (i = 1,2, 3, ...) extended term of one-
parameter extended Fisher information (3.13) have relation with metric tensor rank j"

which can be obtained from j*, where j = 2,4, 6, ..., derivative of Shannon entropy.



CHAPTER 1V

SUMMARY

We succeed to construct the one-parameter generalised Fisher information. The
main method used to derive thFe one-parameter generalised Fisher information is the
variational principle. We consider here the Fisher information as the action functional
of free particle Lagrangian. With the new insight of the one-parameter generalised La-
grangian [21], one can naturally obtain the one-parameter generalised Fisher information
which is

Bl =5 [ [~ 1ay

where ¢(y) = / f(y) and X is parameter. Furthermore, we can treat our one-parameter
generalised Fisher information as the generator yielding

A A2

Llay)] = Lla(y)] + 5 Lala)] + 5pLla)] + ..

Here {1, I5, ...} is called the Fisher information hierarchy. The first one I [¢(y)] is noth-
ing but the standard Fisher information. By introducing ¢,,1(y) = f"(y), we can rear-

range Fisher information hierarchy to be in the form of i® moments such that

L0 = s [ | ¢n_1<x|e>rn b r(tl0)

Normally, Fisher information provides information lower bound on the variance of an
unbiased estimator for a parameter through the relation called Cramer-Rao inequality.
Here, in this present work, the generalised Cramer-Rao inequality is also obtained with

the help of the Holder’s inequality and the g-expectation value of estimator

Jf 1 0)de U(é — 0P f(x | Q)dx] v

q
ol 0)\* L/

Moreover, we find that our Fisher information hierarchy does not follow the addition

property, except for the standard Fisher information. The interesting point is that this
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non-additive property pops up when the Tsallis index ¢ is not equal to 1 as intriguing

built in the Tsallis entropy

Sqlfiz] = Sq{fl] + Sylfa] + (1 — q)Sy[f1]Sq[f2] -

Of course this point is quite interesting since this non-additive property has been widely
discussed in the Tsallis statistic [6]. Let us point out possibly indirect connection with

the Tsallis entropy by recalling our one-parameter generalised Fisher information

4 12 y
nin =3 [ | =]y,

and Tsallis entropy

Sifl= 1= | [ = 1] ay.
It might seem a bit strange but these two quantities more or less similar in the sense that
they both contain a parameter and under the suitable limit the standard quantities can
be recovered. However, more direct connection with the entropy might be the relative
entropy or the Kullback—Leibler divergence, more specifically two-parameter Kullback—
Leibler divergence and our whole hierarchy Fisher information can be identified with the

two-parameter Fisher information with the appropriate choice of parameters.
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