Journal of Physics Communications

PAPER » OPEN ACCESS You may also like

Multipoint correlators of the impenetrable

The Dirac impenetrable barrier in the limit point of poseas
the Klein energy zone

- Temperature-dependent plastic hysteresis
in highly confined polycrystalline Nb films
S Waheed, R Hao, Z Zheng et al.

To cite this article: Salvatore De Vincenzo 2023 J. Phys. Commun. 7 025005
- Energy-level structure of the hydrogen
atom confined by a penetrable cylindrical
cavity
R Cabrera-Trujillo, R Méndez-Fragoso and
S A Cruz

View the article online for updates and enhancements.

This content was downloaded from IP address 110.170.245.72 on 07/04/2023 at 09:12


https://doi.org/10.1088/2399-6528/acb8ff
/article/10.1088/0305-4470/26/20/007
/article/10.1088/0305-4470/26/20/007
/article/10.1088/1361-651X/aa9ba2
/article/10.1088/1361-651X/aa9ba2
/article/10.1088/0953-4075/49/1/015005
/article/10.1088/0953-4075/49/1/015005
/article/10.1088/0953-4075/49/1/015005

10P Publishing

® CrossMark

OPENACCESS

RECEIVED
7 October 2022

REVISED
23 December 2022

ACCEPTED FOR PUBLICATION
3 February 2023

PUBLISHED
27 February 2023

Original content from this
work may be used under
the terms of the Creative
Commons Attribution 4.0
licence.

Any further distribution of
this work must maintain
attribution to the
author(s) and the title of
the work, journal citation
and DOL

J. Phys. Commun. 7 (2023) 025005 https://doi.org/10.1088/2399-6528 /acb8ft

Journal of Physics Communications

PAPER

The Dirac impenetrable barrierin the limit point of the Klein
energy zone

Salvatore De Vincenzo
The Institute for Fundamental Study (IF), Naresuan University, Phitsanulok 65000, Thailand

E-mail: salvatored@nu.ac.th

Keywords: relativistic quantum mechanics, Dirac equation, impenetrable barrier, boundary conditions, force operator

Abstract

We reanalyze the problem of a 1D Dirac single particle colliding with the electrostatic potential step of
height V,, with a positive incoming energy that tends to the limit point of the so-called Klein energy
zone, i.e. E — V, — mc’, for a given V;. In such a case, the particle is actually colliding with an
impenetrable barrier. In fact, Vo — E + mc’, fora given relativistic energy E( < Vj), is the maximum
value that the height of the step can reach and that ensures the perfect impenetrability of the barrier.
Nevertheless, we note that, unlike the nonrelativistic case, the entire eigensolution does not completely
vanish, either at the barrier or in the region under the step, but its upper component does satisfy the
Dirichlet boundary condition at the barrier. More importantly, by calculating the mean value of the
force exerted by the impenetrable wall on the particle in this eigenstate and taking its nonrelativistic
limit, we recover the required result. We use two different approaches to obtain the latter two results.
In one of these approaches, the corresponding force on the particle is a type of boundary quantum
force. Throughout the article, various issues related to the Klein energy zone, the transmitted solutions
to this problem, and impenetrable barriers related to boundary conditions are also discussed. In
particular, if the negative-energy transmitted solution is used, the lower component of the scattering
solution satisfies the Dirichlet boundary condition at the barrier, but the mean value of the external
force when V, — E + mc” does not seem to be compatible with the existence of the impenetrable
barrier.

1. Introduction

Let us consider the problem of a (massive) 1D Dirac particle in the potential (energy) step of height Vj:
P(x) = Vo O 1, (1)

where x € R, O(x) is the Heaviside step function (O(x < 0) = 0 and O(x > 0) = 1), and listhe2 x 2 identity
matrix. If the particle approaching the step potential from the left has positive momentum, 7k > 0, and positive
energy E( > mc?) such that E — V;, < 0, or more specifically, E — V, < — mc* (=V, > E + mc, for a given
energy, but also, V,, > 2mc” because E > mc?), we say that the particle has energy in the so-called Klein energy
zone. This is because Klein tunneling occurs in that range of energies (the latter physical phenomenon tells us
that, among other things, high-energy Dirac particles can, in principle, pass an infinitely high barrier).
Incidentally, this is what is currently called Klein’s paradox [ 1-4]. In this paper, we are interested in the case in
which the energy of the particle is just the limit point of this energy zone, i.e. E — Vy — — mc” (=V, — E + mc?,
for a given positive energy). In such circumstances, the incident particle is actually colliding with an impenetrable
barrier. This impenetrable barrier is the main subject of our work. We want to obtain the boundary condition
that the 1D Dirac wavefunction must fulfill at the point where this impenetrable barrier is found (in this case, at
x = 0). In nonrelativistic theory, the impenetrable barrier limit, i.e. the infinite-potential limit, leads to the
Dirichlet boundary condition for the Schrédinger wavefunction. In the Dirac theory, and for high-energy
particles, the latter limit does not lead to an impenetrability boundary condition for the Dirac wavefunction
because the particle can penetrate through a very high potential barrier. We also want to know the average force
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exerted by this impenetrable barrier on the 1D Dirac particle and to check its nonrelativistic limit. In our study of
the problem, the situation where the reflection probability (or the reflection coefficient) is greater than one does
not happen, and we consider the 1D Dirac theory as a one-particle theory with external fields.

We present the most important results corresponding to the Klein energy zone in the remainder of this
section. Here, we also calculate the average force acting on the particle at x = 0. Then, in section 2, we impose on
these results the limit that leads to results that are valid at the boundary of the Klein energy zone. Here, we also
obtain the mean value of the force exerted by the hard wall and its nonrelativistic value using two different
approaches. Additionally, we include in this section a discussion of impenetrable barriers related to boundary
conditions. A final discussion of all these results is given in section 3. In the final part of this section, we also
present results corresponding to two limiting cases that could arise within the Klein energy zone. Finally, some
results that complement and clarify what has been stated throughout the article are exhibited in appendices A
and B. Specifically, in appendix A, we present a discussion about the transmitted solutions that can be used in
our approach to the problem. Then, we take one of these solutions and repeat the program followed in the
Introduction to finally apply the impenetrable barrier limit Vi, — E 4+ mc” to these results. In appendix B, we
present a specific discussion about the transmitted solutions that have commonly been used in the literature
when dealing with the issue of Klein’s paradox. In particular, we clearly establish the relation between our
positive-energy transmitted solution and the sometimes included transmitted solution of negative energy. At the
end of the appendix, we treat very briefly the problem of the 1D Dirac particle incident on the step potential, but
we use the negative-energy transmitted solution.

The scattering eigensolution of the 1D Dirac Hamiltonian operator H, i.e. the solution of the time-
independent 1D Dirac equation,

Ay(x) = (i/ic a% + mc23 + as)w(x) = Ey(x), )

in the Dirac representation, thatis, & = &, and B = 6, (6, and 6, are two of the Pauli matrices), and
¥ = [ ¢ x I" (the symbol " denotes the transpose of a matrix) can be written in a single expression as follows:

Y = (i) + () O(=x) + Y (x)O(x), 3)
where the incoming and reflected plane-wave solutions are given by
e < 0) = Len, )
Ye(x < 0) = (u)[ 1 ]e—ikx = r[ 1 ]e—ikx, (5)
a—bjL—a -
and the transmitted solution is written (in a seemingly counterintuitive way) as follows:
2a |1 | ke — | 1| ik
> — 1KX = 1 X'
Pe(x = 0) a—b[—b]e t[_b]e 6
Naturally, the time-dependent scattering wavefunction corresponding to the solution )(x) is given by
U(x, t) = P (x)e B/7, 7)
The real quantities a and b are given by
a:i>0, b:¢<0, (8)
E + mc? E — V; + m¢?

where

¢ 7k = JE* — (mc»)? > 0, ¢ 7k = \J(E — Vp)? — (mc?)? > 0. 9)

Particularly, E — V + mc*and E — V, — m¢” are negative when E — V, < — mc”. Additionally, it should be
noted that the solution given in equation (6) is essentially obtained by replacing E — E — Vj in the solution given
by equation (5) (also k is obtained from k by making this replacement). Furthermore, note that aand b can be

written as follows:
E — 2 E — _ 2
a— |[Ezme o JEZV-me (10)
E + mc? E — Vy + mc?

We are also introducing in equations (5) and (6)the quantities r and t that some authors call coefficient for
reflection (to the left) and transmission (to the right). The solution ¢(x) in equation (3) is a continuous function
atx=0,1.e.

YO —)=v0+)=v0) =90 —)+ (0 —) =10 +)) €3))
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(we use the notation x + =lim,_,o(x & ¢), withx = 0). Thus, 0 (x) = ¥ (X)) (x) = |@(x)|* + |x (%), the
probability density, and j(x) = i/ (x)5, ¢ (x) = 2¢ Re (p*(x) x (x)), the probability current density, are also
continuous functions at x = 0 (the symbol  represents the adjoint of a matrix and the symbol * denotes the
complex conjugate, as usual), i.e.

4a(1 + b?)
00 —=)=00+)=00+) @_ b7 (12)
and
. ) . 8c a’b
J0=)=jO+)=j0+) =~ =55 >0 1

Obviously, o(x) and j(x) are calculated for the transmitted solution 1/(x), and the result in equation (13) is what
one would expect for a transmitted wave traveling to the right in the region x > 0. Additionally, the evaluation of
o(x) and j(x) atx = 0 made in equations (12) and (13) is not necessary because the solutions we are using are just
plane-wave solutions, i.e. o and j,, and the other probability and current densities (g;, ji, etc.) are constant
quantities (obviously, this is not the case when we have a wave packet).

The reflection and transmission coefficients, or the reflection and transmission probabilities, are given by

2
il (a4 b)Y 1 - L
R=-= :( ):r2: 4 (14)
|j; a—b 1+%
and
i

_ 2|
R

a
Note that the latter two quantities verify R + T = 1,1i.e. r* + (|b| /a)t?> = 1, asis to be required by the
conservation of the probability; equivalently but also more intuitively, | j.| + |j,| = |j|. Thus,a 1D Dirac
particle with (positive) energies in the Klein energy zone can propagate on both sides of the step potential, but the
original Klein paradox [5], i.e. the situation where R is greater than one, does not occur [4, 6-9]. In particular,
when the infinite-potential limit is taken, i.e. V) — 0o, we have thatb — — 1, and the reflection and
transmission coefficientsgoto R — ((a — 1)/(a + 1))*and T — 4a/(a + 1). Thus, the transmission
coefficient does not vanish even when the height of the barrier is infinitely high. This specific tunneling (i.e. the
case when V; — 00 ) is more noticeable when the particle has a high energy. In fact, when E > mc?, we have that
a — 1,and therefore T — 1. Certainly, it is not necessary for the potential jump to go to infinity for Klein

. 2
lj| 4alb] Ibl( 2a ) |b] (15)

T=-"‘*" = " - ___
il (a—b)? al\a—>b

tunneling to exist. Additionally, note that the eigenvalues of the momentum operator p = —i/% 1d/dx
corresponding to the transmitted eigensolution are negative, thatis, p ¢, = — 7k 1; however, the transmitted
velocity field is positive, namely,
' 2 b 2/ik 2 Y
p=do o 20 G [ ) s (16)
Ot 1+ b? E—V, E—-V,

The latter result confirms the use of a transmitted solution such as that given in equation (6).
The mean value of the external classical force operator

f=—%mw=—w&mi an

(6(x) = dO(x)/dx s the Dirac delta function), or the average force acting on the particle by the wall of potential at
x =0, in the scattering state 1, is given by

A ~ +o00
(o= W J9) = =V [ dx 60 @1 =~ 2(0) = =V £0(0 +)

2 2
77V4a (1+b).

=—W @ _b) (18)

That s, the result is dependent on V/, as expected (b is also a function of V).

2. The limit point of the Klein energy zone

When we take the precise limit Vi, — E + mc?, for a given energy, we reach the limit point of the Klein energy
zone. More accurately, here, V; reaches the value E + mc? “from the right’,i.e. Vo — (E+ mcz) + . Thus, from
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equation (10), we obtain the result b — — oo , and therefore, R — 1 and T — 0 (see equations (14) and (15)).
Consistently, the transmitted velocity field verifies that v, — 0 (see equation (16)). Additionally, k tends to zero
in this limit (see the second of the relations in equation (9)) and the solution of the Dirac equation in equation (3)
takes the form

2isin(kx)

Y = [Za cos(kx)

]@(x) + [Zoa] Ox). (19)
Now, note that the entire wavefunction is not zero in the region x > 0, only its upper component ¢, i.e. only the
so-called large component of the 1D Dirac wavefunction in the Dirac representation. Nevertheless, the particle
does not penetrate into that region because the transmitted probability current density vanishes there (i.e.

ji(x = 0) = 0), i.e. because the probability current density is zero atx = 0 (i.e. j(0 — ) = j(0 4+ ) = j(0) = 0), i.e.
because the origin is an impenetrable barrier (see the result in equation (13)). The result in equation (19) confirms
that, in general, the entire Dirac wavefunction does not disappear at a point where an impenetrable barrier exists
[10]; in fact, g is not zero at x = 0, and the barrier is still impenetrable (note that as the energy of the particle
increases, the quantity a moves away from zero and approaches one); however, the wavefunction must satisfy some
other impenetrability boundary condition. In effect, in this case, we have that 1)(0 — ) = /(0 + ) = 1/(0) = 0, but
the large component satisfies the Dirichlet boundary condition at x = 0, i.e.

(0 =) =90 +)=p0)=0 (20)

(see equation (19)), and the lower component of 1), i.e. X, remains continuous there. Thus, when the origin
becomes an impenetrable barrier (i.e. after the limit V, — E 4+ mc” has been taken), the respective boundary
condition emerges naturally. Certainly, the limit Vy — E + mc” can be considered the impenetrable barrier limit
in 1D Dirac theory, and the boundary condition in equation (20) as the natural impenetrability boundary
condition when the Dirac representation is used (at least for positive energies E). Instead, in Schrodinger
nonrelativistic theory, the respective impenetrable barrier limit (i.e. Vo — 00 ) leads to the Dirichlet boundary
condition for the (one-component) wavefunction.

Incidentally, for positive energies, the energy eigensolutions of the time-independent 1D Dirac equation in
the (momentum-dependent) Foldy-Wouthuysen representation [11, 12] (in the free case and in the case of a
static external field) essentially have the form 1pw = [ ¢ 0 17, where 9, and ¢ only differ by a constant factor
(i.e. by a factor depending on the energy eigenvalue) [ 13—15]. Thus, the boundary condition in equation (20)
would take the form pw(0 — ) = Ypw(0 + ) = Ypw(0) = 0, i.e. the entire Foldy-Wouthuysen eigensolution
would verify the Dirichlet boundary condition at x = 0. The latter boundary condition imposed on gy appears
to be acceptable; in fact, the (free-particle) 1D Foldy-Wouthuysen Hamiltonian operator, for example, unlike
the (free) 1D Dirac Hamiltonian operator, depends on (¢p)? + (mc?)? (although this quantity is under a square
root) [13-15].

When the height of the potential V, reaches the value E + mc?, for a given relativistic energy that is always
less than Vy, the potential reaches the maximum value that it can reach and that ensures the impenetrability of
the barrier. In fact, as we explained before, if Vi > E + m¢?, fora given relativistic energy (and then E < V) but
also Vi — oo, then we have that R == 1. In effect, in this situation, only if the energies are low or nonrelativistic,
i.e. E> mc*, would we have that R — 1 (see the comment related to the limit V, — oo in the paragraph following
equation (15)) [9]. Finally, when Vjis less than E + mc® and still greater than E, i.e. E < V,, < E + mc’, the
reflection is still a total reflection, i.e. R = 1 [3, 16, 17]. The latter means that when the potential reaches the value
E + mc® “from the left, i.e. Vo— (E+ mc?) — , wealso have that R — 1. In addition, as we know, when
Vo — (E+ mc®) +, R — 1. Thus, the limit when V, — E 4 m¢” effectively leads to total reflection, and we can be
sure of our conclusions by taking the limit Vi, — E + mc” on results that are only valid in the Klein energy zone.

Actually, the boundary condition in equation (20) is just one of the physically (and mathematically) suitable
boundary conditions that one could impose on the 1D Dirac wavefunction at a point such as x = 0 (where a kind
of hard wall exists). In fact, there are an infinite number of impenetrability boundary conditions at our disposal,
and for each of them, the Hamiltonian operator that describes a 1D Dirac particle moving on the real line with an
impenetrable obstacle at the origin is self-adjoint (and consequently, the respective probability current density
vanishes there). In the end, in all these cases, the particle could be in just one of the two half-spaces. In this
regard, the subfamily of boundary conditions that ensures impenetrability at the origin is given by the two
relations in equation (B6) in [18]. This (two-real-parameter) subfamily is obtained from the most general (four-
real-parameter) family of boundary conditions given in equation (B1) in [18] by setting @ = 0 (See [19], although
the discussion of this topic was made for the similar problem of a 1D Dirac particle moving in the interval [0, L].
However, by substituting 0 — 0 + and L — 0 — in the boundary conditions of this reference, the corresponding
boundary conditions for the case in which the particle moves along the real line with an obstacle at the origin can
be obtained). In particular, the boundary condition in equation (20) is obtained from equation (B6) in [ 18] by
imposing p1 = 7= 7/2, 37/2, and it certainly defines a relativistic point interaction at the point x = 0. Clearly,
the Dirichlet boundary condition imposed on the entire (two-component) Dirac wavefunction at x = 0 is not
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included in equation (B6) of [ 18], i.e. the corresponding (first-order) Dirac Hamiltonian operator with this
boundary condition is not self-adjoint.

Additionally, in the impenetrable barrier limit Vo — E + mc?, the mean value of the force exerted by the wall
on the particle in equation (18) takes the form

(f)o = —(E + mc?)4a2 = —4(E — mc?). 1)

To be more precise, the latter result should be written as ( f Yo = —4(E — mc?)|A |, where A is a complex-value
(normalization) constant that multiplies the right-hand side of the scattering solution in equation (3). Thus, the
average force on a 1D Dirac particle that is in a stationary state and hits an impenetrable wall at x = 0 is
proportional to the relativistic kinetic energy of the particle.

The resultin equation (21) can be obtained in an alternative way. In effect, due to the presence of an
impenetrable barrier at x = 0, the problem can be reduced to that of a (free) 1D Dirac particle that can only be on
the half-linex € (— 0o, 0]. In this case, the force on the particle due to the wall at x = 0 is a type of boundary
quantum force. In effect, the time derivative of the mean value of the momentum operator for a 1D Dirac
particle on the half-line is given by

£ (Bl = (—ih W0, + me WP )
t

where we use the notation [g ]|” ., = g(0, t) — g(—00, t), and ¥ has the form given in equation (7) with 1)
given in equation (19), also ¥, = 0¥/ 0t (see equation (39) in [4]). If the function ¥ is a nonstationary state that
goes to zero at x = — 00, the right-hand side of equation (22) would simply be the function enclosed in square
brackets in equation (22) evaluated at x = 0. That quantity can be written as the mean value of a boundary

quantum force due to the impenetrable barrier at x = 0, namely,
(F)w = —i/i W0, 0, 1) + me® W0, £)5,T(0, 1). (23)

Certainly, because in our case the state U is a stationary state, equation (22) would lead us to the relation

0 =0 — 0. Indeed, using the solution given in equation (19), it can be demonstrated that the function enclosed in
square brackets in equation (22) has the same value at x = 0 and x = —o0. In fact, the result that is finally
obtained from equation (23) is given by

(f;>\p = —4a*(E + mc?) = —4(E — mc?), (24)

which is precisely the result given in equation (21).
In the nonrelativistic limit, we have that E — E™® 4+ mc® ~ mé? (E(NR) is the nonrelativistic kinetic energy),
and we obtain in this approximation the following result:
EOR)

a— o =0 (25)

(see the first of the relations in equation (10)). Likewise, the solution of the Dirac equation in equation (19)
approaches

. ¢<NR>(x)] _ [Zisin(k(NR)x)] _ 0
v — [ K9 o + [ 9] e (26)

(k™D = \/2mE®R /72), which is an expected result. Certainly, in this approximation, and when the energies
are positive, the upper component of the Dirac wavefunction is essentially the Schrédinger wavefunction, and
the lower component is practically zero, i.e. the Schrédinger eigensolution satisfies

YN0 — ) = PP + ) = p™(0) = 0. Additionally, in the nonrelativistic limit, the mean value of the
operator f in equation (21) takes the form

(f)y — —4 EO®, 27)

The latter is precisely the result obtained from the 1D Schrodinger theory by taking the limit Vy — oo on the
mean value of f calculated in the respective Schrodinger scattering eigenstate. To check this, see equation (10) in
[20]. Additionally, because the particle is actually restricted to the semispace x < 0, we can also use the result
given in equation (32) in [20] (with the operator 6 used there being equal to the momentum operator fora 1D
nonrelativistic particle on the half-line p = —i/% d/dx), together with equations (36) and (37), also in [20],
namely,

d . 7

a <p>\p(NR) — 75[(\chNR))* \IIEcNR) _ (\I/(NR))* \Ijgcla\cIR)] |(loc’ (28)
where UNR)(x, 1) = p®NR) (x)exp(—iENRt /), PR = gTER /9y and WP = 92INR) /9x2, Again, if the
function U™® is a nonstationary state that tends to zero at x = —o0, the right-hand side of equation (28) would

simply be the function enclosed in square brackets in equation (28) evaluated at x = 0. That quantity is the mean
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value of aboundary quantum force due to the hard wall at x = 0, namely,
~ A2

(oo = —2= |
2m

(note that W™® and UAR also vanish at x = 0). Obviously, because the state W™® is a stationary state,

equation (28) would lead us to the relation 0 = 0 — 0. Using the solution given in equation (26), it can be
demonstrated that the function enclosed in square brackets in equation (28) has the same value at x = 0 and

T, 1 29)

x = —o0. Inthatregard, the result that is obtained from equation (29) is given by
<fB>\I/(NR) = —4 ENR®), (30)

which is the result given in equation (27), as expected.

3. Final discussion

In the 1D Schrodinger theory, the impenetrable barrier limit, that is, the infinite-potential limit, leads to the
Dirichlet boundary condition for the respective (one-component) wavefunction (i.e. the latter satisfies this
boundary condition at the barrier). On the other hand, in the 1D Dirac theory, and for particles with high
energies, the infinite-potential limit does not lead to an impenetrability boundary condition for the respective
(two-component) wavefunction (because the particle can perfectly penetrate into the potential step when the
step goes to infinity). Most likely because of this, when one models an impenetrable barrier in the Dirac theory
(let us call it a Dirac impenetrable barrier), the most common has always been just to select and then impose
some impenetrability boundary condition on the Dirac wavefunction, but the Dirichlet boundary condition
imposed on the entire (two-component) wavefunction at the point where the barrier is located is not acceptable.
For example, in the problem of the 1D Dirac particle confined to a finite interval of the real line (a 1D box),
different physically (and mathematically) suitable boundary conditions have been used (see, for example, Refs.
[10,21-24]). Again, the Dirichlet boundary condition imposed on the entire wavefunction at the ends of the box
is not acceptable [10].

The results we have obtained confirm that the limit V, — E 4+ mc?, for a given energy, can be considered the
impenetrable barrier limit in 1D Dirac theory, i.e. by taking it in the problem of the particle incident on a step
potential, the probability current density, calculated for the scattering eigensolution of the problem, disappears
at the barrier. More importantly, in this limit, the impenetrability boundary condition for this positive-energy
solution arises naturally, namely, only its upper or large component (in the Dirac representation) satisfies the
Dirichlet boundary condition at the barrier. Certainly, we obtain the latter result before taking the nonrelativistic
limit of the eigensolution. Furthermore, we calculated the mean value of the force exerted by the impenetrable
barrier on the particle and showed that it tends to the required result when its nonrelativistic limit is calculated.
The required result is none other than the result that is obtained when the infinite-potential limit is taken on the
mean value of the force operator calculated in the Schrodinger eigenstate [20]. As we have seen, the latter two
results can also be obtained by reducing the problem to that of a particle that has always lived on the half-line
x € (— 00, 0]. In this case, the corresponding force on the particle at x = 0 is a type of boundary quantum force.

To summarize, we have obtained the boundary condition that the Dirac wavefunction must fulfill at a point
where there is an impenetrable barrier only taking a limit on the potential, i.e. Vy — E + mc’, for a given
(positive) energy (in nonrelativistic theory, the impenetrability boundary condition is obtained by making
Vo — 00 ). Likewise, in the Dirac impenetrable barrier limit, we obtained the mean value of the force operator
(calculated in the positive-energy scattering state of the problem), and by taking its nonrelativistic limit, we
recovered the result obtained by calculating this quantity in the 1D Schrodinger theory. In fact, we used two
different approaches to obtain the latter two results. Incidentally, these simple and specific results, obtained
within the framework of a 1D relativistic quantum theory for a single particle in an external field, do not seem to
have been considered before. Thus, we believe that our paper may be attractive to those interested in the
fundamental and technical aspects of relativistic quantum mechanics.

In fact, the problem treated here, that is, that of a Dirac particle incident on a potential step, has been
consistently attractive because of the Klein paradox. This paradox has been discussed in many textbooks and
articles on relativistic quantum mechanics, and its interpretation is very varied. One of the problems is that a
treatment made purely within the single-particle interpretation of the Dirac wavefunction often leads to
paradoxical situations. We recently learned of [25], in which Klein’s paradox was studied. Because we use an
apparently counterintuitive transmitted solution (equation (6)), our results do not agree exactly with those
obtained therein. Actually, the transmitted solution used in [25] is the charge conjugate of our positive-energy
transmitted solution (see appendix B) and describes the state of the particle (not its antiparticle state) with
negative energy in the sign-shifted potential (within the single-particle 1D Dirac theory). Thus, for example, in
the case where V) = 2E (and we are still within the Klein energy zone), we obtained the result b = — 1/4, and
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therefore, R = ((a® — 1)/(a* + 1))?and T = 4a%/(a® + 1), andv, = hk/E (also, we have that k = k).
Thus, only when E > m¢® one has thata — 1, and therefore, R — 0and T — 1, i.e. only when the particle has a
high energy, there is a total transmission in this respect (see the paragraph that follows equation (2.12) in [25]
and compare the results). Incidentally, when the mass of the particle disappears, i.e. mc* = 0 (and then we have
that E — V, < — mc® = 0), we obtained the resultsa = 1 and b = — 1 (see equation (10)), and again, we have that
R=0and T'= 1, and v, = c(see equations(14)—(16), as expected (see the first paragraph of subsection 3.3. in
[25]). Instead of using a transmitted solution of negative energy, we used one of positive energy, which in the
Klein energy zone would represent a particle traveling to the right in the region x > 0, i.e. the transmitted velocity
field and probability current density are positive (see, for example, Refs. [6, 7]). On the other hand, we have
noticed that if the negative-energy transmitted solution is used, the lower or small component of the scattering
solution (in the Dirac representation) satisfies the Dirichlet boundary condition at the barrier; however, the
average value of the external force operator in the Dirac impenetrable barrier limit does not seem to be
compatible with the fact that all incident particles must be reflected by the barrier (see appendix B). In any case,
the main goal of our paper has been to analyze the issue of the impenetrable barrier that arises at the limit point
of the Klein energy range, i.e. when Vi, — E + mc?, for a given positive energy. As we have seen, this
impenetrable barrier, which can also be characterized by means of a boundary condition, is only one of many
impenetrable barriers that can exist in relativistic quantum mechanics; in fact, it is only one of many point
interactions that can describe an impenetrable barrier at a point.
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Appendix A

The transmitted solution given in equation (6) satisfies the equation Hip(x > 0) = E(x > 0),as expected. In
the procedure to obtain this solution, one obtains the lower component of ¢, from its upper component. If one
decides to obtain the upper component from the lower component, one obtains the following transmitted
solution:

Ct(x >0) = t/[—lb/]e,ﬂ}x) (A1)

I _ 2
po—c _ EoVedme 1 (A2)
E — V; — mc? E—Vy,—mc®> b

also, k is given in equation (9) and t' = 2a/(1 — ab’) (certainly, t’ is obtained after imposing the continuity of the
corresponding scattering solution at x = 0). Obviously, this solution also satisfies H G (x = 0) = E¢(x = 0).

Note that because in the Klein energy zone one has that E — V, < — mé (i.e. E — V, < 0), the transmitted
solution can also be explicitly written in terms of |[E — V;|, namely,

where

(x> 0) = t”[* f’"]e*ifx, (A3)

I _ _ 2
b = ¢ 7k = JEZWlmme sy, (A4)
|E — Vol + mc? |E — Vol + mc?

and the coefficient for transmission t” can be obtained from t’ making the replacement ¥’ — —b". The
transmitted solution given in equation (A3) is valid when E — V, < — m¢” and is not a negative-energy solution

where
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(itisjust that E — V,, < 0); in fact, it satisfies Ja i ¢, = EC,. Again, we take the solution that has the exponential
function with a negative exponent (but we obtain the correct sign for the transmitted wave). The result in
equation (A3) can also be essentially obtained by means of the charge-conjugation operation, namely,

(x> 0) = fE(—k; x > 0) = Sc f*(—k; x > 0),
where
1
fi(ks x = 0) = const x —chk  |eikx
|E| + mc?

with the following replacements on the right-hand side, namely, k — k and E — E — V,and Sc = &, (uptoa
phase factor) [16].

Indeed, we can use the transmitted solution given in equation (A3) to solve the problem. Naturally, the
incoming and reflected plane-wave solutions are simply given by

Gx<0)= [}l]eik", ((x<0) = r”[ la]e’ik", (A5)

which have the same form as equations (4) and (5), with a and k given in equations (8) and (9). Again, the
solution ((x) of the problem can be written as the solution 1/(x) in equation (3), and after imposing the continuity
of {(x)atx = 0,1i.e. (;(0 — ) + (0 — ) = ((0 + ), we obtain the following results:
ab” — 1 o 2a '

ab” + 1’ 1+ ab”

I.l/ —

(A6)

Additionally, the reflection and transmission coefficients are given by

" _ 2 " " 2 "
R = ﬂ — (_“b” 1) =")?, T'= M __ Aab” — = b_( 2a ”) - b—(t”)z. (A7)
A ab” + 1 A (1 + ab") 1+ ab a

These two quantities verify R” + T” = 1, and j; = J;, i.e. the incoming probability current density calculated for
the incident solution 1; is equal to that calculated for ¢;. Because b’ is equal to 1/b, and b” is equal to —b, we have
thatb” = — 1/b; thus, from the latter relation, R” and T” can be obtained from R and T, and vice versa (in this
case, r” can also be obtained from r, but t” cannot be obtained from t, and vice versa, as expected). The
corresponding expressions for the probability density and probability current density evaluated at x = 0 can also
be obtained by making the replacement b — — 1/b" in equations (12) and (13). We obtain the following results:

402(1 + (b//)Z)

_— p— = = A
PO =)= pO@+) =p0+) == (A8)
and
8c a’b”
0—)=7(0 = J.(0 = > 0. A9
J( )=JO+)=J(0+) (1+ab”)2> (A9)

Similarly, the transmitted velocity field is given by

" 271 2 \?
Vtziz 2617//2 _ c?/k o |p - [ me >0, (A10)
pe A+ @) |E—- Vol E-V

and the mean value of the external classical force operator in the scattering state (is given by

v 4a*>(1 + (b

T (Al1)

(e ==Vop0+)=-

Certainly, when the infinite-potential limit is taken, i.e. V) — 0o , and therefore b” — + 1, R” and T" go to
the same results obtained before, i.e. R” — ((a — 1) /(a + 1))*>and T” — 4a/(a + 1). Likewise, when we
take the impenetrable barrier limit Vi, — E + mc?, and therefore ¥ — 0and k — 0, we again obtain R” — 1,
T" —0and V, — 0,and (f ) = —(E + mc?)4a> = —4(E — mc?). Certainly, the solution of the problem takes
the form given in equation (19), namely,
G| | 2isin(kx)
G "~ | 2a cos(kx)
Again, we have that ((0 — ) = {(0 + ) = {(0) = 0, and the upper or large component of ( satisfies the Dirichlet

boundary condition atx = 0, i.e. (1(0 — ) = (1(0 + ) = (;(0) = 0, and the lower or small component ( is
continuous there. Certainly, from these results, we obtain the same nonrelativistic results as before.

<<x>=[ ] (- x>+[ ]@(x) (A12)
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Appendix B

Naturally, in the region below the potential step x > 0, one always has two transmitted solutions that are
associated with opposite momenta. As discussed in section 1, one of these solutions is precisely the solution
given in equation (6), namely,

1
1y = const —c 7k eikx) (B1)
E — V, + mc?

that does not lead to the original Klein paradox, and the other solution is

1
1)y = const c 7k eikx, (B2)
E — Vo + mc?

The latter is the traditional solution in which Klein’s paradox arises. For example, see the comment following
equation (4) in [2] (although there, the solutions are four-component spinors). This is also the solution used in
[25] to introduce the original Klein paradox. See equation (2.5) in that reference (and correct the typo g — p).

On the other hand, another pair of transmitted solutions consists of the solution given in equation (A3),
namely,

c 7k )
Yy = const | |[E — V| + mc? ek, (B3)
1

that does not lead to the original Klein paradox (see appendix A), and the solution given by

—c 7k )
1y = const |E — V| + mc? elkx, (B4)
1

As demonstrated in [2], the latter solution also leads to the original Klein paradox, as expected (see the results
given in equations (2), (3) and (4) of that reference). In [2], it is also mentioned that the solution given in equation
(A3) (or equation (B3)) is the solution generally considered valid in the region x > 0. According to the authors of
this reference, this solution should be discarded because it does not represent an antiparticle entering from the
right (this conclusion would arise as a consequence of the physical interpretation of the results obtained by the
authors using the transmitted solution in equation (B4)). Alternatively, our treatment of the problem leads to a
situation in which the original Klein paradox does not arise, and we accomplish this without abandoning the 1D
Dirac theory as a single-particle theory. Incidentally, in a rather old reference, it was already mentioned thata
transmitted solution similar to the one we use in the present paper (equation (B1)) can avoid the original Klein
paradox, but only in the case of fermions, i.e. in the case of 3D Dirac particles [26] (see the paragraph that follows
equation (8) and the appendix in that reference). Additionally, a complete and plausible discussion of the Klein
paradox within the framework of the 3D Dirac theory for a single particle can be found in two well-known books
on relativistic quantum mechanics [6, 7]. In this regard, our results also indicate that the solution given in
equation (B3) (or the solution given in equation (B1)) cannot be discarded because it leads to an impenetrable
barrier whose nonrelativistic limit is the typical barrier of nonrelativistic theory (provided that the energies are
positive).

The approach followed in [25] also leads to a situation in which the original paradox disappears. The author
of that reference uses the following transmitted solution (and we will also name it ¢/y;):

—c Tk i
Yy =const X | g _ V, + mc? el = ¢y (B5)
1

(see equation (2.9) in [25]). This solution satisfies the following relation: H () = (2Vy — E)tby; thus, itis
not an eigenfunction of the Hamiltonian given in equation (2) (here, we write H as a function of the potential
given in equation (1)). Actually, the solution in equation (B5) satisfies H(—¢)y = —Ey; therefore, iy isa
negative-energy transmitted solution. Certainly, in the nonrelativistic limit, the upper component of ¢;; tends to
zero; on the other hand, in the transmitted solution we used in section 1 (equation (B1)), it is the lower
component that tends to zero in this approximation. These are expected results because ¢y is a negative-energy
solution, while v, given in equation (B1) (or equation (6)) is a positive-energy solution.

Indeed, the transmitted solution 1y given in equation (B5) is none other than the charge-conjugate
wavefunction of the solution v, given in equation (B1). In fact,

9



10P Publishing

J. Phys. Commun. 7 (2023) 025005 S De Vincenzo

1 —c /ik
i o< Py = Sc Pt = 6 —c ik et =1 E Y 1 me? |et (B6)
E — Vo + mc? 1

Thus, vy must be an eigenfunction of H (— ¢) with eigenvalue —E. On the one hand, in a single-particle theory,
we know that, if 1/ describes a 1D Dirac particle’s state with positive energy in the potential (energy) ¢, then 1)C
describes a 1D Dirac particle’s state (not a 1D Dirac antiparticle’s state) with negative energy in the potential
(energy) —¢. Certainly, if the Dirac hole theory is invoked to obtain a physical picture of the negative-energy
transmitted solution, then one would be abandoning 1D Dirac’s theory as a single-particle theory. On the other
hand, if 1/, represents the motion of a 1D Dirac particle with a given charge in an external potential, /¢
represents the motion of a 1D Dirac particle of opposite charge in the same external potential [27]. In this case, ¥,
and ¢ clearly describe two different particles, as expected. The transmitted solution given in equation (B6)
would admit either of the two interpretations presented above.

Itis clear that our results cannot agree exactly with those of [25]. The reason for this discrepancy is that the
transmitted solutions are not the same in the two works. As we have seen, when we reach the limit point of the
Klein energy zone, i.e. Vi, — E + mc’, the potential step becomes an impenetrable barrier, and we obtain a
solution describinga 1D Dirac particle that is restricted to the region x < 0. Then, a relativistic boundary
condition naturally arises, and one has a precise value for the mean value of the force on the Dirac particle at
x = 0. Taking the nonrelativistic limit of these results yields the expected results.

What happens if the solution given in [25] (equation (B5)) is used? We can answer this question herein a
succinct manner. Naturally, the incoming and reflected plane-wave solutions have the same form as
equations (4) and (5) with a and k given in equations (10) and (9) The negative-energy transmitted solution in
equation (B6) can be written as follows:

1 = const X [_lb]e“h, (B7)

where band k are given in equations (10) and (9) Assuming that the scattering solutions in the region x < 0 and
in the region x > 0 can be joined at x = 0, the following result is obtained:

N R [1] ikx (ab+1)[ 1 ] —ikx 2a [_b] ikx
x) = = e+ | —— e O(—x) + e O(x). B8
v = |¢] (a | (=) + = e o (B8)
Additionally, the reflection and transmission coefficients are given by
2
R:(M+1), o _4abl g (B9)
ab — 1 (1 — ab)?

where —ab is precisely 3, which is given in equation (2.11) of [25]. Note that when Vi, — E + mc (fora given
energy), i.e. when the limit point of the Klein energy zone is reached, the results b — — 00 , k — 0,R — land
T — 0 are obtained. Likewise, the solution given in equation (B8) takes the form

2 cos(kx)
2i a sin(kx)

P(x) = [ ]@(—x> BHEE! (B10)
Again, we have that /(0 — ) = (0 + ) = ¢6(0) = 0, but the lower or small component of 1/ (see equation (25))
satisfies the Dirichlet boundary condition at x = 0, i.e.

X0 —)=x(0+)=x(0) =0, (B11)

and the upper or large component of 1), i.e. o, remains continuous there. Certainly, this boundary condition also
defines a relativistic point interaction at x = 0. This boundary condition can be obtained from equation (B6) in
[18] byimposing i = /2 and 7= 37/2, or = 37/2 and 7 = 7/2. In the nonrelativistic limit, the solution
given by equation (B10) takes the form

@) | | 2cos(k™Rx) _ 2
e [ . ]—[ ¢ ]@( S HES (312)

(kR = \[2mENR /7). Additionally, using the sifting property of the Dirac delta in its symbolic form and the
fact that ©,(x) = §(x), one obtains the following result: ™ (x) = —2k®Rsin(kMRx)O(—x) + 0 O(x). Thus,
in the nonrelativistic limit, the boundary condition given in equation (B11) leads to the Neumann boundary
condition, i.e. the Schrédinger wavefunction satisfies 1" (0 — ) = ™0 + ) = Y™ (0) = 0[10, 19].
Certainly, the solution 1»™®)(x) is not obtained by taking the infinite-potential limit (or the impenetrable barrier
limit) in the 1D Schrédinger theory. Certainly, the Neumann boundary condition is not obtained in that limit
either. Thus far, everything looks acceptable; however, if one calculates the mean value of the external classical
force operator, in the state 1 given in equation (B8), one obtains the following result:
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A 4a%(1 + b?)
b= —Vo 01(0) = —Vp— T2 B13
<f>z/ b 01(0) 0 a— ab)2 ( )
In the Dirac impenetrable barrier limit Vi, — E 4+ mc” (and therefore b — — 00 ), the result is as follows:
(f)y = —4(E + mc?). (B14)

Once the potential has reached the limit point of the Klein energy zone, the point x = 0 becomes an impenetrable
barrier, and the 1D Dirac particle can only be on the half-line x < 0 (in fact, it is as if the particle has always been
in that region); thus, we can resort to the procedure we followed in section II. Substituting ¥ from equation (7)
(with 1 given in equation (B10)) into equation (23), we obtain the mean value of the (relativistic) boundary
quantum force due to the impenetrable barrier at x = 0, namely,

<.)?B>\I/ = —i7 U0, ) W,(0, t) + mc? (0, 1), (0, t) = —4E + 4mc? = —4(E — mc?). (B15)

Similarly, the average value of the (nonrelativistic) boundary quantum force due to the hard barrier at the origin
can be obtained from equation (28) (with UMNR) = ¢(NR) exp(—iENR¢ / /7)), from which the following result is
obtained:

R 2
( fé>\p(NR) = +Zﬁ_m(q,(NR))*(0)\I,g;IR)(O) — _4 EOR) (B16)

Clearly, the result given in equation (B14) is not consistent with the result in equation (B15), i.e. it is not
compatible with the fact that for Vi, — E + m¢?, all 1D Dirac particles are reflected. In contrast, the
nonrelativistic limit of the expression given in equation (B15) coincides with the result given in equation (B16).
Presumably, some explanation of the result given in equation (B14) can be obtained by discarding the framework
of the Dirac theory of a single particle and moving to the following scenario. This turns out to be most
appropriate when the potentials are of the order of m¢?. Specifically, it will always be attractive to consider
particles in the region x > 0 as antiparticles (because in that region E — V < 0), and these antiparticles would
have energy —E above the potential (energy) — V. At the moment, we do not have a plausible explanation for the
result in question. It is probably appropriate to leave that discussion for further research.
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