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Abstract

We propose a possible modification to the tensionless string model with

contact interactions. The proposed model aims to reproduce the expec-

tation value of a non-Abelian Wilson loop in Yang-Mills theory by inte-

grating out string degrees of freedom with a fixed worldsheet boundary.

To reproduce path-ordering along the worldsheet boundary, we intro-

duce Lie algebra-valued fields on the string worldsheet, whose dynamics

are determined by the topological BF action. Without bulk contribu-

tions, we show that the model describes the non-Abelian Wilson loop,

neglecting the effects of self-interactions. Finally, we test the reproduction

of the Wilson loop with three-point interaction in the case of SU(2).

Keywords: Bosonic string, BF theory, Non-Abelian Yang-Mills theory,

Wilson loop

1 Introduction

Yang-Mills theories serve as important building blocks of the standard model.
They are considered one of the most successful theories of fundamental par-
ticles ever tested experimentally. There are several viewpoints suggesting
possible connections between Yang-Mills and string theories. Dating back to
the seventies, it was known that string theory reproduces tree diagrams of
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Yang-Mills theory in the limit of low energies or infinite string tension [1]. This
perspective proves useful for understanding the structure of amplitude rela-
tions for both string theory and field theory. Many structural aspects in the
amplitudes of both theories were widely studied [2–9]. Another connection has
been noticed by ’t Hooft [10] that in the large N limit, a pure SU(N) Yang-
Mills theory diagram matches a perturbative expansion of a string theory with
the string coupling constant 1/N .

Quite recently, the formulation of Abelian Yang-Mills theories as the ten-
sionless limit of a spinning string with contact interactions was formulated in
[11] and [12]. In addition, by using the worldline approach, one can relate the
theory of interacting strings to Wilson lines in spinor quantum electrodynam-
ics in the tensionless limit [13]. The idea of this formalism was initiated by
Mansfield [14] which expresses an electromagnetic field strength tensor of two
moving charges as a string-like object supported on a worldsheet Σ bounded
by particle worldlines expressed in the form

Fµν(X) = −q
∫

Σ

δ4(X − Y )dΣµν(Y ) (1)

where dΣµν is an infinitesimal area element on the surface defined as

dΣµν(X) = ǫab∂aXµ∂bXνd
2ξ. (2)

Xµ(ξ) is a spacetime vector with the worldsheet coordinates ξa, a = 1, 2 lying
in the domain Σ with boundary ∂Σ on which Xµ

∣∣
∂Σ

= ωµ and ∂a is the
derivative with respect to world-sheet co-ordinates ξa. The expression (1) sat-
isfies the Gauss’ law, ∂µF

µν = Jν with a current density supported on the
worldsheet boundaries

Jµ(X) = q

∮

∂Σ

δ4(X − Y )dY µ. (3)

Substituting (1) in the pure electromagnetic action, S = 1
4

∫
d4xFµνFµν ,

gives

SEM =

∫
d4xL(x) = q2

4

∫

Σ

dΣµν(X(ξ))δ4(X(ξ)−X(ξ̃))dΣµν (X(ξ̃)). (4)

Due to the appearance of the delta function, the action is non-vanishing when
the worldsheet coordinates coincide, ξ = ξ̃, or when any two points coincide,
i.e. X(ξ) = X(ξ̃). This splits (4) into two pieces as

SEM =
q2

4
δ2(0)Area(Σ) +

q2

4

∫

Σ

dΣµν(X(ξ))δ4(X(ξ)−X(ξ̃))dΣµν(X(ξ̃))

∣∣∣∣
ξ 6=ξ̃

.

(5)
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The first piece contains the area of the worldsheet corresponding to the Nambu-
Goto action of string theory, albeit with a divergent coefficient. The latter piece
provides a more interesting interpretation. It implies a contact interaction that
occurs when the worldsheet intersects with itself. This is unusual from string
perspectives in which the standard interactions in string theory are caused
by joining and splitting worldsheets. Similar interactions have previously been
discussed by Kalb and Ramond [15]. From now on we denote the second term
of (5) by SI [X ].

By replacing the Nambu-Goto action with the classically equivalent
Polyakov action

SP [X, g] = − 1

4πα′

∫

Σ

d2ξ
√
ggab∂aX

µ(ξ)∂bXµ(ξ), (6)

it can be shown perturbatively [16] that the partition function of a tensionless
four-dimensional string with the contact interaction SI whose worldsheet Σ
spans the closed loop ∂Σ is similar to the Wilson loop for Abelian gauge theory
associated with the closed curve ∂Σ in flat Euclidean space at the first leading
order.

To illustrate this, let us determine an expectation value of the contact
interaction 〈SI〉Σ where we defined 〈Ω〉Σ, the worldsheet average of a quantity
Ω over all surfaces Σ spanning ∂Σ, as

〈Ω〉Σ =
1

ZP

∫
DgDXΩe−Sp[X,g] (7)

with a normalization constant ZP . According to the expression of SI in (5),
we apply the Fourier decomposition to the delta function to obtain

SI =
q2

4

∫
d4k

(2π)4
d2ξd2ξ′ V µνk (ξ)V−k µν(ξ

′) (8)

where V µνk (ξ) is the vertex operator defined as

V µνk (ξ) = ǫab∂aX
µ(ξ)∂bX

ν(ξ)eik·X(ξ). (9)

The fact that the theory lives in non-critical dimensions may concern some
readers as it usually leads to the notorious Weyl anomaly. Luckily, this issue
is cured by the presence of Dirac-delta function. It was shown in [12, 14] that
the expectation value of the delta-function decouples from the scale of the
worldsheet metric. Therefore, this allows us not to integrate over gab but rather
choose a value for it.

The expression (8) can be separated into two terms by introducing a
projection operator Pk which is defined as

Pk(X)µ = Xµ − kµ
k ·X
k2

. (10)
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The operator projects any 4-vectors onto their transverse directions compared
to the vector k. Therefore, the vertex operator now takes the form

V µνk (ξ) = Ṽ µνk (ξ)− ∂a

(
2iǫabk[µ∂bPk(X)ν]

eik·X

k2

)
(11)

where Ṽ µνk (ξ) is a projected vertex operator defined as

Ṽ µνk = ǫab∂aPk(X)µ∂bPk(X)νeik·X . (12)

Note that as kµPk(X)µ = 0, the vertex operator must satisfy kµṼ
µν
k = 0.

Consequently, when inserting (11) into (8), we find

SI =
q2

4

∫
d4k

(2π)4
d2ξd2ξ′ Ṽ µνk (ξ)Ṽ−k µν(ξ

′)

+
q2

2

∫
d4k

(2π)4

∮

∂Σ

∮

∂Σ

dPk(X)µ(ξ)
eik·(X(ξ)−X(ξ′))

k2
dPk(X)µ(ξ

′). (13)

To obtain the above expression, Stoke’s theorem was used.
It turns out that averaging over the worldsheet using the standard string

action will suppress the first term. To see this, we use Wick’s theorem to
evaluate the expectation of products of fields. According to Wick’s theorem
for the bosonic string,

Xµ(ξ)Xν(ξ′) =: Xµ(ξ)Xν(ξ′) : +α′δµνG(ξ, ξ′) (14)

G(ξ, ξ′) is the Green function for the worldsheet Laplacian. The colons indicate
normal ordering and since the field X can be expanded around the classical
field Xc, so the expectation value of the normal ordered part is

〈: Xµ(ξ)Xν(ξ′) :〉Σ = Xµ
c (ξ)X

ν
c (ξ

′). (15)

It is not hard to find that the expression for the projected vertex operator is

Ṽ µνk =: Ṽ µνk : e−α
′πk2G(ξ,ξ). (16)

The Green’s function G(ξ, ξ′) can be evaluated from the heat kernel G via

G(ξ, ξ′) =

∫ ∞

0

G(ξ, ξ′; τ)dτ (17)

satisfying
∂

∂τ
G = −△G, G(ξ, ξ′; 0) = 1√

g
δ2(ξ − ξ′) (18)
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where the Laplacian △ is given by

1√
g

∂

∂ξa

(√
ggab

∂

∂ξb

)
. (19)

The general form of the heat kernel can be written using the Seeley-DeWitt
expansion [17] which can be modified to a manifold with boundary [18][19].
If σr(ξ, ξ

′) is twice the square of the length of the geodesic path connecting
between ξ and ξ′ with r reflections at the boundary, then the heat kernel is
obtained by writing

G(ξ, ξ′; τ) = 1

4πτ

∑

r

exp

(
− σr(ξ, ξ

′)

2τ

)
Ωr(ξ, ξ

′; τ). (20)

The function Ωr can be expanded as a power series of τ which is

Ωr(ξ, ξ
′; τ) =

∞∑

n

arn(ξ, ξ
′)τn (21)

where arn(ξ, ξ
′) are called the Seeley-DeWitt coefficients.

According to [18], for ξ = ξ′, the coefficients of the first few orders are
evaluated as

a00(ξ, ξ) = 1, a01(ξ, ξ) =
1

6
R(ξ), a10(ξ, ξ) = −1, a11(ξ, ξ) = −1

6
R(ξ) (22)

where R is the Ricci scalar. It is not difficult to see from the expression (20)
that the heat kernel is divergent at a small τ , thus the value of Green’s function
at co-incident points should be regulated with a short-distance cut-off, ǫ, via
an integral

Gǫ(ξ, ξ) =

∫ ∞

ǫ

G(ξ, ξ; τ). (23)

In this limit as τ → 0 and for ξ ≈ ξ′, it is sufficient to obtain the asymptotic
version of (20) by including only zero and one reflection terms as

G(ξ, ξ′; τ) = 1

4πτ

[
exp

(
− σ0

2τ

)
− exp

(
− σ1

2τ

)]
. (24)

At the co-incident points, σ0 = 0. Therefore, Gǫ(ξ, ξ) reads

Gǫ(ξ, ξ) ≈
∫ ∞

ǫ

dτ
1

4πτ

(
1− exp

(
− σ1

2τ

))

=

{
σ1

(8πǫ) , σ1 ≪ ǫ

1
4π ln

(
σ1

ǫ

)
, σ1 ≫ ǫ.

(25)
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As a result, the Green’s function at co-incident points G(ξ, ξ) is zero on the
worldsheet boundary and diverges as ξ moves away from the boundary into
the interior of the worldsheet. Since the theory was in the Euclidean signature,
k2 > 0, the projected vertex operator (16) is suppressed inside the worldsheet
for which α′k2 is finite. This suppression gets further amplified when taking the
tensionless limit α′ → ∞ into consideration. What remains in the expectation
of SI is that of the second term in (13)

〈SI〉Σ =
q2

2

∫
d4k

(2π)4

∮

∂Σ

∮

∂Σ

dPk(X)µ(ξ)
eik·(X(ξ)−X(ξ′))

k2
dPk(X)µ(ξ

′). (26)

To discard the bulk term in (13), one needs to take good care of some possible
divergences appearing when the vertex operators are placed close to each other
either in the bulk or near the boundary of the worldsheet. A detailed analysis
can be found in [12].

The expression (26) is exactly the integral over ∂Σ of the Abelian gauge
field propagator in the Lorenz gauge

q2

2

∮

∂Σ

∮

∂Σ

dξµ1 dξ
ν
2

〈
Aµ(ξ1)Aν(ξ2)

〉
YM

. (27)

The subscript YM notifies that the expectation was made in the Abelian Yang-
Mills theory. This is the first non-trivial term in the perturbative expansion of
the Wilson loop

〈exp (−q
∮

∂Σ

A · dξ)〉YM. (28)

This suggests that the expectation value of the Wilson loop could be
expressed as the worldsheet average of the exponential of SI . However, a dif-
ficulty arises as divergences appear when exponentiating SI which potentially
spoils the suppression. Fortunately, no such terms are produced in the super-
symmetric generalization of the model. It appears that the expectation value
of the super Wilson loop for (non-supersymmetric) Abelian gauge theory can
be expressed as the worldsheet average of the spinning string with a contact
interaction [11],[12].

In this paper, we would like to construct a suitable modification to the
string model to reproduce the expectation value of a non-Abelian Wilson loop
in the Yang-Mills theory. The difficulty which impedes the non-Abelian gen-
eralization is incorporating Lie algebras into the theory. This can be done by
simply introducing Lie algebra-valued degrees of freedom into the worldsheet.
However, one needs to find suitable dynamics to describe them. These new
degrees of freedom have to generate the interaction vertices of Yang-Mills the-
ory and reduce to path-ordered generators on the boundary. If successfully
formulated, the theory would provide an alternative channel to investigate a
non-Abelian Yang-Mills theory.

The outline of this paper is as follows. In section two, we develop the ten-
sionless string model to incorporate a boundary path-ordering of Lie generators
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and at the end of the section a partition function for the non-Abelian gener-
alization of the string model with contact interactions is proposed. In section
three, the evaluation of the partition function is calculated on the worldsheet
boundary. We review an effective BF theory in section four as well as compute
a worldsheet gauge propagator. In section five, we evaluate a functional aver-
age of the square of string contact interactions which is partial to the partition
function and compare the result with the expectation value in the SU(2) gauge
theory of the Wilson loop. Finally, we summarise our results in section six.

2 Production of Boundary Path-ordering of the
String Model

To generalize the string model to describe the non-Abelian Yang-Mills theory,
at the very least we need to introduce Lie algebra-valued world-sheet degrees
of freedom φR(ξ) to try to reproduce the Lie algebra structure of Yang-Mills
propagators

SφI = q2
∫

Σ

dΣµν(ξ)φ
R(ξ)δ4(X(ξ)−X(ξ̃))dΣµν(ξ̃)φR(ξ̃). (29)

Consequently, we need a Lagrangian to describe the dynamics of φR. This has
to be gauge-invariant to preserve the spacetime gauge invariance of the contact
interaction (29) and Weyl invariant to satisfy the usual organizing principle
of string theories. In addition, the newly introduced degrees of freedom are
expected to reduce to path-ordered generators on the boundary to represent
a non-Abelian gauge theory. We propose that the action which meets the
minimum criteria is the topological BF action [20, 21], i.e.

SBF[φ,A] = 2

∫

Σ

d2ξ ǫijtr(φFij) (30)

with the field strength tensor Fij = ∂iAj − ∂jAi + [Ai,Aj ]. The action (30)
has a close connection to the Yang-Mills action in two dimensions as they are
equivalent in the zero coupling constant limit [22, 23]. Remember that both
fields φ and A are Lie algebra-valued fields. They can be written in terms of a
set of generators {TR} as φ = φRT

R and A = ART
R.1 The worldsheet 1-form

A is intrinsic to the worldsheet and it differs from the actual spacetime gauge
field A in the gauge theory whose dynamics we wish to reformulate.

It can be shown that when we define the partition function corresponding
to the BF action as

Z =
1

Vol

∫
DφDAe−SBF[φ,A]tr

(
P
(
e−

∮
∂Σ

A·dξ
))
, (31)

1tr(TATB)= 1
2 η

AB and [TA, TB ] = ifAB
C T

C
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one can obtain a boundary correlation function of scalar fields as path-ordering
of Lie generators. A Wilson loop is inserted along the boundary of Σ. To
remove all the gauge redundancy, we apply the axial gauge-fixing condition
via the insertion

1 =

∫
DΛδ(n · AΛ)det

(
δn · AΛ

δΛ

)
(32)

with a fixed vector n. Therefore, the partition function (31) takes the form

Z = N
∫
DφDAδ(n · A)det(n · D)e−SBF[φ,A]tr

(
P
(
e−

∮
∂Σ

A·dξ
))

(33)

where the covariant derivative Dµ is defined as ∂µ + Aµ. To obtain this, we
used the fact that the integrand and the measures are gauge invariant which
can then be renamed from (φΛ,AΛ) to (φ,A).

By introducing a source term for the scalar field, one can construct a
generating functional as

Z[J ] = N
∫
DφDAδ(n · A)det(n · D)e−SBF[φ,A]+2

∫
d2ξtr(Jφ)tr

(
P
(
e−

∮
∂Σ

A·dξ
))
.

(34)

Integrating out the field φ generates the constraint via δ-function as

Z[J ] = Ñ
∫
DAδ(n · A)det(n · D)δ(

1

2
(ǫijFij − J))tr

(
P
(
e−

∮
∂Σ

A·dξ
))
. (35)

For simplicity, we will content ourselves to consider the worldsheet with
the topology of a disk D2 which is topologically equivalent to the upper half-
plane. Accordingly, it is convenient to work in Cartesian coordinates, hence,
(35) taking the form

Z[J ] = Ñ
∫
DAδ(Ay)det(Dy)δ(F − 1

2
J)tr

(
P
(
e−

∫
Axdx

))
. (36)

where F = ∂xAy − ∂yAx + [Ax,Ay ] and we chose the reference vector n to be
a unit vector pointing in y-direction.

After integrating out Ay, the generating functional (36) becomes

Z[J ] = Ñ
∫
DAxdet(∂y)δ(∂yAx +

1

2
J)tr

(
P
(
e−

∫
Axdx

))
. (37)

This requires us to solve the constraint, ∂yAx = − 1
2J . By setting

J(x) =
∑

I

λIδ
2(x− xI) (38)



Springer Nature 2021 LATEX template

9

where I is an index that represents different insertions of the field φ(xI) on
the worldsheet and λI is a functional dependent on xI , one can obtain the
solution as

Ax =
1

2

∑

I

λIθ(yI − y)δ(xI − x) (39)

where θ(x) is a Heaviside step function.
On the boundary, the generating function takes the form

Z[J ] = Ñ tr
(
P
(
exp

[
− 1

2

∑

I

λI(xI)
]))

. (40)

Therefore, an expectation value of a product of φ on the boundary is

〈φR1 (x1)φ
R2 (x2) . . . φ

Rn(xn)〉φ,A =
1

Z[0]

δnZ[J ]

δλR1(x1)δλR2 (x2) . . . λRn
(xn)

∣∣∣∣
J=0

=

(
− 1

2

)n
P tr(TR1TR2 . . . TRn). (41)

Although we are able to incorporate the boundary path-ordered generators
into the string model, the object on the left-hand side of (41) is still not what
we desire as it is not gauge invariant which implies that the result depends on
what gauge conditions we utilized. Accordingly, to make the observable gauge
independent, we insert Wilson lines WC defined as

WC(x1,x2) = P exp(−
∫

C

A · dω) (42)

where C is an arbitrary curve whose endpoints are x1 and x2. Therefore, one
can modify the observables (41) to be

tr

(
φ(x1)WC1(x1,x2)φ(x2)WC2(x2,x3)φ(x3) · · ·φ(xn)WCn

(xn,x1)

)
. (43)

The appearance of trace and Wilson lines is to make the product gauge
invariant.

To evaluate (43), let first consider just two insertions of φ at the points x1

and x2 with a Wilson line joining both points, i.e.

φR1(x1)WC(ξ1, ξ2)φ
R2(x2),

in the axial gauge condition where we set Ay = 0 at each point. Using the
expression (39), the Wilson line WC(x1,x2) is simply an ordered product of
group elements when the contour C intersects with the vertical lines S1 and
S2 as illustrate in the figure 1. Surely, the value of the Wilson line depends
on the path C we are considering. For the given path shown in the figure, it
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•

x1

x2
•

x

y

S2

S1

WC(x1,x2)

Fig. 1: A Wilson line connecting from the point x1 to x2

reads exp (−λ(x1)) exp (−λ(x2)). Note that the sign of the exponents rely on
the orientation of the path C when cutting through the vertical lines.

If the insertion points x1 and x2 are moved to the boundary, the Wilson
line will reduce to one as no path can go below the inserted points. As a result,
the boundary expectation value of (43) is

(
− 1

2

)n(
P tr(TR1TR2 . . . TRn)

)
tr(TR1TR2 . . . TRn

). (44)

Remember that the value (44) does not depend on which gauge choice and the
contour paths we chose.

Consequently, we propose a modification to the string contact interaction
SI (5) for incorporating the boundary path-ordered generators as

Sφ,AI [X,φ,A] = 2q2
∫

Σ

dΣµν(ξ)dΣ
µν(ξ̃)tr

(
φ(ξ)〈WC1(ξ, ξ̃)〉C1δ

4(X(ξ)−X(ξ̃))

× φ(ξ̃)〈WC2(ξ̃, ξ)〉C2

)
(45)

This form of action enjoys gauge symmetry at the worldsheet level. To avoid
picking a particular path of the Wilson lines, we average over all possible paths
using the approach [16]. The expectation value over all the paths C is given by

〈Ω〉C = N
∫
Dx Ωe−S[x] (46)

with

S[x] =
1

2

∫ ∞

0

dt hrs(x)ẋ
r ẋs (47)

where hrs is the induced metric along the path.
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We then construct the functional integral to be

Ψ =
1

Z

∫
DφDADXDg exp

(
− SP[X, g]− Sφ,AI [X,φ]− SBF[φ,A]

)

× tr
(
P
(
e−

∮
∂Σ

A·dξ
))

(48)

with a suitable normalization factor Z. This functional integral is simply an
expectation value of exp(−Sφ,AI ) whose dynamics are described by the string
action SP and the topological BF action SBF with a Wilson loop inserted along
the boundary.

In this paper, we aim to show that the expectation of the non-Abelian
Wilson loop in gauge theory 〈W [∂Σ]〉 is equivalent to the functional integral
Ψ. However, we will not be able to give a full demonstration of the equality
between the two models due to complications of potential divergences but
rather show that the model (48) contains the required ingredients to reproduce
the non-Abelian gauge theory Wilson loop. A more complete proof needs to
wait until the supersymmetric model is developed.

3 Evaluation of Ψ: Boundary Contributions

In this section, we would like to evaluate the partition function Ψ along the
worldsheet boundary ignoring any contributions from the worldsheet interior.
To evaluate Ψ, we first expand the exponential of the contact interaction Sφ,AI

into the power series of Sφ,AI as

Ψ =
1

Z

∫
D(X, g, φ,A)e−(SP [X,g]+SBF[φ,A])

(
1− Sφ,AI +

1

2
(Sφ,AI )2 + . . .

)

=

∞∑

n=0

(−1)n

n!
〈
(
Sφ,AI

)n〉Σ,φA. (49)

Let first consider the first non-trivial term of (49), i.e.

〈Sφ,AI 〉Σ,φ,A =
1

Z

∫
D(X, g, φ,A) Sφ,AI e−(SP [X,g]+SBF[φ,A])tr

(
P
(
e−q

∮
C

A·dξ
))
.

(50)

To evaluate this, we rewrite Sφ,AI (29) in terms of vertex operators V µνk (ξ) as

Sφ,AI = 2q2
∫

d4k

(2π)4

∫

Σ

∫

Σ

d2ξd2ξ′ tr

(
φ(ξ)〈WC1 (ξ, ξ

′)〉C1V
µν
k (ξ)V−k µν(ξ

′)

× φ(ξ′)〈WC2(ξ
′, ξ)〉C2

)
. (51)
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Similar to the Abelian calculation, the projection operator Pk in (10) was used
to write

φ(ξ)WC(ξ, ξ
′)V µνk (ξ)F(ξ) =φ(ξ)WC (ξ, ξ

′)Ṽ µνk (ξ)F(ξ)

+ ∂a(φWC(ξ, ξ
′)F(ξ))

(
2iǫabk[µ∂bPk(X)ν]

eik·X

k2

)

− ∂a

(
2iφWC(ξ, ξ

′)ǫabk[µ∂bPk(X)ν]
eik·X

k2
F(ξ)

)

(52)

with a generic function F(ξ). If we give F(ξ) = φ(ξ′)WC′(ξ′, ξ)V−k µν(ξ
′), one

could find that

φ(ξ)WC(ξ, ξ
′)V µνk (ξ)φ(ξ′)WC′(ξ′, ξ)V−k µν(ξ

′) =

φWC(ξ, ξ
′)Ṽ µνk φ′WC′(ξ′, ξ)Ṽ ′

−k µν

+ ∂a(φWC(ξ, ξ
′))Ua µνk φ′WC′(ξ′, ξ)Ṽ ′

−k µν

+ φWC(ξ, ξ
′)Ua µνk ∂a

(
φ′WC′(ξ′, ξ)Ṽ ′

−k µν

)

− ∂a

(
φWC(ξ, ξ

′)Ua µνk φ′WC′(ξ′, ξ)Ṽ ′
−k µν

)

+ φWC(ξ, ξ
′)Ṽ µνk ∂′a(φ

′WC′(ξ′, ξ))U ′a
−k µν

+ ∂′a

(
φWC(ξ, ξ

′)Ṽ µνk

)
φ′WC′(ξ′, ξ)U ′a

−k µν

− ∂′a

(
φWC(ξ, ξ

′)Ṽ µνk φ′WC′(ξ′, ξ)U ′a
−k µν

)

+ ∂a(φWC(ξ, ξ
′))Ua µνk ∂′b(φ

′WC′(ξ′, ξ))U ′b
−k µν

+ ∂′b

(
∂a(φWC(ξ, ξ

′))Ua µνk

)
φ′WC′(ξ′, ξ)U ′b

−k µν

− ∂′b

(
∂a(φWC(ξ, ξ

′))Ua µνk φ′WC′(ξ′, ξ)U ′b
−k µν

)

+ φWC(ξ, ξ
′)Ua µνk ∂a

(
∂′b(φ

′WC′(ξ′, ξ))U ′b
−k µν

)

+ ∂′b

(
φWC(ξ, ξ

′)Ua µνk

)
∂a

(
φ′WC′(ξ′, ξ)U ′b

−k µν

)

− ∂′b

(
φWC(ξ, ξ

′)Ua µνk ∂a

(
φ′WC′(ξ′, ξ)U ′b

−k µν

))

− ∂a

(
φWC(ξ, ξ

′)Ua µνk ∂′b(φ
′WC′(ξ′, ξ))U ′b

−k µν

)

− ∂a

(
∂′b

(
φWC(ξ, ξ

′)Ua µνk

)
φ′WC′(ξ′, ξ)U ′b

−k µν

)

+ ∂a∂
′
b

(
φWC(ξ, ξ

′)Ua µνk φ′WC′(ξ′, ξ))U ′b
−k µν

)
(53)
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where

Ua µνk (ξ) = 2iǫabk[µ∂bPk(X)ν]
eik·X

k2
. (54)

Note that for the above expression we denote the primed and un-primed vari-
ables to be the objects determined on the point ξ′ and ξ respectively. However,
the terms from the third to the eighth lines of (53) can be discarded as the

contraction between U and Ṽ contains kµṼ
µν which is zero. For simplification,

we introduce the vertex operators as follows:

V
µν
k (ξ, ξ′) = φ(ξ)〈WC(ξ, ξ

′)〉C Ṽ µνk (ξ) (55a)

B
µ
k(τ, ξ) = φ(τ)〈WC (τ, ξ)〉CPk(ω̇)µ(τ)eik·ω(τ) (55b)

C
µ
k (ξ, ξ

′) = ∂a(φ(ξ)〈WC (ξ, ξ
′)〉C)ǫab∂bPk(X)µ(ξ)eik·X(ξ) (55c)

D
aµ
k (ξ, ξ′) = φ(ξ)〈WC(ξ, ξ

′)〉Cǫab∂bPk(X)µ(ξ)eik·X(ξ) (55d)

where we use the parameter τ to parameterize the worldsheet boundary on
which the field Xµ is ωµ and denote ω̇ as ∂ω/∂τ .

With these definitions and the expression (53), we can rewrite the contact
interaction (51) as

Sφ,AI = 2q2
∫

d4k

(2π)4
tr

[
2

∮

∂Σ

∮

∂Σ

dτdτ ′
1

k2
B
µ
k(τ, τ

′)B−k µ(τ
′, τ)

]

− 4

∫

Σ

d2ξ

∮

∂Σ

dτ
1

k2

(
C
µ
k (ξ, τ)B−k µ(τ, ξ) + D

aµ
k (ξ, τ)∂aB−k µ(τ, ξ)

)

+

∫

Σ

∫

Σ

d2ξd2ξ′
(
V
µν
k (ξ, ξ′)V−k µν(ξ

′, ξ) +
2

k2
C
µ
k (ξ, ξ

′)C−k µ(ξ
′, ξ)

)

+ 2

∫

Σ

∫

Σ

d2ξd2ξ′
1

k2

(
2∂′a
(
C
µ
k (ξ, ξ

′)
)
D
aµ
−k(ξ

′, ξ) + ∂′aD
aµ
k (ξ, ξ′)∂bD

b
−k µ(ξ

′, ξ)

)

(56)

Notice that the terms which involve the vertex operators C and D are not
present in the Abelian model. When averaging (56), it is likely that the bulk
terms will get suppressed due to an appearance of e±ikX in the interior of the
worldsheet. This is because the Wick theorem of the exponential

eik·X =: eik·X : e−α
′πk2G(ξ,ξ) (57)

vanishes in the worldsheet’s interior at the tensionless limit. Remember that
the Green’s function at coincident points G(ξ, ξ) is divergent in the world-
sheet interior as discussed earlier. However, we do not expect that all the bulk
terms get completely suppressed by this manner as there is possible that some
contractions among the bulk terms might provide singularity to negate the
suppression. This issue will be explored in the section five where a contraction
from the worldsheet gauge fields provides a singularity necessary to reproduce
a self-interaction in the Yang-Mills theory.
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Considering only the boundary terms, the boundary expectation of the
contact interaction is

4q2
∫

d4k

(2π)4
tr

[ ∮

∂Σ

∮

∂Σ

dτdτ ′
1

k2
B
µ
k(τ, τ

′)B−k µ(τ
′, τ)

]

= 4q2
∫

d4k

(2π)4
tr

[ ∮

∂Σ

∮

∂Σ

dτdτ ′φ(τ)〈WC1 (ω, ω
′)〉C1Pk(ω̇)

µ(τ)
eik·(ω−ω

′)

k2

× φ(τ ′)〈WC2(ω
′, ω)〉C2P−k(ω̇

′)µ(τ
′)

]
(58)

where we give ω ≡ ω(τ) and ω′ ≡ ω(τ ′). According to (44), one finds

〈
tr
(
φ(τ)〈WC1 (ω, ω

′)〉C1φ(τ
′)〈WC2(ω

′, ω)〉C2

)〉

φ,A

=
1

8
Ptr(TRTR). (59)

Consequently, the expectation of Sφ,AI takes the form

〈Sφ,AI 〉Σ,φ,A = Ptr(TRTR)
q2

2

∫
d4k

(2π)4

∮

∂Σ

∮

∂Σ

dτdτ ′Pk(ω̇)
µ e

ik·(ω−ω′)

k2
P−k(ω̇

′)µ

= Ptr(TRTR)〈SI〉Σ (60)

where 〈SI〉Σ is the expectation of the Abelian contact interaction expressed in
(26).

The expression (60) is the exact prescription to reformulate the expectation
value of the non-Abelian Wilson loop omitting self-interaction terms. This can
be seen by evaluating the boundary contributions of the expectation value of

e−S
φ,A
I which is

∞∑

n=0

〈(−Sφ,AI )n〉φ,A,Σ
n!

= Ptr

∞∑

n=0

q2n

2nn!

×
n∏

i=1

(∫
d4ki
(2π)4

∮ ∮
dPki(X)µ(ξ)dPki (X)µ(ξ

′)
eiki·(X(ξ)−X(ξ′)

k2i
TRiTRi

)
.

(61)

At the order q2n, the expression (61) describes a Wilson loop with n pairs of
gauge propagators which freely propagate between the boundary. The expres-
sion of the non-Abelian Wilson loop is presented in Appendix A. Remember
that the calculation was evaluated on the worldsheet boundary ignoring the
effect of bulk terms in the contact interaction on which potential divergences
may arise. In the Abelian case, such terms are absent by introducing supersym-
metry on the worldsheet. However, a similar generalization of the non-Abelian
case has not yet been achieved.
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4 Effective BF Theory and Worldsheet Gauge
Propagator

To verify if the proposed string model provides a valid description of the non-
Abelian Yang-Mills theory or not, we need to find out whether the model
can reproduce self-interactions of the gauge fields. According to the previous
section, it is obvious that no such terms appear when evaluating solely on the
worldsheet boundary. We expect that such terms can be obtained from the
worldsheet gauge fields A in the worldsheet interior. To demonstrate this, it
requires the computation of a worldsheet gauge field propagator. This can be
obtained by inspecting the generating functional

ZBF[J ] =
1

Vol

∫
DφDA exp

(
− SBF[φ,A]− 2

∫

Σ

d2ξǫijtr
(
JiAj

))
. (62)

We continue the calculation by integrating out the gauge field A. To do this,
we expand the fields φ and Ai in the Cartan-Weyl basis as

φ = φaH
a and Ai = χiaH

a + aiαE
α. (63)

where Ha and Eα are the Cartan and Weyl generators respectively satisfying
the following algebra:

[Ha, Hb] = 0, [Ha, Eα] = α(a)Eα,

and [Eα, Eβ ] =

{
NαβEα+β if α+ β ∈ Φ

Hα if α+ β = 0
(64)

where Hα is defined as Hα = αaH
a. The Cartan generators Ha are diagonal

traceless matrices in the adjoint representation. Note that these bases are ξ-
dependent. The Cartan generators were chosen such that the field φ lies within
their subalgebra at every point on the surface.

To relate Lie indices A with the Cartan and Weyl indices a and α, we
introduce unit vectors Ĥa

A and ÊαA in Lie vector space which are defined as δaA
and δαA respectively. As a result, the inner products among the vectors are

Ĥa
AĤ

Ab = ηab, ÊαAÊ
Aβ = ηαβ , Ĥa

AÊ
Aα = 0 (65)

and the completeness relation is

ĤA
a Ĥ

a
B + ÊAα Ê

α
B = δAB . (66)

It is not hard to write the field φ and Ai in terms of the unit vectors as

φA = φaĤA
a and AA

i = χai Ĥ
A
a + aαi Ê

A
α . (67)
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Using the relations (67), one can find the topological BF action (30) taking
the form

SBF[φ,A] =

∫

Σ

d2ξ ǫij

(
ifABCφCa

α
i a

β
j ÊαAÊβB − 2(∂iφA)a

α
j Ê

A
α

− 2(∂iφA)χ
a
j Ĥ

A
a + 2∂i(φAχ

a
j Ĥ

A
a )

)
. (68)

Notice that there is no contribution from diagonal components of AA
i to

the first term as the Cartan subalgebra is commutative. The last term only
contributes to the boundary of the worldsheet. Consequently, this gives the
generating function (62) as

ZBF[J ] =
1

Vol′

∫
DφADa

α
i Dχja exp(−S[J ]). (69)

with

S[J ] =

∫

Σ

d2ξ
(
ifABCφCa

α
i a

β
j ÊαAÊβB − (2∂iφA − JiA)aαj ÊAα

− (2∂iφA − 2φAδ1iδ(ξ
1)− JiA)χjaĤAa

)
ǫij . (70)

To obtain the above expression, we consider the case that the worldsheet Σ
has the topology of a disk, accordingly, one can parametrize the worldsheet
coordinates such that ξ1 is zero at the boundary. In this way, the coordinates
ξ1 and ξ2 can be seen as radial and angular-like coordinates.

The path integration of the second line gives a constraint on the theory in
the form of the Dirac delta function

m∏

a=1

2∏

i=1

δ(tr((2∂iφ− 2φδ1iδ(ξ
1)− Ji)Ha)) (71)

withm the number of Cartan generators. Without the source J , the constraint
implies that the square of the field φ is constant throughout the worldsheet
interior with a jump at the boundary, i.e.

|φ|2
∣∣∣∣
interior

= 3|φ|2
∣∣∣∣
boundary

. (72)

We then proceed the calculation by changing the worldsheet coordinates
(ξ1, ξ2) into the complex coordinates (z, z̄) where z = ξ1+iξ2 and z̄ = ξ1−iξ2.
In these new coordinates, the field aαi becomes complex fields bα where

bα =
1

2
(aα1 − iaα2 ) and b̄α =

1

2
(aα1 + iaα2 ). (73)



Springer Nature 2021 LATEX template

17

The partition function now resembles a Gaussian path integral with respect
to the fields b and b̄ which is

ZBF[J ] =
N
Vol

∫
DφADb

αDb̄α exp−S[φ, b, b̄,J ]

×
2∏

i=1

δ(m)(tr((2∂iφ− 2φδ1iδ(ξ
1)− Ji)φ̂)). (74)

where

S[φ, b, b̄,J ] =

∫

Σ

d2z
(
2ifABCφCb

αb̄βÊαAÊβB

− ((2∂φA − JA)b̄α − (2∂̄φA − J̄A)bα)ÊAα
)
. (75)

φ̂A is a unit vector in Lie indices space of the field φ whose value is ĤA
a H

a. We
can then use the Gaussian integration formula to integrate out the complex
field b,

∫
DbDb̄ e−

∫
d2z(−b̄αMαβb

β+J̄αb
α+Jαb̄

α) = N0
e−

∫
d2z(J̄α(M−1)αβJβ

∏
∀ξ

det(M)
. (76)

To apply (76) into (74), one can use a general expression for an inverse matrix

(M̃−1)αβ which is

(M̃−1)αβ =
adj(M̃)αβ

det(M̃)
(77)

where

adj(M̃)αβ = δαj2...jnβi2...in
M̃ i2

j2
M̃ i3

j3
. . . M̃ in

jn
,

det(M̃) = δj1j2...jni1i2...in
M̃ i1

j1
M̃ i2

j2
. . . M̃ in

jn
. (78)

δj1j2...jni1i2...in
is a generalized Kronecker delta that is related to an anti-

symmetrization of ordinary Kronecker deltas as

δj1j2...jni1i2...in
= n!δj1[i1δ

j2
i2
. . . δjn

in]
. (79)
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The integer n is the number of Weyl generators. In the case of SU(N), n is
equal to N2 −N . This yields

Z[J ] =
N
Vol

∫
Dφ

2∏

i=1

δ(m)(tr((2∂iφ− 2φδ1iδ(ξ
1)− Ji)φ̂))

exp
(
− Seff(φ,J )

)

∏
∀ξ

det(M̃)

(80)
with

Seff(φ,J ) =

∫
d2z

i

2

1

det(M̃)
(2∂φA − JA)ΘAB(2∂̄φB − J̄B) (81)

where the matrix component M̃αβ is given by

M̃αβ = fABCφBÊαAÊβC (82)

and the matrix ΘAB relates to the adjugate matrix adj(M̃) by the relation

ΘAB = ÊAα (adj(M̃)αβ)Ê
βB. (83)

Turning back to the (ξ1, ξ2) coordinates, the effective action takes the form

Seff(φ,J ) =

∫
d2ξ

i

4

1

det(M̃)
(2∂iφA − JiA)ΘAB(2∂jφB − JjB)ǫij . (84)

When J = 0, the expressions (81) and (84) are the effective actions of the BF
theory provided earlier in [24] in which the general expression for the effective
Lagrangian was presented in a diagrammatic representation.

One can include a boundary Wilson loop W∂Σ into the generating func-
tional (62) by introducing auxiliary either commuting or anti-commuting fields
onto a worldline to generate the path-ordering of the Lie algebra generators
[25–27]. According to [28, 29], a trace together with a path-ordering operator
can be replaced by a functional integral over the Grassmannian field ψ as

W∂Σ =

∫
Dψ†Dψ exp

(∫
dτψ†ψ̇ −AiRξ̇

iψ†TRψ
)

(85)

where the loop ∂Σ is now parameterized by τ . Therefore, a suitable choice of
the source term J to regain the notion of the Wilson loop W∂Σ is

J̃ A
i (ξ) = −

∮

∂Σ

ψ†(ξ̃)TAψ(ξ̃)δ(2)(ξ − ξ̃)ǫijdξ̃
j . (86)
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Hence, to align with our model (48), we modify the generating functional (62)
to be

ZBF[J̃ ] =
1

Vol

∫
Dψ†DψDφDA exp

(
− SBF[φ,A]

−2

∫

Σ

d2ξǫijtr
(
J̃iAj

)
+

∫
dτψ†ψ̇

)

=
1

Vol

∫
D(ψ†, ψ, φ)

2∏

i=1

δ(m)(tr((2∂iφ− 2φδ1iδ(ξ
1)− J̃i)φ̂))

×
exp
(
− Seff(φ, J̃ ) +

∫
dτψ†ψ̇

)

∏
∀ξ

det(M̃)
(87)

where D(ψ†, ψ, φ) = Dψ†DψDφ. We can then obtain a two-point function of
the fields A by

〈AA
i (ξ1)AB

j (ξ2)〉A =
1

ZBF[J̃ ]
ǫimǫjn

δ2ZBF[J ]

δJAm(ξ1)δJBn(ξ2)

∣∣∣∣
J=J̃

. (88)

It turns out that only the gauge propagator in the Weyl directions survives
because when taking the functional derivative of ZBF[J ] with respect to Jam
with a Cartan index a, it would appear terms containing ΘaBJB in the inte-
grand which is equal to zero due to the commutative property of the Cartan
generators. Remind that a derivative of the Dirac delta functionals with respect
to J gives the path integral zero as they contain only the source terms in the
Cartan directions.

For this reason, the double functional derivative of (87) takes the form

ǫimǫjn

ZBF[J̃ ]

∫
D(ψ†, ψ, φ)e

∫
dτψ†ψ̇

2∏

i=1

δ(m)(Gi(J ))
∏
∀ξ

det(M̃)

×
[

δ2

δJAm(ξ1)δJBn(ξ2)
exp
(
− Seff(φ,J )

)]∣∣∣∣
J=J̃

(89)

where Gi(J̃ ) is the constraint defined as

tr((2∂iφ− 2φδ1iδ(ξ
1)− J̃i)φ̂). (90)
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Taking the term in the square bracket into consideration, we obtain

δ2 e−Seff(φ,J )

δJAm(ξ1)δJBn(ξ2)
=
i

2

1

detM̃
ΘABǫmnδ(2)(ξ1 − ξ2)e

−Seff(φ,J )

− 1

4

[ 1

detM̃
ΘAC(2∂rφC − JrC)

]
(ξ1)

×
[ 1

detM̃
ΘBD(2∂sφD − JsD)

]
(ξ2)ǫ

mrǫnse−Seff(φ,J )

(91)

If we consider the gauge propagator in the interior of the worldsheet, the
two-point function becomes

〈AA
i (ξ1)AB

j (ξ2)〉A =
−i
2

1

det(M̃)
ΘABǫijδ

2(ξ1 − ξ2)

−
[

1

detM̃
∂iφCΘ

AC

]
(ξ1)

[
1

detM̃
∂jφDΘ

BD

]
(ξ2). (92)

To obtain the above relation, (91) and the fact that the source term inside
the worldsheet is zero were used. For the case of SU(2), one can find that the
matrix ΘAB = −ǫACBφC and the matrix determinant is 2|φ|2. More detail can
be found in [24]. Thus, (92) becomes

〈AA
i (ξ1)AB

j (ξ2)〉SU(2)
A =

i

4

1

|φ|2 ǫ
ACBφCǫijδ

2(ξ1 − ξ2)

− 1

4

[
∂iφ̂Dǫ

ACDφ̂C

]
(ξ1)

[
∂j φ̂F ǫ

BEF φ̂E

]
(ξ2). (93)

In this case, the effective action for SU(2) BF theory is

S
SU(2)
eff (φ) =

∫

Σ

d2ξ
i

2|φ|2 ∂iφA∂jφBǫ
ijφCǫ

ABC . (94)

Note that to get the second line in (93), the constraint Gi(0) = 0 was
implemented which implies that |φ| is constant throughout the worldsheet Σ.

5 Evaluation of Ψ: Three-point Self-interactions

In this section, we would like to determine whether or not our string model
can re-create self-interaction vertices of the gauge theory. To demonstrate this,
we provide a perturbative computation of Ψ up to a few orders of q where the
effects of self-interactions can be observed.

For simplicity, we content ourselves to work in the simplest case of the non-
Abelian model, i.e. SU(2). Since a contribution of the three gauge-boson vertex
in the Wilson loop is first observed at O(q4), we expect that the expectation
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Fig. 2: The simplest Wilson loop with the three gauge boson vertex

of (Sφ,AI )2 contains the expression for the Wilson loop with three-point inter-
action as illustrated in the figure 2. The question is which terms can generate
such a structure. As mentioned earlier that it is highly probable that the bulk
terms will get suppressed in the tensionless limit unless there exist any singu-
lar terms which potentially spoil the suppression. According to (92), we got a
hint that Wick contraction of the worldsheet gauge fields A generates singu-
larity at a coincident point. This could result in forming a new vertex operator
at the coincident point. By this argument, we speculate that the three-point
vertex interaction to appear in the expectation of

1

2
(Sφ,AI )2 ∋ 32q4

∫
d4k

(2π)4
1

k2

∫
d4k′

(2π)4
1

k′2

× tr

[ ∫

Σ

d2ξ

∮

∂Σ

dτ

(
Bk µ(τ, ξ)C

µ
−k(ξ, τ) + D

aµ
k (ξ, τ)∂aB−k µ(τ, ξ)

)]

× tr

[ ∫

Σ

d2ξ′
∮

∂Σ

dτ ′
(
Bk′ ν(τ

′, ξ′)Cν−k′ (ξ
′, τ ′) + D

aν
k′ (ξ

′, τ ′)∂′aB−k′ ν(τ
′, ξ′)

)]

(95)

where the vertex operators were defined in (55). To evaluate the right-hand
side of (95), we begin by considering the products C

µ
−k(ξ, τ)C

ν
−k′ (ξ

′, τ ′),
C
µ
−k(ξ, τ)∂

′
aB

ν
−k′(τ

′, ξ′) and ∂aB
µ
−k(τ, ξ)∂

′
bB

ν
−k′(τ

′, ξ′). One can show that these
products contain the following terms:

C
µ
−k(ξ, τ)C

ν
−k′ (ξ

′, τ ′) ∋ φ(ξ)Aa(ξ)〈WC(ξ, τ)〉Cǫab∂bP−k(X)µ(ξ)e−ik·X(ξ)

×φ(ξ′)Ac(ξ
′)〈WC′(ξ′, τ ′)〉C′ǫcd∂′dP−k′(X)ν(ξ′)e−ik

′·X(ξ′) (96a)

C
µ
−k(ξ, τ)∂

′
aB

ν
−k′(τ

′, ξ′) ∋ φ(ξ)Ab(ξ)〈WC(ξ, τ)〉Cǫbc∂cP−k(X)µ(ξ)e−ik·X(ξ)

×φ(τ ′)〈WC′(τ ′, ξ′)〉C′Aa(ξ
′)P−k′(ω̇)

ν(τ ′)e−ik
′·ω(τ ′) (96b)

∂aB
µ
−k(τ, ξ)∂

′
bB

ν
−k′(τ

′, ξ′) ∋ φ(τ)〈WC (τ, ξ)〉CAa(ξ)P−k(ω̇)
µ(τ)e−ik·ω(τ)

×φ(τ ′)〈WC′(τ ′, ξ′)〉C′Ab(ξ
′)P−k′(ω̇)

ν(τ ′)e−ik
′·ω(τ ′) (96c)
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whose values are singular at the point ξ = ξ′ through the Dirac delta function
when Wick contracted using (93). We can then apply Wick’s theorem for
the worldsheet gauge field A to determine the singular behavior of the above
products. This turns (96a), (96b) and (96c) to be

i

4
δ2(ξ − ξ′)φ(ξ)TA〈WC(ξ, τ)〉Cφ(ξ′)TB〈WC′(ξ′, τ ′)〉C′

× ǫACB
φC
|φ|2 (ξ)ǫ

ab∂aP−k(X)µ(ξ)∂′bP−k′(X)ν(ξ′)e−i(k
′·X(ξ′)+k·X(ξ)), (97a)

i

4
δ2(ξ − ξ′)φ(ξ)TA〈WC(ξ, τ)〉Cφ(ξ′)〈WC′(ξ′, τ ′)〉C′TB

× ǫACB
φC
|φ|2 (ξ)∂aP−k(X)µ(ξ)P−k′(ω̇)

ν(τ ′)e−i(k
′·ω(τ ′)+k·X(ξ)), (97b)

i

4
δ2(ξ − ξ′)φ(τ)〈WC (τ, ξ)〉CTAφ(τ ′)〈WC′(τ ′, ξ′)〉C′TB

× ǫACB
φC
|φ|2 (ξ)ǫabP−k(ω̇)

µ(τ)P−k′ (ω̇)
ν(τ ′)e−i(k

′·ω(τ ′)+k·ω(τ)) (97c)

respectively. The above expressions are merely the singular parts among other
non-singular terms resulting from the Wick’s theorem. Note that there are still
gauge fields left uncontracted in the Wilson lines which we will cope with them
later. In addition, we have omitted the contribution of the second line of (93)
as it will be suppressed by the matter fields Xµ when functional averaged in
the tensionless limit. Consequently, to obtain the expression for the right-hand
side of (95), we need to evaluate the following integrands which are

tr

[
Bk µ(τ, ξ)C

µ
−k(ξ, τ)

]
tr

[
Bk′ ν(τ

′, ξ′)Cν−k′(ξ
′, τ ′)

]
, (98a)

tr

[
Bk µ(τ, ξ)C

µ
−k(ξ, τ)

]
tr

[
D
aν
k′ (ξ

′, τ ′)∂′aB−k′ ν(τ
′, ξ′)

]
, (98b)

and

tr

[
D
aµ
k (ξ, τ)∂aB−k µ(τ, ξ)

]
tr

[
D
bν
k′ (ξ

′, τ ′)∂′bB−k′ ν(τ
′, ξ′)

]
. (98c)

Substitute (97a) into the first integrand, one obtains

i

4
δ2(ξ − ξ′)ǫACB

φC
|φ|2 (ξ)ǫ

ab

(
∂aP−k(X)µ∂′bP−k′(X

′)ν
)
e−i(k·X+k′·X′)

× tr

[
Bk µ(τ, ξ)φ(ξ)TA〈WC(ξ, τ)〉C

]
tr

[
Bk′ ν(τ

′, ξ)φ(ξ′)TB〈WC′(ξ, τ ′)〉C′

]
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=
i

4
δ2(ξ − ξ′)ǫACB

φC
|φ|2 (ξ)ǫ

ab∂aX
µ(ξ)∂′bX

′ν(ξ′)Pk(ω̇)µ(τ)Pk′ (ω̇)ν(τ
′)

× tr

[
φ(τ)〈WC (τ, ξ)〉Cφ(ξ)TA〈WC′(ξ, τ)〉C′

]
e−i(k·(X−ω)+k′·(X′−ω′))

× tr

[
φ(τ ′)〈WC̃(τ

′, ξ′)〉C̃φ(ξ′)TB〈WC̃′(ξ
′, τ ′)〉C̃′

]
. (99)

To obtain the last expression, we used the fact that k · dPk(X) = 0, hence
∂aP−k(X)µBk µ = ∂aX

µBk µ.
Similarly, one can find the two remaining integrands, i.e. (98b) and (98c),

as

i

4
δ2(ξ − ξ′)ǫACB

φC
|φ|2 (ξ)ǫ

ab∂aX
µ(ξ)∂′bX

′ν(ξ′)Pk(ω̇)µ(τ)P−k′ (ω̇)ν(τ
′)

× tr

[
φ(τ)〈WC (τ, ξ)〉Cφ(ξ)TA〈WC′(ξ, τ)〉C′

]
e−i(k·(X−ω)−k′·(X′−ω′))

× tr

[
φ(ξ′)〈WC̃(ξ

′, τ ′)〉C̃φ(τ ′)〈WC̃′(τ
′, ξ′)〉C̃′TB

]
(100)

and

i

4
δ2(ξ − ξ′)ǫACB

φC
|φ|2 (ξ)ǫ

ab∂aX
µ(ξ)∂′bX

′ν(ξ′)P−k(ω̇)µ(τ)P−k′ (ω̇)ν(τ
′)

× tr

[
φ(ξ)〈WC (ξ, τ)〉Cφ(τ)〈WC′ (τ, ξ)〉C′TA

]
e−i(k·(ω−X)−k′·(X′−ω′))

× tr

[
φ(ξ′)〈WC̃(ξ

′, τ ′)〉C̃φ(τ ′)〈WC̃′(τ
′, ξ′)〉C̃′TB

]
. (101)

To proceed the calculation, we need to evaluate Wick’s contraction of the
Wilson lines. For simplicity, we are not going to provide a full expression
for that contraction but rather evaluate Wick’s contraction of their Taylor
expansions keeping up to the first non-trivial terms which are

〈(1−
∫

C1

A(ω)·dω)(1−
∫

C2

A(ω′)·dω′)〉A = 1+

∫

C1

∫

C2

〈Ai(ω)Aj(ω
′)〉Adωidω′j .

(102)
We will show that keeping the series expansion in this way is enough to pro-
vide a structure to reproduce the three-point interaction of the Wilson loop.
Accordingly, let’s consider the double integral on the right-hand side. Using
(93), one obtains

∫

C1

∫

C2

〈Ai(ω)Aj(ω
′)〉Adωidω′j =

i

4

1

|φ|2 ǫ
ACBTAφCTB

(
n[C1, C2]

)
(103)
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where

n[C1, C2] =

∫

C1

∫

C2

ǫijδ
2(ω − ω′)dωidω′j (104)

which counts the number of times the two curves intersect in an oriented way.
To obtain (103), we choose to work in the gauge choice such that the unit

vector φ̂ is constant everywhere in the worldsheet interior Σ but its value varies
along the worldsheet boundary ∂Σ. If the two curves C1 and C2 lie themselves
on the upper half plane with the boundaries on the x-axis whose endpoints
are b1 and b2 respectively, according to [16], the average over C1 and C2 of
n[C1, C2] is

〈n[C1, C2]〉C1,C2 = α
b1 − b2
|b1 − b2|

= α sign(b1 − b2) (105)

with proportional constant α. Remind that the average over curve was defined
in (46). The Wick’s contraction of the curve-averaged Wilson loops reads

〈WC1(ξ, τ)〉C1 〈WC2(ξ
′, τ ′)〉C2 = 1− i

α

4

1

|φ|2 ǫ
ABCφCTATB sign(b1 − b2).

(106)

Remember that |φ|2 is constant throughout the worldsheet.
As a consequence, applying (106), one finds the expectation value of the

integrand (98a) as

〈
tr

[
Bk µ(τ, ξ)C

µ
−k(ξ, τ)

]
tr

[
Bk′ ν(τ

′, ξ′)Cν−k′ (ξ
′, τ ′)

]〉

A

∋ i
4
δ2(ξ − ξ′)e−i(k·(X−ω)+k′·(X′−ω′))ǫACB

φC
|φ|2 (ξ)φ

D(τ)φE(ξ)φF (τ ′)φG(ξ′)

× ǫab∂aX
µ(ξ)∂′b(ξ

′)X ′ν
Pk(ω̇)µ(τ)Pk′ (ω̇)ν(τ

′)

×
{
2tr(TDTETA)tr(TFTGTB)− i

α

4

ǫIJKφK
|φ|2 (ξ)sign(ω − ω′)Θ1

− α2

16

ǫIJKφK
|φ|4 (ξ)ǫLMNφN (ξ)Ω1

}
(107)

where

Θ1 =tr(TDTETATI)tr(TFTGTBTJ) + tr(TDTITETA)tr(TFTJTGTB)

− tr(TDTITETA)tr(TFTGTBTJ)− tr(TDTETATI)tr(TFTJTGTB) (108)

and

Ω1 =tr(TDTITETATL)tr(TFTJTGTBTM )

+ tr(TDTITETATL)tr(TFTMTGTBTJ). (109)
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Similarly, we can find the expectation values of the integrand (98b) and (98c)
as

〈
tr

[
Bk µ(τ, ξ)C

µ
−k(ξ, τ)

]
tr

[
D
aν
k′ (ξ

′, τ ′)∂′aB−k′ ν(τ
′, ξ′)

]〉

A

∋ i
4
δ2(ξ − ξ′)e−i(k·(X−ω)−k′·(X′−ω′))ǫACB

φC
|φ|2 (ξ)φ

D(τ)φE(ξ)φF (τ ′)φG(ξ′)

× ǫab∂aX
µ(ξ)∂′b(ξ

′)X ′ν
Pk(ω̇)µ(τ)P−k′ (ω̇)ν(τ

′)

×
{
2tr(TDTETA)tr(TGTFTB)− i

α

4

ǫIJKφK
|φ|2 (ξ)sign(ω − ω′)Θ2

− α2

16

ǫIJKφK
|φ|4 (ξ)ǫLMNφN (ξ)Ω2

}
(110)

and

〈
tr

[
D
aµ
k (ξ, τ)∂aB−k µ(τ, ξ)

]
tr

[
D
bν
k′ (ξ

′, τ ′)∂′bB−k′ ν(τ
′, ξ′)

]〉

A

∋ i
4
δ2(ξ − ξ′)e−i(k·(ω−X)−k′·(X′−ω′))ǫACB

φC
|φ|2 (ξ)φ

D(τ)φE(ξ)φF (τ ′)φG(ξ′)

× ǫab∂aX
µ(ξ)∂′b(ξ

′)X ′ν
P−k(ω̇)µ(τ)P−k′ (ω̇)ν(τ

′)

×
{
2tr(TETDTA)tr(TGTFTB)− i

α

4

ǫIJKφK
|φ|2 (ξ)sign(ω − ω′)Θ3

− α2

16

ǫIJKφK
|φ|4 (ξ)ǫLMNφN (ξ)Ω3

}
(111)

where

Θ2 =tr(TDTITETA)tr(TGTFTJTB) + tr(TDTETATI)tr(TGTJTFTB)

− tr(TDTETATI)tr(TGTFTJTB)− tr(TDTITETA)tr(TGTJTFTB),
(112)

Ω2 =tr(TDTITETATL)tr(TGTJTFTMTB)

+ tr(TDTITETATL)tr(TGTMTFTJTB), (113)

Θ3 =tr(TETITDTA)tr(TGTJTFTB) + tr(TETDTITA)tr(TGTFTJTB)

− tr(TETDTITA)tr(TGTJTFTB)− tr(TETITDTA)tr(TGTFTJTB),
(114)

and

Ω3 =tr(TETITDTLTA)tr(TGTJTFTMTB)

+ tr(TETITDTLTA)tr(TGTMTFTJTB). (115)
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As we have everything set up, we shall proceed the calculation of the gauge

field expectation of (95),
〈

1
2 (S

φ,A
I )2

〉
A
, by substituting (107), (110), and (111)

into (95). This yields

〈1
2
(Sφ,AI )2

〉
A
∋ 8iq4

∫

k

1

k2

∫

k′

1

k′2

∫

Σ

d2ξ

∮

∂Σ

dτ

∮

∂Σ

dτ ′e−i[(k+k
′)·X−k·ω−k′·ω′]

× ǫACB
φC
|φ|2 (ξ)φ

D(τ)φE(ξ)φF (τ ′)φG(ξ)
(
ǫab∂aX

µ∂bX
ν
)
(ξ)Pk(ω̇)µ(τ)Pk′ (ω̇)ν(τ

′)

×
{
2
[
tr(TDTETA)tr(TFTGTB) + 2tr(TDTETA)tr(TGTFTB)

+ tr(TETDTA)tr(TGTFTB)
]
− i

α

4

1

|φ|2 ǫ
IJKφK(ξ)sign(ω − ω′)

(
Θ1 + 2Θ2 +Θ3

)

− α2

16

1

|φ|4 ǫ
IJKφK(ξ)ǫLMNφN (ξ)

(
Ω1 + 2Ω2 +Ω3

)}
(116)

where
∫
k
≡
∫

d4k
(2π)4 . To obtain the above equation, we utilized the fact that

the integral
∫
d4k is invariant under a sign flip, i.e. k → −k, thus one can

rename the variables k and k′ in (110) and (111) to have the same integrand
regarding the matter field Xµ as in (107). It is not difficult to see that the
terms in the squared bracket in the third line sum up to zero as tr(TATBTC)
is all anti-symmetric in the case of SU(2). The same situation also happens
for the terms Θ1 + 2Θ2 + Θ3 whose value sum up to zero. This can be seen
using the expression for a trace of a product of four generators [30], i.e.

tr(TATBTCTD) =
1

4N
(δABδCD − δACδBD + δADδBC)

+
1

8
(dABEdCDE − dACEdBDE + dADEdBCE)

+
i

8
(dABEfCDE + dACEfBDE + dADEfBCE). (117)

Remember that dABC = 0 for SU(2).
Therefore, what remains is to compute the integrand

ǫABCφC(ξ)φ
D(τ)φE(ξ)φF (τ ′)φG(ξ)ǫIJKφK(ξ)ǫLMNφN (ξ)

(
Ω1 + 2Ω2 +Ω3

)
.

(118)
To evaluate the quantities Ω, we use a formula for trace of five SU(2) generators

tr(TATBTCTDTE) =
i

16
δABǫCDE+

i

16
δCDǫABE− i

16
δBEǫACD+

i

16
δAEǫBCD.

(119)



Springer Nature 2021 LATEX template

27

A more detailed derivation of the above relation can be found in Appendix B.
As a consequence, the integrand (118) now takes the form

( i

16

)2[
(φA(τ)FABφB(τ ′))(FCDFDEFEFFFC)

+ 3(φA(τ)FABFBCFCDφD(τ ′))(FIJFJI)

− 8(φA(τ)FABFBCFCDFDEFEFφF (τ ′))
]

(120)

where
FAB = ǫABCφC(ξ). (121)

We then further simplify (120) using the property of the Levi-Civita symbol
which is

ǫABCǫADE = δBDδCE − δBEδCD. (122)

Therefore, the integrand (120) becomes

− 4
( i

16

)2
φA(τ)φB(τ ′)ǫABCφC(ξ)|φ|4(ξ). (123)

Substitute (123) back to (116), it yields

〈1
2
(Sφ,AI )2

〉
A
∋2i
(q
4

)4
α2

∫
d4k

(2π)4
1

k2

∫
d4k′

(2π)4
1

k′2

∫

Σ

d2ξ

∮

∂Σ

dτ

∮

∂Σ

dτ ′

× ǫABCφA(τ)φB(τ ′)
φC

|φ|2 (ξ)e
−i[(k+k′)·X−k·ω−k′·ω′]

×
(
ǫab∂aX

µ∂bX
ν
)
(ξ)Pk(ω̇)µ(τ)Pk′ (ω̇)ν(τ

′). (124)

For the next step, we would like to apply the functional average for the
field X to the right-hand side of (124). To do so, we will change the form of
the bulk integral

∫

Σ

d2ξ
φ

|φ|2 (ξ)
(
ǫab∂aX

µ∂bX
ν
)
(ξ)e−i(k+k

′)·X (125)

into a new boundary vertex operator as we learned in the first section that the
expectation inside the worldsheet gets greatly suppressed by an exponential
of the Green’s function at the co-incident points G(ξ, ξ). This can be done by
expanding the integral using the projection of X (10) along (k+k′). Therefore,
there exists the term

i

∫

Σ

d2ξ
φ

|φ|2 (ξ)ǫ
ab∂aPk+k′ (X)µ(k + k′)ν

1

(k + k′)2
∂be

−i(k+k′)·X (126)
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in which we can turn it into an integral along the boundary using integration
by parts which is

− i

∮

∂Σ

dλ
φ

|φ|2 (λ)
1

(k + k′)2
Pk+k′ (ω̇)

µ(λ)(k + k′)νe−i(k+k
′)·ω(λ) (127)

where ω̇µ(λ) = dωµ

dλ
(λ). Substituting (127) to (124) and relabeling some

dummy parameters, one obtains

〈1
2
(Sφ,AI )2

〉
A,Σ

∋2
(q
4

)4
α2

3∏

i=1

∫
d4ki
(2π)4

(2π)4δ4(k1 + k2 + k3)

3∏

i=1

∮

∂Σ

dτi
1

k21k
2
2k

2
3

× ǫABCφA(τ1)φ
B(τ2)

φC

|φ|2 (τ3)e
−i

∑3
i=1 ki·ω(τi)

× Pk1(ω̇)µ(τ1)Pk3(ω̇)
µ(τ3)Pk2(ω̇)ν(τ2)k

ν
3 . (128)

To relate the right-hand side of the above expression to the expectation
of the Wilson loop with three-point self-interaction at the lowest order (A10),
we expect that the expectation of the product of φ would provide a notion of
path-ordering of the trace of generators. As a consequence, what we need to do
next is to determine the expectation of 1

|φ|2φ
AφBφC concerning the remaining

fields, i.e.

〈
φA(τ1)φ

B(τ2)
φC

|φ|2 (τ3))
〉
φ,ψ†,ψ

. (129)

According to (87), a functional average of an object Ξ with respect to the fields
ψ†, ψ, φ is defined as

〈Ξ〉φ,ψ†,ψ =
1

Z[φ, ψ†, ψ]

∫
D(ψ†, ψ, φ)

2∏

i=1

δ(Gi(J̃ ))
∏
∀ξ

det(M̃)
Ξ e−S

SU(2)
eff (φ)e

∫
dτψ†ψ̇

(130)

where

S
SU(2)
eff (φ) =

i

2

∫

Σ

d2ξ ∂iφA∂jφBǫ
ijφCǫ

ABC . (131)

and Gi(J̃ ) is a boundary constraint defined in (90). The partition func-
tion Z[φ, ψ†, ψ] was placed to normalize the expectation which is defined as

Z[φ, ψ†, ψ] = 〈1〉φ,ψ†,ψ. Note that det(M̃) = 2|φ|2 for SU(2).
If we consider a worldsheet of which the topology is equivalent to that of

a disk, we can map the worldsheet into an upper-half plane with a boundary
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on the x-axis. The expectation (129) becomes

1

Z[φ, ψ†, ψ]

∫
D(ψ†, ψ, φ) δ(tr((2∂xφ)φ̂))δ(tr((2∂yφ− 2φδ(y)− J̃y)φ̂))

∏

∀x

1

2|φ|2

× φA(x1)φ
B(x2)

φC

|φ|2 (x3)e
∫
dτψ†ψ̇ (132)

where
J̃ A
y = ψ†(x)TAψ(x)δ(y) (133)

and xi = x(τi). Remember that this path integral was taken along the

worldsheet boundary on which the effective action S
SU(2)
eff vanishes.

We found that if we imposed a boundary condition such that a derivative
of the field φ in the normal direction equals zero, i.e. ∂yφ = 0, the expectation
(132) gives path-ordering of the trace of the product of three generators. To
illustrate this, let’s consider the integral

∫
Dφ δ(tr((2∂xφ)φ̂))δ(tr((2φδ(y) + J̃y)φ̂)) (134)

where the boundary condition was already imposed. Taking a closer look at
the constraints, the first constraint δ(tr((2∂xφ)φ̂)) implies that a modulus of
the scalar field φ is constant throughout the boundary and the second one
δ(tr((2φδ(y)+ J̃y)φ̂)) tells us that φ̂(x) is required to equal to 1

2|φ|ψ
†(x)Tψ(x).

Note that we are not interested in the solution where φ̂ = 0.
Accordingly, we proceed with the calculation by changing the variables of

the measure Dφ and the Dirac deltas to be

Dφ =
∏

∀x

|φ|2d|φ|dφ̂, (135)

δ(3)(tr((2∂xφ)φ̂)) =

∫ ∞

0

dc
δ(|φ| − c)

J1
, (136)

δ(3)(tr((2φδ(y) + J̃y)φ̂)) =
δ(φ̂+ 1

2|φ|ψ
†Tψ)

J2
(137)

with the Jacobian factors J1 and J2. It is not difficult to check that both J1
and J2 do not depend on either |φ| or φ̂. Exploiting this fact, it is not necessary
to find the exact forms of the Jacobian factors as they will eventually cancel
out with ones in Z[φ, ψ†, ψ]. Consequently, (132) takes the form

1

Z̃[φ, ψ†, ψ]

∫
D(ψ†, ψ)

∏

∀x

(
|φ|2d|φ|dφ̂

∫ ∞

0

dc δ(|φ| − c)δ(φ̂ +
1

2|φ|ψ
†Tψ)

1

2|φ|2
)

× φA(x1)φ
B(x2)

φC

|φ|2 (x3)e
∫
dτψ†ψ̇ (138)
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where the Jacobian factors J1 and J2 have been omitted as discussed and
Z̃[φ, ψ†, ψ] takes the form

Z̃[φ, ψ†, ψ] =

∫
D(ψ†, ψ)

∏

∀x

(
1

2

∫ ∞

0

dc

)
e
∫
dτψ†ψ̇. (139)

By integrating out the unit scalar field φ̂, (138) becomes

1

Z̃[φ, ψ†, ψ]

∫
D(ψ†, ψ)

[
∏

∀x 6=x3

(
1

2
d|φ|

∫ ∞

0

dc δ(|φ| − c)

)]

×
(
1

2
d|φ| 1

|φ|2
∫ ∞

0

dc δ(|φ| − c)

)∣∣∣∣∣
x3

e
∫
dτψ†ψ̇

× 1

8
ψ†(x1)T

Aψ(x1)ψ
†(x2)T

Bψ(x2)ψ
†(x3)T

Cψ(x3). (140)

Notice that the product in the square bracket is evaluated at every point on
the boundary except for x = x3 while the integrand in the second line is at
x = x3. It is obvious that the integral over |φ| in the first line will get canceled

out by the same integrals in Z̃[φ, ψ†, ψ] for every point x 6= x3. However, at
the point x3, the integral over |φ| reads

1

2

∫ ∞

0

d|φ| 1

|φ|2
∫ ∞

0

dc δ(|φ| − c) =
1

2

∫ ∞

0

dc
1

c2
. (141)

This is exactly the integral in the parenthesis of (139) when relabelling c→ 1
c

so they also cancel out. In consequence, this turns the expectation (129) to be

1

8

∫
D(ψ†, ψ) ψ†(x1)T

Aψ(x1)ψ
†(x2)T

Bψ(x2)ψ
†(x3)T

Cψ(x3)e
∫
dτψ†ψ̇ (142)

which can be interpreted as

1

8
Ptr
(
TATBTC

)
(143)

according to [28, 29].
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All things considered, we find that the expectation value of (Sφ,AI )2 in the
proposed string model contains a term

〈1
2
(Sφ,AI )2

〉
A,Σ

∋
( q
4

)4α2

4

3∏

i=1

∫
d4ki
(2π)4

3∏

i=1

∮

∂Σ

dτi (2π)
4δ4(k1 + k2 + k3)

× ǫABCPtr
(
TATBTC

) 1

k21k
2
2k

2
3

e−i
∑3

i=1 ki·ω(τi)

× Pk1(ω̇)µ(τ1)Pk3(ω̇)
µ(τ3)Pk2(ω̇)ν(τ2)k

ν
3 (144)

which is the form we need to relate to the expectation value in the gauge
theory of the Wilson loop at the O(q4) (A10). Nevertheless, we may leave the
constant α undetermined as it is probable that similar expressions can also
be obtained when including higher order of corrections in Wick’s contraction
of Wilson loops. Remember that to obtain the expression (144), we only keep
Wick’s contraction of the Wilson loops up to the first non-trivial term.

It is undeniable that the computation presented in section five relied heavily
on the properties of SU(2) group generators. To generalize to SU(N), one
needs to handle more complicated relations among SU(N) group generators,
which involve both structure constants fABC and totally symmetric third-rank
tensors dABC . We speculate that the three-point vertex could be reproduced
from the expectation of the same term in equation (95).

However, the model is still incomplete without a reproduction of four-
point self-interactions. We speculate that the four-point vertex term could
be obtained from the expectation value of (Sφ,AI )3 as the four-gluon vertex
is first observed at the order q6. Needless to say, the computation would be
significantly more difficult and will need to be left for future investigation.

6 Concluding Remarks

To conclude, we proposed a possible non-Abelian generalization of the [11, 12]
via the introduction of Lie algebra-valued worldsheet fields into the string
model. The dynamics of the new degrees of freedom are described by the
topological BF action. In our model, the string theory has unusual contact
interactions defined in (45) which enjoy local gauge symmetries. By inserting
a Wilson loop along the worldsheet boundary, we showed that a boundary
path-ordering of Lie generators can be reformulated through the expectation
in equation (43).

The partition function of the modified tensionless string model with contact
interactions was presented in (48). When neglecting the effects of the bulk
terms, the partition function is equal to the expectation of a non-Abelian
Wilson loop in the usual gauge theory when self-interactions have been turned
off.

We then verified that our string model correctly reproduces the three-point
self-interaction of SU(2) Yang-Mills theory. We performed this calculation by
perturbatively expanding the exponential of the contact interaction up to the
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second order. We found that at that order, the expectation of (Sφ,AI )2 contains
a precise expression for the expectation value of the SU(2) Wilson loop with
three-point interaction at the lowest order. To obtain this result, we used a
worldsheet gauge propagator calculated in the section four.

Despite encouraging results, we cannot rush to the conclusion that our
string model provides a true description of non-Abelian Yang-Mills theory.
There are still a few issues to be further considered. Firstly, we have not yet
investigated whether the model can reproduce a four-point interaction, and if
it does, we expect that such a vertex can be found from the expectation of
(Sφ,AI )3. More importantly, it is still unexplored whether the model reconciles
with general Lie algebras. Secondly, in this work, we ignore potential diver-
gences that may occur when performing functional integration over the matter
field X when any two string vertex operators are placed very close to each
other inside the worldsheet. In the Abelian case, this issue was addressed by
including supersymmetry on the worldsheet [11, 12]. Developing a supersym-
metric generalization of the tensionless string model to describe non-Abelian
super Yang-Mills is a subject for future investigation. Finally, it is also possible
that our model will generate additional interacting vertices not found from the
Wilson loop in the non-Abelian theory, which could imply potential deviation
between the two models.
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Appendix A Non-Abelian Wilson loop of the
Yang-Mills Theory

The Wilson loop can be defined as the trace of the path-ordered exponential
of a line integral of the gauge field A along a closed loop C,

W [C] = tr
(
P
(
e−q

∮
C
A·dξ

))
(A1)

where P is a path-ordering operator which orders a product of operators along
the path C as

P(O1(ξ1)O1(ξ2) . . . ON (ξN ) ≡ OP1 (ξP1)OP2(ξP2 ) . . . OPN
(ξPN

) (A2)

where on the right hand side the operators are ordered according to their
positions along the path, i.e. ξP1 ≥ ξP2 ≥ . . . ≥ ξPN

. The trace in (A1) is
computed over colour indices.

By Taylor expanding the exponential (A1), the expectation value of the
Wilson loop is

〈W [C]〉 = tr

(
P

∞∑

n=0

(−q)n
n!

〈 n∏

i=0

∮

C

dξµi

i Aµi

〉)
. (A3)

For a small coupling constant q, we can evaluate (A3) perturbatively which
requires the calculation of 〈An〉. The first non-trivial contribution to 〈W 〉 is

q2

2
tr

(
P
∮

C

∮

C

dξµ1 dξ
ν
2

〈
Aµ(ξ1)Aν(ξ2)

〉)
. (A4)

The above term can be written as

q2

2
tr

(
P
∮

C

∮

C

dξµ1 dξ
ν
2

d4k

(2π)4
ηAB

(
ηµν−(1−ζ)k

µkν

k2

)
eik·(ξ1−ξ2)

k2
TATB

)
. (A5)

If we ignore the self-interaction of the Yang-Mills theory, then the
expectation value of the Wilson loop is evaluated as

trPexp

(
q2

2

∮

C

∮

C

dξµ1 dξ
ν
2

d4k

(2π)4
ηAB

(
ηµν − (1− ζ)

kµkν

k2

)
eik·(ξ1−ξ2)

k2
TATB

)

(A6)
which only differs from the Abelian case by the path-ordering of the Lie
generators.

The main difference between the Abelian and non-Abelian theories is the
existence of self-interactions. There are three and four gauge boson vertices
which first appear in the expectation of the Wilson loop at q4 and q6 respec-
tively. For the three-point vertex, we can calculate its contribution to the
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expectation of the Wilson loop at the lowest order by considering

trP
(
−q

3

3!
〈(
∮
dξµAµ)

3〉
)

= −q
3

3!

1

Z[0]
trP

3∏

i=1

(∮
dξµi T

Ai
δ

δJµAi(ξi)

)
Z[J, η, η̄]

∣∣∣∣
J,η,η̄=0

(A7)
where Z[J, η, η̄] is a generating functional defined as

Z[J, η, η̄] =

∫
DADc̄Dc exp

[
−
∫
d4x

(
Lg.f.−JRµ AµR− η̄RcR−ηRc̄R

)]
. (A8)

The gauge-fixed Yang-Mills Lagrangian Lg.f. is written as

Lg.f.(x) = −1

4
FRµνF

µν
R − (∂µAµ)

2

2ζ
− c̄A(∂

µDAB
µ )cB. (A9)

Keeping only the terms with only fABC , one obtains

trP
[
i
q4

2
fABCTATBTC

3∏

i=1

∫
d4ki
(2π)4

(2π)4δ4(k1 + k2 + k3)

∮ ∮ ∮
1

k21k
2
2k

2
3

×
(
dξµ1 − kµ1 k1 · dξ1

k21

)(
dξ2µ − k2µk2 · dξ2

k22

)
ik1ν

(
dξν3 − kν3k3 · dξ3

k23

)
e−i

∑3
i=1 ki·ξi .

(A10)

The expression (A10) was computed in the Landau gauge (ζ = 0).

Appendix B Trace of Five SU(2) Generators

Consider the generators of SU(N), denoted by TA, with the normalization

tr(TATB) =
1

2
ηAB. (B11)

The product of the two generators is written as

TATB =
1

2

(
1

N
ηAB +

(
dABC + ifABC

)
TC
)

(B12)

where dABC is a totally symmetric tensor expressed by

dABC = 2tr({TA, TB}TC) (B13)

and fABC is a structure constant defined as

[TA, TB] = ifABCT
C . (B14)
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From (B12), one finds

TATBTC =
1

2N
ηABTC +

1

4N

(
dABC + ifABC

)

+
1

4

(
d D
AB + if D

AB

)(
dDCE + ifDCE

)
TE . (B15)

In the case of SU(2), if we identify TA = 1
2σ

A where σA are the Pauli matrices,
the metric ηAB is simply δAB, thus there is no distinction between upper and
lower indices. Moreover, in this scenario, fABC = ǫABC and dABC = 0. As a
consequence, one obtains

tr(TATBTCTDTE) =
i

16
δABǫCDE+

i

16
δCDǫABE− i

16
δBEǫACD+

i

16
δAEǫBCD.

(B16)
Remember that the generator TA is traceless. Readers may consult [30, 32] for
more detailed discussion on relations among the SU(N) generators.
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