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Abstract

A new notion of integrability called the multi-dimensional consistency for the integrable systems with the
Lagrangian 1-form structure is captured in the geometrical language for quantum level. A zero-curvature
condition, which implies the multi-dimensional consistency, will be a key relation, e.g. Hamiltonian opera-
tors. Therefore, the existence of the zero-curvature condition directly leads to the path-independent feature
of the mapping, e.g. multi-time evolution in the Schrédinger picture. Another important result is the for-
mulation of the continuous multi-time propagator. With this new type of the propagator, a new perspective
on summing all possible paths unavoidably arises as not only all possible paths in the space of dependent
variables but also in the space of independent variables must be taken into account. The semi-classical
approximation is applied to the multi-time propagator expressing in terms of the classical action and the
fluctuation around it. Therefore, the extremum propagator, resulting in path independent feature on the
space of independent variables, would guarantee the integrability of the system.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Classically, the standard notion of integrability of the Hamiltonian systems is the Liouville-
Arnold theorem [1,2]. In this notion of integrability, the Hamiltonian systems, whose the evolu-
tion is given on 2N -dimensional manifold called the cotangent bundle, must possess N invariant
quantities which are independent and in involution. A key feature in this context is the Hamilto-
nian commuting flows as a direct consequence of the involution. Alternatively, the integrability
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can be inferred from the existence of the r-matrix, which is equivalent with the involution rela-
tion, through the language of the Lax matrices [1].

In the discrete context, the standard Liouville-Arnold theorem can be constructed [3]. How-
ever, the discrete world is quite fascinate in the sense that all variables are treated on the
same equal footing. Consequently, there are various notions of integrability, e.g. existence of
r-matrix [4], singularity confinement [5] and algebraic entropy [6]. However, there is one re-
markable aspect of integrable multi-dimensional discrete systems known as a multi-dimensional
consistency [7]. With this feature, one can consistently express the difference equations in a
multi-dimensional lattice, i.e., two dimensional lattice system can be consistently embedded in a
three dimensional lattice such that the quadrilateral equations describing three side-to-side con-
nected surfaces of a cube can be solved for a coincide result with a given initial conditions [8].
This feature is known as the consistency-around-the cube (CAC). Later, Adler, Bobenko and
Suris employed this property to classify the quadrilateral equations for two dimensional lattice
known as the ABS list [9]. Another important aspect of the multi-dimensional consistency in
the discrete level is the Lagrangian multi-form theory. Lobb and Nijhoff first set out to formu-
late the discrete theory for 2-form and 3-form cases [8,10]. A key relation in this context is the
Lagrangian closure relation, which holds on the solution of the system, as a direct result of the
variation of the action with respect to independent variables. The existence of the Lagrangian
closure relation guarantees the constant value of the action under local deformation of the sur-
face in the 2-form case and the volume in the 3-form case on the space of independent variables.
Soon later, the 1-from case was formulated by Yoo-Kong, Lobb and Nijhoff [11] in both discrete
and continuous levels through an important model known as the Calogero-Moser system [12,13],
see also [14]. Again, the existence of the Lagrangian 1-form closure relation guarantees the con-
stant value of the action under local deform of the curve on the space of independent variables.
Therefore, the feature implies path-independent property and the multi-time evolution does not
depends on the choice of paths, but rather the end points on the space of independent variables.
Indeed, this is nothing but the multi-dimensional consistency feature' which is represented in
the level of Lagrangians.” After these pioneer works, a series of papers has been producing and
pushing further in various aspects as well as various systems [15-29].

In quantum realm, the notion of integrability is not well established. Naively, one can follow
the canonical quantisation by promoting a set of invariances or a set of Hamiltonians to be a
set of Hamiltonian operators. Therefore, the integrability demands commutator of the Hamil-
tonian operators to be zero.® However, Weigert [30] provided an encounter example, which is
non-integrable system, satisfying the vanishing commutator condition. However, many attempts
have been put further to investigate quantum integrability on demanding a quantum correction
terms A2 [31-33], promoted from the invariances of the counterpart of classical system and com-
mutations of them, see in [34]. In discrete level, a key tool to study quantum integrable system
is the quantum mapping was established in [35] and was applied in the integrability context in
[36,37]. Alternatively, Feynman approach on quantising the system might be a better choice [38].
The pioneer works on this direction were investigated by Field and Nijhoff [39], see also [40] in

' One needs to include the variation with respect to dependent variables resulting in the generalised Euler-Lagrange
equations and constraints. These equations all together give us a compatible system of equations describing the multi-time
evolution of the system.

2 As we mentioned earlier that the multi-dimensional consistency was first formulated on the level of discrete equations
of motion.

3 This can be viewed as the quantum analogue of the involution.
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the discrete systems. Recently, King and Nijhoff set out to formulate quantum path integration
incorporated with the quadratic Lagrangian multi-form structure in the discrete level [41]. What
they did is to impose the periodic reduction on linearised discrete KdV in one particular direc-
tion, resulting in the discrete harmonic oscillator. Imposing on another discrete direction, one
obtains another discrete harmonic oscillator. Therefore, the discrete Lagrangians for these har-
monic oscillators can be explicitly written. Consequently, the explicit form of the multi-discrete
propagator can be obtained, since the Gaussian integral can be used in this case. An intriguing
feature of this multi-discrete propagator is path-independent feature on the space of independent
discrete variables. In other words, the multi-discrete propagator remains the same under local
deformation of the discrete paths on the space of independent discrete variables. Then, in this
quantum scenario, one might have to take all possible discrete paths not only on the space of
dependent variables, but also on the space of independent variables into account. This new con-
ceptual view on propagator was first proposed by Nijhoff [42] in the continuous case to capture
the multi-dimensional consistency in language of the path integrals. However, the explicit con-
nection between the discrete set up and the Nijhoff’s continuous proposal for the Lagrangian
multi-form of the propagator is still missing. In this contribution, the multi-time propagator
for the case of arbitrary Lagrangian 1-forms is constructed and integrability condition is given
through the scheme called the quantum variational principle.

The structure of this paper is as follows. In section 2.1, a set of multi-time Schrodinger
equations is given and the consistency of these equations will be derived resulting in the zero-
curvature condition for the Hamiltonian operators. Then the unitary multi-time operator is
expressed in terms of the Wilson line and this unitary multi-time operator possesses the path-
independent as a direct result of the zero-curvature condition of the Hamiltonian operators. In
section 2.2, the multi-time propagator is systematically derived. A new type of the functional
measure is defined, since all possible path on the space dependent variables and independent
variables must be included. The semi-classical method is applied and then integrability, indi-
cating by path-independent feature on the space of independent variables, of the system shall
be given based on the closure relation of Lagrangians. In section 3, the summary together with
important remarks will be given.

2. Multi-dimensional consistency as integrability

Let us first recall the two main features used to indicate the integrability of the classical
system. For the Hamiltonian systems with N degrees of freedom, there exists a set of first in-
tegrals (treated as Hamiltonains) {H{, H>, ..., Hy}, which are independent and in involution:
{H,H}=0,1#k=1,2,...,N, or equivalently, dH; /0ty = d0H/ot; , | #k=1,2,...,N.
Consequently, the involution leads to an important feature known as the Hamiltonian commuting
flows. On the Lagrangian side, there also exists a set of Lagrangian 1-form {L1, Lo, ..., Ly},
which satisfies the relations: dL;/0ty = dLy/0t; , [ #k =1,2,..., N known as the closure
relation. Both involution and closure relation imply the multi-dimensional consistency of the
multi-time evolution of the system. At this point, it is very natural to extend the idea to the
quantum level. In the standard manner, with the existence of the Hamiltonian, one can lift to the
quantum case with the Schrodinger approach. With the existence of the Hamiltonian hierarchy,
one expects to have a set of Schrodinger equations and therefore, the compatible multi-time evo-
lution of the wave function is what we are interested. Alternatively, one can prefer to quantise the
system with Feynman approach based on the action and Lagrangian. In the same analogy, there
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exists the Lagrangian hierarchy. Then, one also expects to have multi-time propagators with a
compatible multi-time evolution.

2.1. Schrodinger picture and zero-curvature condition
In this section, the multi-time evolution of the wave function will be studied. To de-
rive a set of Schrodinger equations, we shall promote a set of non-autonomous Hamiltoni-
ans {Hy, H,, ..., Hy}, associated with time variables t = {t1, f2, ..., txy}, to be a set of non-
autonomous Hamiltonian operators {Hy, Ho, ..., Hy}, resulting in
ad N
iha—tI\Il(t))zHII\Il(t)) ,1=1,2,..,N, 2.1
1
where |W(t)) is the eigenstate for I:II, [=1,2,...,N.

Theorem 2.1. Let |V(t)) be a multi-time normalised vector in a Hilbert space H and {ﬁl :

Hi>H,[=1,2,..., N} be a set of non-autonomous Hamiltonian operators. All Schrodinger
equations in (2.1) will be consistent if
oH, _ ol ﬁﬁ H]=0, k#I1=12,.,N (2.2)
atl 8[k h kv l - ’ - £ 9 ey ) .
hold.

Proof. The quantities 9; — (1 /ih)ﬁ;, where [ = 1,2, ..., N, can be treated as the covariant
derivative and the system of equations (2.1) is overdetermined. Thus, ﬁl, wherel =1,2, ..., N,
must satisfy a compatible condition such that

2 2
W(t)) = w(t)) . 2.3
8tlatkl ®) 8tkatll (1) (2.3)
This (2.3) is nothing but equivalently
3ﬁk Bﬁl Irn =~
— — — — —|H,H;|=0, k#1=1,2,...,N, 24
o1 o h[ 0 #* 249

which is therefore the zero-curvature condition for the Hamiltonian operators.
Alternatively, if we define a unitary operator for the multi-time evolution U(t) such that

(w(t)) = U(t) [¥(0)) . 2.5)
where U (t)ﬁ(t) = I with (¥ ()| W(t)) = (¥(0)|W(0)), the equations (2.1) give a set of equations

0 A A A
iha—tU(t)zHlU(t), 1=1,2,...,.N. 2.6)
I
If we are interested in the unitary evolution associated with time variable #;, we obtain

A A i A
U,t)=0,00.0.....4.....0,0) = Te~ 7 Jo Hidir_ 2.7

where T is time-ordering operator. Therefore, on the space of time variables, the unitary operator,
which maps the state along the path I" shown in Fig. 1a, is given by*

4 The construction of the composite map is given in appendix A.

4
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t2 t2

tl tl

(a) Local deformation of path: T' — I". (b) The surface 8 bounded by a closed loop
C

Fig. 1. The evolution of system on the space of 2 time variables.

Or) =0, 00, 0 Uy =Te 7 Jr Zimi Hidt; 2.8)

Equation (2.8) is nothing but the Wilson line representation of the operator U and the Hamil-
tonian operators will be treated as the gauge variables in this situation. Under the local de-
formation: I" — I, the evolution is consistent: Ur = Up. Therefore, this relation implies the
path-independent feature of the multi-time evolution of the state |W). Equivalently, this path-
independent feature gives identity for the loop evolution, see Fig. 1b, such that

Ups(t) = Te—# fecas Timi Hidtj _ pp—i [ls i Tits Zndundn _ i 2.9

where T is a time-ordering operator for a loop path® and P is a surface-ordering operator [43,44]
and

2y =0t (e _ 0 1. ]) 0, =0 (2.10)
ik =U, on T k> Hy y = .
is a twisted curvature [44] in the Schrodinger picture where y represents an arbitrary path con-
necting between the origin and t. The vanishing curvature is nothing but the equation (2.4). We
finally note that this compatible multi-time evolution is actually a commutation of multi-time
unitary operators: [U;, Ux] = 0. Therefore, this commutativity can be treated as a quantum inte-
grability in the Schrodinger’s picture. O

We note that the relation (2.4) is a quantum version of the involution of the Hamiltonians in the
classical context
0H, 0H]

a—tl—a—tk‘F{Hk,Hl} 0

which gives a core feature of the classical integrability known as the Hamiltonian commuting
flows.

Remark. The integrable quantum systems must possess the zero-curvature condition, but the
converse is not necessary true [30].

5 The definition of the time-ordering operator is given in appendix B.
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Fig. 2. Some possible paths on the space of independent discrete variables.

2.2. Feynman picture and compatible multi-time propagators

Let us first briefly outline what we are going to do in this section. We shall first give derivation
with a general setup and later fit our results with a recent development on quantum multi-
dimensional consistency [41]. Therefore, we would like to provide some key points of King
and Nijhoff work. What they did is investigate the two dimensional periodic reduction of the
lattice KdV, resulting in two different discrete-time harmonic oscillators. By doing redefinition
of discrete parameters, one obtains two different continuous harmonic oscillators

d2

d—t;‘+w%q=o, 2.11)
1

d2q 5

9 2q=0, 2.12

dl22 2q ( )

where (1, t2) is position variables and (#1, 1) are two different time variables. Here the mass of
the system is set to be one. The variables w; and w, play the role of frequency for the first and
second systems, respectively. Then, they study properties of the multi-time propagator (in the
discrete setup) for the quadratic Lagrangian 1-form case. The King-Nijhoff formula for multi-
discrete propagator

K (qp(M, N); q4(0,0)) = Z N Kr(gr(M, N); qa(0, 0) (2.13)
re#

possesses the path independent feature on the space of independent variables, see Fig. 2. Then
loops will not contribute to the propagator as a direct result of Lagrangian closure relation. Here
1 is a normalising factor and 4 is a set of all possible paths in the discrete space of independent
variables. What we will do next is to extend their result to the continuous case. We first would
like to provide some basic ingredients for the standard propagator (the single-time propagator)
given by
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Fig. 3. The fluctuation around the classical path qc () with the initial point q(t") and the final point q(¢"').

q//
K(q".1"q 1) = / Zq(0)]en 19O, 219
q/

Here S[q(t)] = ftt,” L(q, q; t)dt is the action functional and L(q, q; ¢) is the standard Lagrangian.
The notation [ ;H 21q(1)] plays the role of the functional measure over the configuration space

of the paths (spatial paths). The role of the propagator is to map the state from (q’ | (s’ )) to
(q”I\IJ(t”)).

In practice, the propagator (2.14) is not convenient for the calculation. Therefore, the semi-
classical approximation method is applied by considering all constructive contributions around
the classical path. To proceed such method, we write q(¢) = q.(¢) +y(¢), see Fig. 3, where q. ()
is the classical path and y(¢) is a fluctuation with the boundary conditions: y(t") = y(t') = 0.
Doing the expansion with respect to the fluctuation, the propagator becomes

K (q//’ t//; q/’ t/) Ze;’;S[q(-(t)] Q(q”, t”,q’, l,) [1 + O(h)] ’ (215)
where
q’ . ” " 2
N t’/ do(y@)l Sr[q"(g]y( )>
oq",t",q,t) = /@[y(t)]ezh rae 0( A Y] (2.16)
q/

Here Q(q”,t",q’,t) is a smooth function of end points since the variable y is integrated out.
The explicit form the function Q(q”,t”, q', t’) can be formally expressed as [45,46]

i 9°Slg.(0) )
2xh aq(r’")oq(t’)

With all basic ingredients above, we are now ready to extend the notion of the propagator
(2.14) into the case of multi-time Lagrangian 1-forms.

Q(q".1t".q,1") = det( (2.17)

Definition 2.1 (A multi-time propagator). Let £ = Z?’zl L jdt; be a Lagrangian 1-form, where
Lij=L; (q, {g—‘!; j=12,...,N } ; t). On the space of independent variables (time variables)
J

parameterised by a variable s such that t(s), where s’ < s < s”, the multi-time propagator is
given by
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symmetrical
dividing line

Fig. 4. The two dimensional space of time variables #{ and #, partitioning by the plaquettes with the size €] X €.

ats")
K(q(t(s")), s"; qt(s"), s") = / Dlq(t(s)); T € Ble’ i fivress) £ (2.18)
a(t(s")

where .Z = ds Z]/y:l L;dtj/ds and [ D[q(s); I € 4] is the functional measure over all possible
spatial-temporal paths. Here " € %, where % is a family of paths connecting the point t(s") with
the point t(s”) on space of time variables.

To construct the multi-time propagator (2.18), we shall first start with the case of 2 time vari-
ables (t1, t) for simplicity. We therefore partition space into V' x N.° see Fig. 4. We also keep
in mind that the continuum limit is already taken into account. This means that the propagator in
each line element, e.g. (i, j) — (i + €1, j ) where i, j € [0, N], can be automatically expressed

in the form: K = fq(lJre]’]) 2q(11, J)]eh iy it jdn . Moreover, we will consider only the
forward time steps (as we did in the standard single time case) and we will also employ the sym-
metry of the lattice by considering the first evolution in #; together with all possible deformations
and later 7, together with all possible deformations, see Fig. 5. To illustrate the idea, let’s consider
first the simplest path I € %, where % is a set of the path configurations,” shown in Fig. 5a.
The propagator is given by

q(e1V,0) 0
KD = / _@[q(tl,O)]/qu(GlN’O)
q(0,0) -

6 One can consider the space without symmetry. However, at the end, we are going to consider the limit N" — oo.
Therefore, it is simpler in terms of formulation with the symmetric case.
7 In this case, there is only one path configuration.
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Fig. 5. The 6 first configurations of possible paths.

qeN,eN)
X / 2lq(eiN

(1N ey N)
(€LN0)

(elN.O)

(2.19)

)

Ly (elN,tz)dtz)

Ly(11,0)dt+ [

L(f(o,())

,12)]e”

q€N,0)

where the superscript (1) denotes the first simplest path. The propagator in (2.19) contains all

spatial paths along (0, 0) — (N, 0) and all spatial paths along (N, 0) — (N, A). Both sections are

d" g at the corner (A, 0). We note that, in equation (2.19),

the normalising factor is dropped out for our convenient.

(o.0)
—0o0

glued by the completeness term |

Next, for the paths given in 5a and 5b, the propagator can be written as

o0
—0o0

qNV N)
X / DqN

qN.,0)

KO = / 411, 0)] / aNg(N,0)

q(0,0)

(f((oj_\g)’o) Li(f ,0)d11+.f((/j\><’()/)\/) Lz(/\[,lz)dtz)

i

,1)]e”

qN.,0)

(o)
—0o0

q(n,N)

q(n1,0)

o]

/ 411, 0)] / " q(n1,0) / Iqn, )] / N g(m, N)

N1 4011,0)
q(0,0)

+2
ni=1
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qNV N)

< .@[q(tl N)]e (f(OO) Li(1, O)d[]-i-f(nlo) Lz(nl,tz)dlz-}—f((;g/jy\,\//;)Ll(ll,N)dtl)

q@n,.N)

(2.20)
where (2) denotes the first two possible simple paths. Here we note again that, for simplicity, the
width parameters € and €, of the plaquette are dropped out. What we see is that the exponential
terms in (2.20) are not the same for the first term and the second term. However, if we introduce
a time parameterised variable s’ < s < s” such that #;(s) and 1,(s), therefore, we have . =

(L1dty/ds + Lodty /ds)ds. Here, if we replace the ny of the second term in (2.20) by N, one
would obtain

qWV,0) qWN N

/ P11, 0)] / dNg(N,0) / PIQN, )]

q(0,0) q\NV,0)
00 qW.N)

x [y [ Slaw et e 2
—00 qNV N)
= (W, N UW, NN, MHUW, NN, 00UV, 0; 0, 0) [q(0, 0))
= (g, M) UW, N3N, 00U, 0;0,0)19(0,0))

q(NV,0) o0 qWV,N) _
/ Z1q(t1,0)] / dNq(\,0) / DN, ) e e o) £ (2:21)
q(0,0) —00 qN,0)

which is the propagator in (2.19). Then the propagator K ® can be simply reduced to

N q(n1,0) oo q(n1,N) 00

K@= / Pla(n, 0)] / d¥g(n1,0) / Flatn, 0] / ¥ g1, N)
m1=14.0,0) —o0 q(11,0) 0
qWV N)
* / P11, N) e rreaom £ 2.22)
q(n,N)

Here 4, is a set of the path configurations in Fig. 5b. Diagrammatically, what we do in (2.22) is
just shifting a vertical line from (1, 0) — (1, N) to (N, 0) — (N, NV).

Next, we include the third possible path, see Fig. 5c, into the calculation. Now the propagator
in this case becomes

Ao 7 St ' FNV0) WA
K = / 71411 0)] / g\ 0) / ZqN 1leh oo L=l 12d)
q(0,0) —00 qWV,0)
N1 90110 q(n1,N)
v @[q(rl,O)]/quml,O) / @[q(m@]/d”q(nl,m
1=14(0.0) q(n1.0)

10
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qNV N)

X 2lq(t1, N)le (f(00> le’l*’f(:llo])v)de’z*’féﬁfv’fff[)}’“‘d”)
q(1,N)
1 N1 901,0) 00 q(ny,mp)
+ Z > [ w01 [@¥em.0 [ Fgm.o)
m=1m=14(0,0 —00 q(n1,0)
00 qWN,my) 00
< [ d¥qm) [ Ftawmol [ dqwm)
—0 q(ni,mp) -0
qV.N)
§ S 16} ,(f(glo)mL,dz1+f(<nn1$1>L2dt2+f(nl r:’ll))L]dnJrf(‘j(\[;flf; Ladn) .
qWNV.my)

(2.23)

Here the labelled variables activating in Lagrangians on the exponent terms are omitted. We
notice that the third term will be identical with the second term if m; = N for every single n
and will be the first term if we let m| = 0. Here comes to a crucial point. The order of summation
is matter since one might need to avoid the repeatity of arbitrary n| at m| = 0, see appendix C.
Then, the sum over possible n11 comes first and sum over 1y comes second. The propagator K )
becomes

N-1 N q(n1,0) o) q(ny,mp) 00
KO=3" % / @[q(tl,on/qu(m,m / @[q(nlsfz)]/qu(nl,ml)
m=1mi=04,0) —o0 q(11,0) “oo
qN,my) o0 qWVN) A
x / 2lq(t, m)] / dVqW,m) / DIqN ) e Sirresvmuzy £
q(ny,my) —o0 qWN,my)
(2.24)

Here 3 is a set of the path configurations in Fig. 5c. Diagrammatically, what we do in (2.24) is
shifting the horizontal line from (1, 0) — (N, 0) to (n1, N) — (N, N) for n; =[1, N].

With the structure what we proceed so far, it is now not difficult to see that the propagator
K® | included Figs. 5a-5e, can be expressed in the form

qW,0) qWNV N)
K(5>—< / Z1q(. 0)] / Vg (N, 0) / PIqWN. 1)]
q(0,0) qWV,0)
N1 9011,0) 00 q(n.N)
+Y [ gtawor [a¥qwm.0 [ gim.m)
m=140,0) —00 q(n1,0)
00 qNV N)

x/qu(nl,N) / 21q(11, N)]
—00 q N)

11
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N=1N-1 9010

+ XY [ 7iac.on [ gm0

mi=1n;=1 q(0,0)

q(ny,mp) 00

X / @[Q(nl,tz)]/dNQ(nl,ml)

q(n1,0) —00

qWN,my) 00 qWNN)

x / Nq(tr, m)] / d"gW,m) / ZIqWV, )]
q(ny,mp) —00 qWN,my)

N-1 N-1N—2 4010

P Y Yy / @[q(tl,on/d’vq(m,m

np=n1+lmi=1n=1 q(0,0)

q(ny,mp) 00
X / @[q(m,rz)l/qu(m,mo
q(n1,0) —0
q(np,mp) 00 q(n2,N)
x / P1q(t, m)] / dVg(ny.my) / Plq(na. 1)]
q(ny,mp) —00 q(nz,mp)
) qNV N)
x / dVg(ny, N) / Pl \))
—00 q(n2,N)

N-1  N-1 N-2N-2 9.0

DD DD /@[q(n,m]/d%(m,m

may=mi+1lny=n;+1m=1n;=1 q(0,0)

q(ny,mp) 00

X / @[Q(m,tz)]/dNQ(nl,ml)

q(n1,0) —0o0

q(nz,mp) 00 q(na,my)
x / Flq(er.my)] / ¥ g(ny. my) / Z1q(n. )]
q(ny,mp) —00 q(n,mp)

00 qN,m2)
X /dNQ(nz,mz) / 2[q(t1, m2)]

—o0 q(na,my)

o0 qW.N) l_ P
) / dN g\ my) / ﬁ[q(f\mz)J)eﬂmU?l@” : (2.25)
—o0 qWN ,my)

The fourth path, see Fig. 5d, is nothing but the fifth one, see Fig. 5e, in case of my = A for every
single m; together with m; =N — 1 and m, = N. Moreover, the fifth path can be reduced to

12
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be the third path in the case of m, = m for every single m and the second one in the case of
my =my =N . For the first path can be obtained from the fifth path by letting m; = m» = 0, but
the case of m| = 0 with any m, # 0 is the same with the case of my = m (third path). This over-
counted problem could be settled by fixing n1 = 1, see appendix D. The propagator, therefore,
can be further simplified to

Nt a(1.0) altmy)
KO =" Z Z |2 q(tl,O)]/qu(l o [ ot rm/qu(l m)
np=2my=mimy= q(0,0) q(1,0)
q(nz,my) 00 q(nz,mz) 00
x / Prq(r.m)] / Y g(ny my) / P1q(na. 1)] / dVg(ny. m)
q(l,mp) —00 q(nz,mp) —00
qWN,my) 0 qWV.N) .
X / -@[Q(tl,mz)]/dNCI(N,mz) / 2lqN, 1p)]e frreul v
q(nz,m2) —o0 qWN ., my)
(2.26)

Here the order of summation is still crucial since we would have the repeated paths where n; is
arbitrary at my = m. Diagrammatically, what we do in (2.26) is first shifting the horizontal line
from (1,0) — (n2,0) to (1, N) — (n3, N) and second shifting the another horizontal line from
(n2,0) — (W, 0) to (n2, N) — (N, NV), where the second horizontal line must be always above
the first one, for no, = [2, N].

By proceeding this deformation of the curve, we could account for all configurations of the
path. The propagator, including the normalising factor,® could be expressed as

N q(1,0)
KA = > Ny / Zla(t,0)]
mar—1=--=>mpy>m1>0 q(0,0)
No1 % ati.m;)
(H [ atmiy [ g4 m]/d a,my)
—00 q@i,m;i—1)
q@i+1,m;) )
X / @[Q(fl,mi+l)]> /dNQ(N,mel)
q(i,m;) —00
qWV . N)
) / DaW, myle” e 2.27)
qN . mpar—1)

where my =mmy - --mpar_1 is multi-indices and mg = 0. Alternatively, in terms of diagram, we
could imagine that we slice the horizontal line as A pieces (n; =1; 1 =0,1,2,..., N —1) then

8 This normalising factors are different from the normalising factor in equation (2.2), but they are specified to keep a
preserved norm of quantum states.

13
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shift the second piece onward at my,my, ..., mar_1, respectively, with conditions: m; > m;,
where i > j.

We know that the equation (2.27) is just only the propagator starting in the #{-direction and
all possible types of deformation. However, there is a path starting in the #;-direction as well. We
therefore employ the symmetry of the lattice structure under interchange #; and #,. Hence, the
propagator can be presented as follows

q(ts")
4 ", /! N . £ f B Z
K(q(t(s)),s™; q(t(s)), s') = / Dlq(t(s)); T € Bleh /ires = | (2.28)
q(ts")
where 48 is a family of paths connecting between t(s”) and t(s”) on the space of 2 time variables
and
q(") qt(s")
| plaeiresi= [ blaconres

q(s") q(t(s")

N q(€1,0) N_1 ©
:A}im { Z Ny / @[Q(ll,o)]( l_[ /qu(i€1,mi_1€2)
E1,2—>08 mpr—1 2 2my=m1 >0 q0,0) i=1 5

q(i€;,mje2) q((+1)er,mje)

X / Dlq(ier, h)] / dVq(ie), mie) / -@[Q(Il,mifz)])

q(ier,m;—1€2) qier,mjez)
00 qNe . Ney)
X /deI(Nél,mN—léz) / 21q(Ner, )]
o0 qWNer,mpar—1€2)
N q(0,€2)

N-1 %
+ > e / @[q(o,tz)](]_[ / dVq(nir€1,ier)
i=1_n

nA—1>>n>n1>0 q(0,0)
q(njer,ier) q(n;€r,(i+1e2)

X / Dlq(t1,i€e)] / dVq(nier,ie) / Z2[q(nie, tz)])

q(ni—1€1,i€2) q(njer,iez)
00 qWNe,Ney)
X /dNCI(nN—m,J\/'Gz) / @[Q(tl,NQ)]} . (2.29)
—00 qna—1€e1.Ner)

Here, € and €, are put back into the formula. The new notation f Dlq(t(s)); T € HA] is a ex-
tended definition of the standard one f 2[q(t)]. Then the propagator in (2.28) represents sum all
possible paths not only on the configuration space (standard one), but also all possible paths I"
on the time space, see Fig. 6.

What we obtain in (2.28) is just the case of two times. Therefore, the process can be directly
extended to the case of arbitrary N times by using a diagrammatic method. Here, we will sketch
the idea in the case of three times. The propagator in this case will get a contribution from all

14
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Fig. 6. All possible paths on the 2-time space.

possible types of deformation starting in ¢1-direction, see Fig. 7. Mathematically, we just simply
shift each step in the #1-direction, resulting in

q(s”) q(t(s”))
/D[q(sxre%]: / DIq(t(s)): T € 2]
als) q(ts")
N N q(€1,0,0) 00
= im ( 3 > [ gm0 [ d'ge.00
— 00
€123—0 \IN_1=2h>[120mpr_>-->my>m; >0 q(0,0,0) —00

=) q(e1,m€2,l1€3)
Zlq(e1, 1, 0)] / dVq(er,me,0) / Zq(e1,mie2, 13)]
—00

q(e1,mi€,0)

q(e1,m€2,0)
X{
q(€1,0,0)
q(e1,0,l1€3) 00
+ [ g0 [ e one
q(€1,0,0) —00
) q(2e1,mye€2,l1€3) 00

X /deI(Gl,mlez,llés) / 9[<1(t1,ml€2,11€3)]/611\161(261,111162,1163)

—00 q(er,mie,l1€3) —00

q(er,miez,l1€3)
P1q(er, ta, 1163)]}
q(e1,0,01€3)

q(2e1,maez,l1€3)
X {

o
@[Q(261,t2,1163)]/dNCI(261,M262,1163)

q(2ey,my€z,l1€3) —00
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q2e1,ma€2,l2€3)
X / 21q(2€1, maez, 13)]
q(2e1,maey,l1€1)
q(2ey,m€2,hh€3) 00
+ / @[Q(Zel,mléz,%)]/qu(Zel,m1€2,12€3)
q2e1,m€z,l1€3) —o0
q2e1,mp€2,l€3)
X / 2[q(2¢y, ta, 1263)]}
q(2e1,mie€2,l2€3)
qWerma_1€2.0n—1€3)
D1q(t1, ma—1€2,In—1€3)]
QN =Der,mar—i€2.In—1€3)

oo
x /dNC](Nel,melQalelQ)
—0Q
qWer Nepln_1€3)
X / PlqWNer, ta, Iy_1€3)]
qWNermpr_1€2,ln—1€3)
00 qWNe,Nex, Ne3)
X /qu(Nq,NEz,lN—les) / 2qNer, Nea, 13)]
—00 qWNe Nezin—1€3)

qWNer,ma—1€2,Ne3) 00
+ / DqNer, mp_1€2,13)] /dNQ(Nél,mN—léz,Nés)
—00

qNer,mpr_1€2,In-1€3)
qWNe Ney, Ne3)

X / 9[(1(]\/61,12,-/\/63)]}
qNer.mpr_1€2.Ne3)

+ (the t,-symmetric term) + (the #3-symmetric term)) , (2.30)

where €3 is a width of step-evolution in #3-direction and 4 is a family of paths connecting
between t(s’) and t(s”) on the space of 3 time variables.
Here, we define all possible permutations P of the functional measure such that

q(ner,mit1€2,liy1€3)
7’[9[(1(12)], @[CI(%)]}

q(ner,miey,lje3)

1

q(nep,miti€2,li€3)
P2, riz1) <

o0
@[Q(nél,m,lm)]/dNCJ(nél,mz'Héz,lifs)

q(ney,mier,lie3) —00
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A

(0,9,0) A (3rm,h)

A @007

.
.

t3

Fig. 7. The deformation of paths starting in #{ -direction on the three-dimensional space of time variables.

q(ner,mit1€2,li11€3)
X Q[q(nel, m;y1€2, t3)]
q(ner,mit€2,li€3)
qner,mier,lit1€3) 00
+ / P1q(ne1, mjer, 13)] / dVq(ney, miea, liv1€3)
q(ner,miea,lj€3) —00
q(ner,mit1€2,li11€3)
X / 2lq(ner, 2, liv1€3)] ), (2.31)
q(nej,mier,liyi€3)
where q(#;) means that #; is active but #;-; are fixed. The factor P(2,r;y1) = (2+;+1)'
Yit1 = Om; m;y + 901 14, 18 placed to avoid the redundant path in some situations. Let us illustrate

a simple case as follows. If #; is fixed and #; or #3 does not activate, the redundancy will exist.
With condition ng = mg = Iy = 0, hence equation (2.30) will be simply expressed as

where

q(t(s”))
Dlq(t(s)); T € #]
q(t(s"))
% % 4(1,0,0)
= Jim_ 3 > e [ w00

€1.23—>0 \IN—12=b>11>20mpr— 12> =mp>m 20 q(0,0,0)

N—=1 q(ier,mi€a,l;€3)
X( l—[ /dNCI(iEI,miflfz,lifleS) / P| Zl4(22)], Z1q(t3)]
i=1 %

qie;,mi—1€,li—1€3)

00 q((i+1)er,m;ez,l;€3)
x / dVglier, mie, li€3) / 21q(t1, mie, ll-ez)])
—00 q(ie;,miey,li€3)
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00 qNe Nex,Nez)
X /qu(Nel,mN—lez,lN—lea) / P[Q[q(tz)],@[q(ts)]}

qNermpr_1e2,In—1€3)

+(the fp-symmetric term) + (the f3-symmetric term)) . (2.32)

For N-dimensional of time space, the functional measure over all possible spatial-temporal
paths could be presented as

aG”) q(ts”)
/D[q(S);FG%]= / Diq(t(s)): T € %]
a(s) q(t(s")
N N N q(€1,0,...,0)
= Jim ( )OS Y o [ gl
N

No N 3 3.3 2 25,2
€12, N0 Yag  Zeey) 201 20 @z zai 200k Zay2e720  (0,0.....0)

N—-1
x ( I1 /d”q(jel,ajz_lez,...,ajN,leN)

Jj=l o
Q(jfl,fliez,...a;.ve,v)
x _/ 7{9[(102)1, 20q(13)], - - ,Q[q(,N)J]
Q(jfl-a%_léz,...ot;v_lq\,)
0 Q((j+1)61,aiez,_,,u;veN)
« [ e e aen / @[q(n)l)
- qler.ajer..af ey)
o0
X /qu(Nel’a.%\fflq’"waj;][_lézv)
—00

qNep Ne,...Ney)
x P| Z2Iq(1)], Z1q13)], - - ,.Oﬂ[q(tN)]}

+ (all symmetric terms)) , (2.33)

where a5 is j'" step-evolution in 7;-direction and aé = 0. Moreover, we define all possible per-
mutations P of the functional measure such that

.9 N
qljeroje,...a; €n)

P| Z14(t)], Z21q(t3)]. -+ -, Z1q(in)]
q(Jjel ,01127162 ----- a?’,IEN)

1

= ———— (Summation of all possible permutations) , (2.34)
P(N - 1, I‘j)

N
where r; =3 ;" ;8

i.

i
Xj-1%;
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What we have now for the multi-time propagator in terms of the parameterised variable s is
q(t(s")
K(q(t(s"),s"; q(t(s"),s) = / DIq(t(s)); T € Bleh irrea £ (2.35)
q(t(s")

where f D[q(t(s)); I' € #] measures the contribution of all possible paths q(t) and all possible
paths T’ € &, where Z is a family of paths connecting between t(s) and t(s”) on the space of
time variables.

Again, the propagator (2.35) is not appropriate for further consideration and, therefore, we
shall apply the semi-classical approximation. Since we work with the parameterised time variable
s, the action can be expanded in the same fashion with the single-time case, therefore the multi-
time propagator now becomes

K(q'.s":q.5) =Wl 5" ¢ s)[1+0m)] (2.36)
where (. is a classical solution and
y(s”)=0 . v v 2
w fo dt [ dﬂ(y(r)KS Srlq”(‘zjy(a))
Qq".s".q".s") = / Diyesy: e e (2.37)
y(s)=0

is a smooth function of end points.
Next, we will consider the multi-time propagator along an only arbitrary path I" connecting
between end points t” and t’ on space of time variables as follows

Kr(q(t//), t//; q(t’), t/) _ €%Sr[qc(t)]QI‘(q//, q/, t”, t/) [1+0M0)], (2.38)
where
Y(t”):O i [ac(®)]
or(q’.q .t t) = / Trly®)]e” X1 Jrdu frdvj( o e )) (2.39)

y(t)=0
Here [ Zr[y] is a functional measure all possible fluctuations y along path I' on N-dimensional

time-space and S; r[q(t)] = fr L jdt;. Therefore, the function Qr in (2.39) can be expressed,
see appendix E, in the form

1
i 9%Srlge®]?
Or(q", ¢, t',t) = det (E qu(ﬂ)) , (2.40)
where Sp[q(t)] = [ &

Here is an 1nterest1ng point. We knew that the Lagrangian is not unique since different La-
grangian would produce an identical equation of motion. Moreover, in the context of integrable
systems, a different set of Lagragians, producing the same equations of motion, may not all sat-
isfy the closure relation, but only a special set of Lagrangians does. This structure would provide
the space of possible Lagrangians. Consequently, in multi-time quantum systems, the propagator
possessed the path independent feature on the space of time variables is the one that comes with
a special set of Lagrangians satisfying the closure relation. This structure gives us an on top fea-
ture of the classical variational principle in the sense that this special set of Lagrangians plays a
role of critical point resulting path independent propagator on the space of independent variables
coined as the quantum variation [41].
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Theorem 2.2. Let {L], Ly, ...,Ly} be a set of Lagrangians satisfying the Lagrangian closure
relation and £ = Z -1 L dtJ be the Lagrangian I-form, where

0
szLj(q,{a—tq_;jzl,2,...,N};t).
J

On the space of independent variables (time variables), the multi-time propagator for any I € B,
where 9 is a family of paths connecting between t' and t’, gives equally contribution leading to

515 @C:aS[Q(t)]e’% fomas ¥ =1, (2.41)

where S is an arbitrary surface bounded by a contractible loop C on the space of time variables,
and therefore the multi-time quantum system is integrable.

Proof. According to the equations (2.38)-(2.40), the propagator along path I" on space of time
variables in the semi-classical limit reads

Kr@®).t": q(t).t) = Qre T Ol 4 O] (2.42)
1
i 9%Srlge(D)] )2
Or = det ( —— 275r1a:(O1) © (2.43)
2 h aq(t”)oq(t)
and, for the path I'" with the same end points, the propagator reads
K (q(t”), t: q(t’), t/) _ Qr/e%Sr/[qc(t)] [1+0Mm)], (2.44)
1
i 02Splqe)]?
Or = det o M (2.45)
2w h oq(t”)aq(t)
The closure relation for the classical Lagrangian 1-form ., provides
Srlac(®] - Splac )] = / / Z= ¢ =
Cc=3S
0L 3Lk
= ZZ — —— )dtypy Ndt; =0, (2.46)
oty

k=1 1=1

which is nothing but the path 1ndependent feature on independent variables space, see Fig. 1.
Here S is an arbitrary surface bounded by a contractible loop C on the space of time variables.
Therefore, Qr = Qr and consequently we have

Kr(qt"),t";qt),t) = Kp (qt"), t"; q(t), t), (2.47)

where the O(h) is ignored since there is extremely tiny contribution to the propagator in the
semi-classical limit.
For a contractible loop C = dS on space of time variable, the propagator can be captured as

) 00 Loy n
) 9%5rlac®] 9 (=Sp/lge®D | 2 %(J ) /)f
Ke—as = 1 dN”/dN’d(’> I'l4c e (AR AN . 2.4
=87 131»0{0 t et( 27h ) dada®)  aqwhoa® ) (2.43)

Then we write
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t’

cld'.q"]=: /fc, (2.49)

t//

Scla, q"1=: /jc . (2.50)

Dropping out the subscripts I' and I'"" because of path independent feature, we obtain’

t” t/

. Seld’, q"1— Sc[q. q"] , aSe .,
Z. = lim ; =——= (q— .
(HHO / / " Z Gi — ) 5 @-q)

t)—>0 gi — ql-

(2.51)
Substituting (2.51) into (2.48), the propagator (2.48) becomes

o (e.¢] o0
1\" 19Sc —pose. ,
Keeys = <Z) /qu/ / aV <ﬁ3_qc) @-q) _ /qu/(SN(q —¢h=I. O
—00 —0Q —
(2.52)

We shall point out a final feature of the multi-time propagator. From equation (2.6), it is not
difficult to see that we could have a set of equations

0 N
ihyK(q(tN), t";q(t), t) =H;K(q(t"), t"; q(t), t),
j
where j =1,2,..., Nandt’ >t . (2.53)

Again, the quantity 8,_,. —(1/i h)I:I j»where j =1,2,..., N, can be treated as the covariant deriva-
tive and the system of equations (2.53) is overdetermined. Thus, a common nontrivial solution
K(q(t"),t"; q(t'), t') exists simultaneously if

8 8 7 /. 8 8 1 .
——K(qt"),t";qt),t) = — —K(q(t"), t"; q(t), 1) (2.54)
oty 0t; ot; Oty
holds. This compatibility (2.54) gives again directly to the zero-curvature condition of the Hamil-
tonian operators (2.4).

3. Concluding discussion

In Schrodinger picture, one can promote the set of Hamiltonians in the classical integrable
systems to be a set of Hamiltonian operators and the set of Schrodinger equations are obtained.
This set of Schrodinger equations is overdetermined and therefore a common non-trivial solu-
tion, wave function, exists if the Hamiltonian operators must satisfy the zero-curvature condition.
The multi-time unitary operator can be expressed in terms of the Wilson line and possesses the

9 Here, S[q,q"] is no longer a functional since the classical path . has been substituted. Thus, S:[q’, q"'] will be
simply treated as a function depending on the initial positions.
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path-independent feature. This means that, for the loop evolution, the unitary map in terms of
the Wilson loop is identity. At this point, we may state that, for integrable quantum systems,
the Hamiltonian operators must follow the zero-curvature condition, but the inverse is not nec-
essary true, see [30]. In Feynman picture, the continuous multi-time propagator is derived. The
interesting point is that this multi-time propagator comes with a new feature on sum over all
possible paths. One needs to take into account not only all possible paths on the space of depen-
dent variables, but also on the space of independent variables (time variables). Of course, this
idea is not new and it was first introduced by Nijhoff [42] in 2013.'Y We point at this stage that
what we come up for the formula of the continuous multi-time propagator in the 1-form case
is not the same with Nijhoff’s proposal. However, they do share the exactly the same interpre-
tation. Another point is that, as we mention earlier on taking all possible path both dependent
and independent variables, the propagator contains also non-classical paths which do not satisfy
the closure relation. Then this new beauty beast must be tamed. Therefore, the semi-classical
approximation is applied to the continuous multi-time propagator. The propagator is then written
in terms of the classical action together with the fluctuation (prefactor). With this new form of
the continuous multi-time propagator (approximated one), the integrability criterion can be con-
structed. A major intriguing feature in this context is that there exists a space of Lagrangians. All
Lagrangians produce the same equations of motion, but only a special set of Lagrangians satisfies
the closure relation. With this special set of Lagrangians, the continuous multi-time propagator
is extremum yielding path-independent feature on the space of independent variables. This new
feature is known as the quantum variation [41]. The last point that we would like to mention
is that our set up on deriving the continuous multi-time propagator is not only restricted to the
quadratic Lagrangian cases. However, the result from King and Nijhoff [41] for the quadratic
Lagrangians, namely harmonic oscillators, provides a solid verification of our formulation as the
special case, see appendix F. Therefore, further concrete examples are needed for non-quadratic
Lagrangians.
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Appendix A. The exponential maps for N-parameter group

In this appendix, the full derivation of (2.8) will be presented. For simplicity, we will first
consider the 2 time variables: t = (¢, 7). The composite map U, o U; could be written as:

0,00, = Te) dTH2 O, [ diFli (®
= {T|:]I + i %(ﬁ/d‘f])(ﬁﬁz(tl))]}
m=1 Jj=1 i=1
) {T[H+i%(ﬁ/d’1)(ﬁﬁl(t0>“- (A.1)
n=l"" =1 i=1

The first two terms in (A.1) would give

/ drL () + / dnH () = / at () | (A2)

r

where I:I(tl) = (ﬁ 1(t), I:IZ (t1)). The next terms in the expansion will be

1 A A N .
5(/6111/dsz[Hz(tl)Hz(tz)]+/dfz/dt1 [Ha(t2)H; ()]

+ / dr / [y () H ()] + / d, / drzT[ﬁl(toﬁl(tz)]). (A3)

Since the time variables of the second and third terms of the equation (A.3) havAe beAen ordered,
we can insert the time-ordering operator into both of them. Using the fact that [H;, Hy] =0, the
equation (A.3) would become

%T( [dn [ anlfaebue]+ [dn [dnleiie)]
+ / dry / do[Ht)H, ()] + / dn, / dzz[ﬁlm)ﬁl(tz)])

= %T(/dtl/dtz[ﬁg(tl)ﬁz(tz)] +/dt1/drz[ﬁ1(t1)ﬁz(tz)]
+ / dry / do[Ht)H; ()] + / dn / dtz[ﬁl(tl)ﬁl(m])

1 A A A A
=5T[( [dntuen+ [antuw)( [dnhe + [ dt2H1(t2))}
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Fig. 8. The loop evolution on the space of a single time variable.

- %T{ / dt; - H(t)) / dt2~ﬁ(t2)> ) (A.4)
' r

r
For further terms in the expansion of (A.1), we apply the same trick. Finally, we obtain

0,00, = |:]I+Z n/dt H(t:|

— TelratH®) (A.5)
Appendix B. The definition of the time-ordering operator for a loop evolution

Basically, in the case of a single time, a time-ordering operator is given by
T[AeHE) | = 00 — A A®) + 00 — mAE)AwN) (B.1)

where ©(#; — 1p) is a Heaviside step function. The mathematical object that we are interested in
this situation is the unitary operator. For the forward evolution and the backward evolution given
in Fig. 8, the unitary operators are given by

Or =T h Ji Awdr _ gy frfiwar (B.2)
Up =Te DA _ =t [rr B _ o [ B (B.3)
respectively.

Since the unitary operator possesses a property UrUp =1, therefore, what we have now is

ﬁrﬁr/ _ (Te_% Ih ﬁ(t)dt) (Te,;;f,’, ﬁ(t)dt)

t// t// t”
i [ 1/ i\? A
I— E/H(t)dt—i— 5 <_E) /dtl /dth [H(tl)H(tz)] +
t/ / t/
x |1+ L / H()dt + — < ) / dn / dtzT H(tl)H(tz)]
) t// t//
=]I—;_l— /dt—/dt H(t)
t t
) 2 t// t//
Jri L /dt—/dt /dz—/dz H(t)H(t)]
1 A 1 1 2 2 1 2
t t
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(a) The loop evolution on the space (b) The loop evolution on the
of 2 time variables. space of a parameterised vari-
able.
Fig. 9. The loop evolution of system for 2-time structure.
i [// ~ i I// A
— T(e—ﬁ ft/ H(I)df-l—ﬁ j;/ H(l)d[) :]I . (B4)

This suggests that the time-ordering operators in (B.2) and (B.3) have the same structure.

Next, we extend the idea to the case of the multi-time situation. For simplicity, we shall
consider the case of the 2-dimensional time space: t = (¢, t). For the paths I" and I' in Fig. 9a,
the unitary multi-time evolution operators can be presented as follows:

ﬁr —Te— i Jr Hi(®dr+H (7 ’ (B.5)
ﬁr' —Te S Hi(hdr+H, (Hdt ) (B.6)

Here, we introduce a new variable s such that t(s) = (¢(s), 7(s)), where 0 < s < 1, see Fig. 9b.
Then the unitary multi-time evolution operators in (B.5) and (B.6) become

Or =Te# o BOds _ g, JpHG)ds (B.7)
Up =T F UGS _ o [ HG)s (B.8)

where ﬁ(s) = ﬁt tdr + I:I, (t)dt. With this a single parameterised variable s, one can apply the
same process as in (B.4) and this suggests that the nature of the time-ordering operator in the
case of the multi-time and the single time is effectively identical to explain the loop evolution.
Therefore, UrUp = I gives us a commutativity of the multi-time evolution or the integrability
condition. The idea can be directly extended into the case of N time variables with this parame-
terised method.

Appendix C. Eliminating the redundant path of K®
In equation (2.24), the order the summation is crucial to avoid the redundant path. To see this,

we first consider a point m1 = 0. The variable n; will not contribute because of collapsing of the
integration as follows

N—-1 (n1,0) oo
K(3)=Z / 9[q(t1,0)]/dNQ(n1,0)
=1 0,0 —o0
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(N, N)

(a) mp =0 with mg # 0 (b) m; =
Fig. 10. The example of repeated paths between cases of m| =0 with mp € [1, N — 1] and m| =my #0.

(n1,0) N,0)
y / Pq(m, )] / Vg, 0) / (11, 0)]

(n1,0) (n1,0)
%) WN.N)

x / Vg 0) / W, et 2
—00 W0
= (W, N OW, N3N, 00W, 0; n1,0)U(n1, 0; 11, 0)U(ny, 0; 0, 0) |q(0, 0))
= (qW, N[ TW, N5 N, 000, 0; 0,0) |q(0, 0))

(N,O) 00 N N) o,
= / Plq(t,0)] / dNq(\N, 0) / DIqN. )ler b 2 (C.1)
(0,0) —o0 (WNV,0)

which is the propagator in the equation (2.19). Hence, the variable n in the first line of equation
(C.1) is arbitrary. On the other hand, if the summation over n; is considered first, there are
redundant paths for every ny at m; =0.

Appendix D. Eliminating the redundant path of K®

For m; =0 and m> = m1 of K®, we obtain the repeated paths such as the Fig. 10.
In Fig. 10a, n is in the range [1, n2] and therefore n, > 2. We obtain

(n2,0) (n2,m2)

N-1 N
KO=3" > / 71q(,0)] / d"q(n3,0) / P1q(n2. 1)) / Nq(na, my)
m=2m=1 g o) (n2,0)
N, m2) W.N)
/ Plq(tr,m)] / 4V QN my) / QN )b 2 D.1)
(n2,mz) WN,m3)

In Fig. 10b, the path between points (n2,m1) and (n2, m2) is collapsed as a point at (ny, m»).
And, if n1 > 2, it will give exactly the same path with Fig. 10a. Therefore, the propagator is
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(n1,0) (ny,mp)

N-1 N e0 e
K2=3 % [ 7ac.on [ a0 [ g [ o)

m=2m=l 0 11,0

(N,m|) 00 N, N) ,

x / Zlq(11, m1)] / d¥qWN, m1) / DIqWN, )lef I £ (D.2)
(ny,my) —00 WN,m1)

To avoid this problem, we have to set n1 = 1 then the propagator (D.2) would vanish since it out
of the case.

For K7, we would fix n; = 1, n, =2 and n3 = [3, N — 1] to avoid the redundant path. And,
for K®, we would fixny = 1, ny =2, n3 =3 and nq = [4, N — 1] to settle the problem. Finally,
for KA every single n; will be fixed, where i = 1,2, ..., N — 1 to eliminate the redundancy,
then the sum over n; will disappear, resulting in the propagator (2.27).

Appendix E. The explicit form of Qr in the equation (2.39)

Recalling the equation (2.39)

y(tH)=0 i 525; rlac(®]
or(q". q.t'.t)= / Irly®le”™ X Jrdus frdv, (y‘“)%yw))
y(tH=0
we then treat
828} rlqc(t)] .
YW e YO =YW= 3w =90, )yw. (E.1)

We write y(t) =), a,y,,r(t), where a, now represent fluctuation and y, r are eigenbases as-
sociated with the path I" satisfying

/ A1y e O O, =0 E2)
r

and the boundary conditions

Yor(t") =y, r(t)=0. (E.3)
The equation (2.39) becomes

or(q".q’,t",t) :/-@[an]e_#zy:'(Z"(kj)"’rla"‘z), (E4

where (A ), are eigenvalues associated with the eigenbases y, r for the operator (4} ;- Inserting
the equation (E.2) into (E.4), we obtain

i N
or(q".q,t".t) = / Dlaple™ 2 izt (ZaCinrlanl?)
— / ‘@[an]e_ﬁ Z_y:l (Zn Zm()\j)n,l‘anamamn)

_ / @[an]e_ﬁ 2_1;]:| (jr dy (Zm amYm,l"(t))(zn ()Lj)n.[‘anyn.l"(t))‘ﬁx Ij;ﬁi)
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LN N
- / @[an]eizlih Z.i=| (fr‘ dy (Zm a’"ym‘r(t))o./ (Zn a’ly'lvr(t))‘ﬁx tj#,-)

z/%[y(t)]e—% rdny® (27, 0;)y(®)

. 2
— / Drly(t)]e 35 Jrdu [rdv (Y(“) 8q(u5)8q_(v) (Zyﬂ Sjrlge (t)])y(V))

. 2
i [ duy [dv (y(u)5 SLl4c0) y(v))
= / Frly(ple™ I o ES)
which is identical with the single-time case, see (2.16). Therefore, we obtain
1
i 9%Srlge (] ) ?
"o, t, t) =det ALY A E.6
Or(@" ' ¢ ) =det (3 pon (E.6)

We note that the existence of bases y, r(t), satisfying the equation (E.2), is nontrivial. However,
an explicit example is illustrated in appendix F.

Appendix F. The path-independent feature of the propagator for the two harmonic
oscillators

Here we will show that, with a special set of quadratic Lagrangians satisfying the closure
relation, the multi-time propagator possesses the path independent feature on the space of inde-
pendent variables. We first write the set of Lagrangians {L1, L,}, giving the equations of motion
in (2.11) and (2.12) and satisfying the Lagrangian closure relation, as

1 9 2 2.2

L=- () 24 (F.1)
2 \on 2
1 9 2 2.2

L=~ %9 _%’ (F2)
2 \on 2

where w; 2 are constants and q(t1, t2) = (q1(t1, 2) g2(t1, 12)).
Then, in order to verify path independent feature, we consider the exponent term in (2.39)

.2 2
i 525,.rlge (V)]
EZ/”’/”“”( W S awsam) M)

j=l1

i AN ay\ 5,
= — dt — ) - +dt — ) - . F3
2h / l|:<8t1) @1y 2 oty 2y &)
r

In Fig. 11a, the multi-time propagator reads

Ka (@(T1. T2). (T, T2): q(0,0), (0,0)) = Qeh 41T (F.4)

where

y(T1,12)=0 . . 2
o= | b (K" an [ (80) ot Jrai ae| () oi’]) Lo

S~

Daly(tr, )]e”
y(0,0)=0
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- (,jjh oy (0,13) (11, T3) N @}_M‘Tz)
(0'0) Tho) o) T | O e |
(a) path A (b) path B (c) path C
Fig. 11. The first three simple paths.
The whole exponent term of the equation (F.5) can be written as
(T1,0) (1, 1)
ay '\’ 2.2 / ay \? 2.2
dt — | - dt — ) -
/ : [<3t1> g 2| \ona “2¥
(0,0 (T1,0)
e 2 \? ay(T1,0)
yii,
= / dry |:— (—) - w1:| y+y(T1, 0)7
datq ot
0,0
e 5\ 8y(Ti.0)
y 1,
+ / dny |:— (—) w2:| y —y(T1, 0)7 (F.6)
ot 153
(T1,0)

For this particular path, the fluctuation y can be expressed in the form

Y(t1.0) =Y anyn.a(ti 1)
n

—Za —- sin (n_t )COS (Et ) + 3Sin (n—t )cos <Et )
" T T ! 1 : 1 1 g T ! '

FE7
where 0 <1 2 < Ti 2 and it is not difficult to show that the orthonormality condition holds
(T1,0) (T, 1)
dtiyn, AYm,A = dioyn, AYm.A = Sum - (F.8)
0,0) (T1,0)

Therefore, the equation (F.5) becomes

2
Qa _/Q[an]ezh Zalenl ( ot-ei+(# ) +(%) ) . (F.9)

Next, we will repeat the same process with the path in Fig. 11b and we find that

y(T1,72)=0 2 2
o T L e o (Lo s
B = B 1s . E
y(0,0)=0

29



T. Kongkoom and S. Yoo-Kong Nuclear Physics B 987 (2023) 116101

Fortunately, the eigenbases in the equation (F.7) are still applicable. Thus, the equation (F.10)
can be simply reduced to

o =/@[an]eﬁ Zn\an|2<_w%—w§+(%)2+(%)2> . E1D)

For the path in Fig. 11c, the Q-factor for multi-time propagator is

Qc=
T2)=0 oy ) (t.Ty) ay ) 1.1, 2
¥(T1,T2) el (f(g(?))dq[(%) —wly }+f(110)2 dtz|:<%) —wly }+f(rlT)2 |:(87y1) _w%yz})
C 1.2 e .
¥(0,0)=0
(F.12)
The fluctuation y must be expressed in a new set of eigenbases as
Y1, 0) =Y _anyuc(ti )
n
> . an sm(”T—”tl) cos (”T ) s (M <tathr=0)U((ty >tatnr =T)
>, any/ T2 cos (“Z1;) sin (”T—” ) (tr €[0, Tr]att; = 1)
(F.13)

We finally obtain the equation (F.12) in the form

/@[a le 35 Yonlan ( wf “’2+( )+< 2)2)' (F.14)

Here we notice that @4 = Qg = Q¢ and therefore

K @(T1, T2), (T1, T2): 40, 0), (0,0)) = Queh*41%) = Qe 919 = Qe Selad,
(E.15)

which is nothing but the path independent feature of the multi-time propagator in case of
quadratic Lagrangian 1-forms.
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