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Abstract Greybody factors are transmission probabilities
of the Hawking radiation, which are emitted from black holes
and can be obtained from the gravitational potential of black
holes. The de Rham, Gabadadze, and Tolly (dRGT) massive
gravity is one of the gravity theories that modified general rel-
ativity. In this paper, we investigate the greybody factor from
the massive scalar field in both the asymptotically dS and the
AdS spacetime using the WKB and the rigorous bound meth-
ods. We found that the greybody factor depends on the shape
of the potential as found in quantum mechanics. The higher
the potential barrier, the lower the amount of the greybody
factor. Interestingly, for the low multipole case, we found
that there exists a critical mass which provides the maximum
bound of the greybody factor. This is a crucial feature of the
massive scalar field on the greybody factor from the black
holes in both the asymptotically dS and the AdS spacetime.

1 Introduction

A classical black hole can only absorb particles but not emit
them. However, due to quantum effects, a black hole can cre-
ate and emit particles from its event horizon, which can be
seen as a thermal radiation called the Hawking radiation [1].
This radiation encounters the gravitational potential gener-
ated by the black hole itself. This results in the reflection
and transmission of the Hawking radiation. Therefore, the
actual spectrum observed by an asymptotic observer is dif-
ferent from a blackbody spectrum. A black hole greybody
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factor is a quantity that describes the deviation of the Hawk-
ing radiation from a pure blackbody radiation.

There are various methods to compute the greybody fac-
tor. One of them is the general rigorous bound for reflection
and transmission coefficients for one-dimensional potential
scattering [2–4]. This formulation can be applied to a black
hole greybody factor [5–21].

Almost all studies on greybody factor are conducted for
massless scalar fields. The massive scalar field is expected
to have a different behavior from the massless one in several
astrophysical phenomena. For example, it was shown that the
massive scalar field has less damping rate than the massless
one in a Schwarzschild black hole background [22]. The mass
of the scalar field can cause the instability of the scalar field
itself [23,24] and the superradiant instability [25]. Unlike the
massless scalar field, the quasi-normal modes from the mas-
sive scalar field can disappear, leaving undamping modes,
which are called the quasi-resonance modes when the mass
of the scalar field is more than some critical values [26].

Furthermore, the massive scalar fields play an impor-
tant role in elementary particle physics. For example, in
the Kaluza–Klein models, the behavior of a massless scalar
field in the Fourier modes is similar to the massive one. In
black hole spacetimes, the dynamic of the massive scalar
fields become important [27]. In this work, we investigate
the effects of the massive scalar fields on greybody factors.

One of the alternative theories of gravity is the mas-
sive gravity of which the main feature is to give mass to
a graviton [28–33]. The ghost-free massive gravity in the
four-dimensional spacetime and higher was achieved by de
Rham, Gabadadze, and Tolley (dRGT) [34,35]. The black
hole solutions and their thermodynamics in dRGT massive
gravity were found in [36]. Moreover, the greybody factors
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for black holes in the asymptotically de Sitter (dS) spacetime
in dRGT massive gravity were studied in [37].

In this paper, we generalize [37] to study the greybody
factors for the massive scalar fields emitted from black holes
in dRGT massive gravity. The dRGT massive gravity is out-
lined in Sect. 2. For the dRGT black hole, it is possible to
have two horizons for the asymptotically dS spacetime and
up to three horizons for the asymptotically AdS spactime.
We parameterize the existence of the horizon by two model
parameters 0 < βm < 1, c2 < 0 for the asymptotically dS
black hole and 1 < βm <

√
4/3, c2 > 0 for the asymptoti-

cally AdS spacetime. The potentials of the dRGT black holes
are derived in Sect. 3. We found that in addition to such two
parameters, the potential depends on the scalar field mass.
The behaviour of the potential is characterized by using these
three parameters in this section. The greybody factors of the
dRGT black holes are evaluated for both the rigorous bound
and the WKB methods in Sect. 4. We found that the WKB
method will be efficient for high potential or high multipole,
while the results from the rigorous bound will still be valid
for all range of parameters. However, the results from the rig-
orous bound can be approximated to ones from WKB only
for the low frequency case. By analyzing the behaviour of the
greybody factor, we found that it depends on the shape of the
potential as found in quantum mechanics, specifically, the
higher the potential barrier, the lesser the amount of the gre-
body factor. Moreover, for the low multipole case, we found
that there exists a critical mass which provides the maximum
bound of the greybody factor. Finally, the conclusions and
discussions are given in Sect. 5.

2 dRGT black hole

One of the interesting ways to modify the theory of gravita-
tion is by adding the graviton mass terms to general relativity
which is usually known as massive gravity theory. There are
several ways to provide the mass terms. However, most of
them are not a good candidate since they encounter the ghost
instabilities. Recently, the ghost-free massive gravity theory
was proposed by de Rham, Gabadaze and Tolley called the
de Rham–Gabadaz–Tolley (dRGT) massive gravity theory,
which is represented by the action

S =
∫

d4x
√−g

[
M2

P

2
R[g] + m2

g(L2[g, f ] + α3L3[g, f ]

+α4L4[g, f ])
]

, (1)

where α3 and α4 are model parameters. Note that R is a
Ricci scalar, andmg is a graviton mass. The interaction terms
denoted by Li s are constructed with the fiducial metric fμν

as

L2[g, f ] = 1

2

(
[K ]2 − [K 2]

)
(2)

L3[g, f ] = 1

3!
(
[K ]3 − 3[K ][K 2] + 2[K 3]

)
(3)

L4[g, f ] = 1

4!
(
[K ]4 − 6[K ]2[K 2] + 3[K 2][K ]2

+8[K ][K 3] − 6[K 4]
)

, (4)

where the square bracket stands for the trace of a matrix such
as [K ] = gμνKμν . The tensor Kμν can be expressed as

K μ
ν = δμ

ν − X μ
ν , (5)

where X μ
ν is defined by

X μ
α X α

ν = gμα fνα. (6)

The form of the fiducial metric does not alter the existence
of the ghost by construction. It is convenient to choose the
form of the fiducial metric as [38–40]

fμν = diag(0, 0, c2, c2 sin2 θ), (7)

where c is a constant. The static and the spherically symmet-
ric black hole solution in the dRGT massive gravity is given
by [37]

ds2 = − f (r̃)dt2 + dr2

f (r̃)
+ r2dΩ2, (8)

where dΩ2 = dθ2 + sin2 θdφ2, r̃ = r/c,

f (r̃) = 1 − 2M̃

r̃
+ αg(c2r̃

2 − c1r̃ + c0), (9)

M̃ = M/c, M is the black hole mass, αg = m2
gc

2 and c0, c1

and c2 are dimensionless model parameters related to the
parameters m2

g, α3 and α4. By fixing αg to be a positive con-
stant, the c2 characterizes the strength of the cosmological
constant where it is negative/positive corresponding to the
Schwarzschild de Sitter (SdS)/Schwarzschild Anti de Sitter
(SAdS) solutions. The parameters c0 and c1 characterize the
structure of the interaction terms, which determine the devia-
tion from SdS (SAdS) solutions. Note that the dRGT solution
reduces to SdS/SAdS solution in the limit c0 = c1 = 0. Since
the parameter c is full, in this solution, it represents a length
scale at which the theory manifests the effect of the gravi-
tational modification for r � c, while the theory reduces to
general relativity for r � c. Indeed, the parameter c is the
Vainshtein radius in terms of the screening mechanism. In
this paper, we focus on the case where the black hole has
two horizons for the dRGT solution with asymptotically dS
spacetime, and three horizons for the dRGT solution with
asymptotically AdS spacetime. In order to characterize the
existence of the horizons, it is convenient for us to choose
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the parameter c1 as [37]

c1 = 3 3
√

4c2
2. (10)

Since the parameters are evaluated differently for the dRGT
solution with asymptotically dS and AdS spacetime, we will
separate our consideration into two subsections below.

2.1 dS solutions

Since the dS solution corresponds to c2 < 0, it is convenient
to characterize the existence of the two horizons by redefining
the parameter as follows

c0 = 3
√

3
3
√−2c2

βm
− 1

αg
, (11)

where the condition for having two horizons can be expressed
as

0 < βm < 1. (12)

Substituting c1 and c0 into f (r̃) in Eq. (9), we obtain

fdS(r̃)

= 1 − 2M̃

r̃
+ αg

(
c2r̃

2 − 3 3
√

4c2
2r̃ + 3

√
3

3
√−2c2

βm
− 1

αg

)
.

(13)

The horizons can be obtained by solving equation fdS(r̃) =
0. As a result, such two horizons can be written as

r̃1 = − 2
3
√−2c2

[√
X cos

(
1

3
arcsec(Y ) + π

3

)
+ 1

]
(14)

and

r̃2 = 2
3
√−2c2

[√
X cos

(
1

3
arcsec(Y )

)
− 1

]
, (15)

where

X = 2
√

3

βm
+ 4 and Y = −

√
2

βm

(2βm + √
3)3/2

5βm + 3
√

3
. (16)

From Fig. 1, one can see that the parameter βm can be used to
characterize the existence to two horizons. Moreover, for this
setting of parameters, one can find that two horizons in the
dRGT black hole are closer than ones in the SdS black hole.
This is one of the important properties of the dRGT black
hole, which provides a crucial contribution to the greybody
factor in the dRGT black hole, which is different from one
in the SdS black hole.

2.2 AdS solutions

For the AdS solutions, the parameter c2 is positive, c2 > 0.
By performing in a similar way as done in the dS case, the

Fig. 1 The plot of fdS(r̃) with M̃ = 1, c2 = −0.01, αg = 1 with
various βm . The dashed purple line represents fSdS(r̃) (c1 = c0 = 0)

parameter c0 can be written in terms of βm as

c0 = 3
√

3
3
√

2c2

βm
− 1

αg
, (17)

where the existence of three horizons can be characterized
by parameter βm as

1 < βm <
2√
3
. (18)

Substituting c1 and c0 into f (r̃) in Eq. (9), we obtain

fAdS(r̃)

= 1 − 2M̃

r̃
+ αg

(
c2r̃

2 − 3 3
√

4c2
2r̃ + 3

√
3

3
√

2c2

βm
− 1

αg

)
.

(19)

By solving fAdS(r̃) = 0, the three horizons can be expressed
as

r̃1 = 2
3
√

2c2

[
1 − √

x sin

(
1

3
arcsec(y) + π

6

)]
, (20)

r̃2 = 2
3
√

2c2

[
1 − √

x cos

(
1

3
arcsec(y) + π

3

)]
, (21)

r̃3 = 2
3
√

2c2

[
1 + √

x cos

(
1

3
arcsec(y)

)]
, (22)

where

x = 4 − 2
√

3

βm
and y =

√
6 − 2

√
2βm

(3
√

3 − 5βm)
√

− βm√
3−2βm

. (23)
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Fig. 2 The plot of f (r̃) with M̃ = 1, c2 = 1, αg = 1 and βm = 0.9,
1.0, 1.1, 2/

√
3 and 1

From Fig. 2, one can see that the parameter βm can character-
ize the existence of three horizons, satisfying the condition
in Eq. (18). For βm = 1, the second and the third horizons
emerge so that in this case, it corresponds to extremal black
hole with two horizons. For βm = 2/

√
3, the first and the

second horizons emerge. In this case, the black hole is also
extremal with two horizons. Note that, for the SAdS black
hole, there exists only the first horizon (similar to the case
for βm < 1). Therefore, the existence of three horizons is
a crucial property of the dRGT black hole compared to the
SAdS black hole.

Moreover, in order to find the proper form of the potential
in the next section, it is worthwhile to find the derivative of the
horizon function. As a result, we found that f ′

dS(r̃) = f ′
AdS(r̃)

and can be written as

f ′
dS(r̃) = f ′

AdS(r̃) = 2M̃

r̃2 + 2αgc2r̃ − 3αg
3
√

4c2
2. (24)

Note that the signs of c2 are different; for the dS case, c2 is
negative, while for the AdS case, c2 is positive.

3 Potential of the dRGT black hole

When quantum effects are taken into account, a black hole
can emit thermal radiation at its event horizon called the
Hawking radiation [1]. This radiation could be any field such
as the scalar field or the electromagnetic field. In this work,
we are interested in the massive scalar field emitted from
a black hole. Its dynamics can be described by the Klein–

Gordon equation on a curved spacetime [41]

1√−g
∂μ(

√−ggμν∂νΦ) − m2Φ = 0, (25)

where gμν is the metric tensor, gμν is the inverse of the metric
tensor, g is the determinant of the metric tensor and m is the
mass of the scalar field.

Since a black hole from Eq. (8) has spherical symmetry,
the method of the separation of variables can be used. We
write Φ as

Φ(t, r, θ, φ) = eiωt
ψ(r)

r
Y�m(θ, φ), (26)

where Y�m(θ, φ) is a spherical harmonic function. It satisfies

1

sin θ

∂

∂θ

(
sin θ

∂Y�m(θ, φ)

∂θ

)
+ 1

sin2 θ

∂2Y�m(θ, φ)

∂φ2

= −�(� + 1)Y�m(θ, φ), (27)

where � is a non-negative integer,m is an integer and � ≥ |m|.
The radial part is given by

d2ψ(r)

dr2∗
+ [ω2 − V (r̃)]ψ(r) = 0, (28)

where

dr∗
dr

= 1

| f (r̃)| (29)

and

Ṽ (r̃) = f (r̃)

[
�(� + 1)

r̃2 + f ′(r̃)
r̃

+ m̃2
]

. (30)

where Ṽ (r̃) = c2V (r̃) and m̃ = cm.

3.1 Potentials for the dS case

From Eq. (30), the dS potential is given by

ṼdS(r̃) = fdS(r̃)

[
�(� + 1)

r̃2 + f ′
dS(r̃)

r̃
+ m̃2

]
, (31)

where fdS(r̃) is given in Eq. (13). The potentials for the dS
case are plotted for m = 0, 0.2 and 0.5, with different βm in
Fig. 3. The graph shows that when m increases, the potential
also increases. This is apparent from Eq. (31) which shows
that the potential is an increasing function of m because
fdS(r̃) is always positive. Therefore, when m increases, the
whole graph is shifted upward as shown in Fig. 3.

For � = 0, the dS potential for massless scalar field van-
ishes at r̃fmax, where r̃fmax is the location of the maximum
of fdS(r̃) ( f ′

dS(r̃fmax) = 0). However, for the massive scalar
field, it does not vanish at this point, but is still positive and
vanishes at r̃ > r̃fmax. We can see this from Fig. 3 that the
r̃ intercept of the red curve (m = 0.5) is on the right of that
of the blue curve (m = 0). Thus, the mass of the scalar field
has effects on the area under the curve of the potential. The
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Fig. 3 aThe dRGT potentials for the dS case with � = 0, M̃ = 1, c2 =
−1, αg = 1, βm = 0.8 and m = 0, 0.2 and 0.5. b The magnification of
a

scalar mass increases the area which is above the r̃ axis, and
decrease the area which is below the r̃ axis.

The dS potentials are plotted with different βm and c2

in Fig. 4a, b, respectively. From Fig. 4a, we see that when
βm increases, the local maximum of the potential decreases,
while the local minimum increases. This can be seen by find-
ing the derivative of the potential in Eq. (31) with respect to
βm

dṼdS

dβm
= −3

√
3αg

3
√−2c2

β2
m

[
�(� + 1)

r̃2 + f ′
dS(r̃)

r̃
+ m̃2

]
. (32)

If the sum of all terms in the square bracket is positive,
we obtain dṼdS/dβm < 0, and the potential decreases with
increasing βm . On the other hand, if the sum of all terms
in the square bracket is negative, the potential increases with
increasing βm . Since fdS(r̃) is always positive, from Eq. (31),
the potential has the same sign as the square bracket term.
Therefore, when the potential is positive, corresponding to
the positive square bracket term, it decreases with increasing
βm . We can see from Fig. 4a that the red curve (βm = 0.9)
is below the blue curve (βm = 0.8) in the region where
the potential is positive. Conversely, when the potential is
negative, corresponding to the negative square bracket term,
it increases with increasing βm . Again, we can see from
Fig. 4a that the red curve (βm = 0.9) is above the blue
curve (βm = 0.8) in the region where the potential is nega-
tive. Moreover, when βm increases, the width of the potential
decreases.

For Fig. 4b, we see that when c2 decreases, the local max-
imum of the potential increases, while the local minimum
decreases. Since c2 represents the negative of the cosmolog-
ical constant, the decrease in c2 for the dS case corresponds
to the increase in the magnitude of the positive cosmological
constant. Therefore, the graph shows that the local maximum
of the potential increases when the magnitude of the cosmo-
logical constant increases.

When c1 = c0 = 0, the asymptotically dS spacetime in the
dRGT massive gravity reduces to the Schwarzschild de Sitter
(SdS) spacetime. The function f (r̃) of the SdS spacetime can
be obtained by letting c1 = c0 = 0 in Eq. (9)

fSdS(r̃) = 1 − 2M̃

r̃
+ αgc2r̃

2 (33)

and c2 be negative. Then, from Eq. (30), the SdS potential is
given by

ṼSdS(r̃) = fSdS(r̃)

[
�(� + 1)

r̃2 + f ′
SdS(r̃)

r̃
+ m̃2

]
. (34)

The potentials for an SdS black hole and an asymptotically
dS black hole in the dRGT massive gravity are plotted in
Fig. 5. We see that the potential for the dS black hole in the
dRGT massive gravity (the solid curve) is shifted left from
the potential for the SdS black hole (the dashed curve). The
massive gravity shrinks the horizons of a black hole, which
is apparent from Fig. 1. Notice that when m increases, the
absolute area of the dS potential for � = 0 in the negative
region decreases. This means that if m continues to increase
to some value, calledmmin, the dS potential becomes positive
on the interval r̃1 < r̃ < r̃2. To findmmin, we rewrite Eq. (31)
for � = 0 as

ṼdS,�=0(r̃)
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Fig. 4 The dRGT potentials for the dS case with � = 0, M̃ = 1,
αg = 1, and m = 0.2. a c2 = −1 and βm = 0.8, 0.85 and 0.9. b
βm = 0.8 and c2 = −1, −1/2 and −1/3

= fdS(r̃)

⎛
⎝2M̃

r̃3 + 2αgc2 −
3αg

3
√

4c2
2

r̃
+ m̃2

⎞
⎠ .

(35)

It is positive for r̃1 < r̃ < r̃2 if

m̃2 > −2M̃

r̃3 − 2αgc2 +
3αg

3
√

4c2
2

r̃
. (36)

We define m̃min as

m̃2
min = max

⎡
⎣−2M̃

r̃3 − 2αgc2 +
3αg

3
√

4c2
2

r̃

⎤
⎦ , (37)

where r̃1 < r̃ < r̃2. We find that the maximum is at r̃ = r̃2.
Therefore,

m̃2
min = −2M̃

r̃3
2

− 2αgc2 +
3αg

3
√

4c2
2

r̃2
. (38)

For M̃ = 1, c2 = −0.01 and αg = 1, we obtain

m̃2
min = 0.02 + 0.22

r̃2
− 2

r̃3
2

. (39)

For βm = 0.875 and c2 = −0.01, we obtain r̃2 = 4.357.
Therefore,

m̃min = 0.215. (40)

Moreover, when m̃ = 0.2, an SdS potential for � = 0 is
positive on the interval r̃1 < r̃ < r̃2. In the case of the SdS
black hole, m̃min in Eq. (38) reduces to

m̃2
min = −2M̃

r̃3
2

− 2αgc2. (41)

For c2 = −0.01 and βm = 0.875, which give r̃2 = 8.79, and
M̃ = 1 and αg = 1, we obtain

m̃min = 0.13. (42)

This is why the SdS potential for � = 0 in Fig. 5 is positive
for r̃1 < r̃ < r̃2 at m̃ = 0.2.

Furthermore, for � = 1, the potentials are positive for
r̃1 < r̃ < r̃2. To see this, we rewrite Eq. (31) as

ṼdS(r̃)

= fdS(r̃)

⎡
⎣�(� + 1)

r̃2 + 2M̃

r̃3 + 2αgc2 −
3αg

3
√

4c2
2

r̃
+ m̃2

⎤
⎦ .

(43)

It is positive for r̃1 < r̃ < r̃2 if

�(� + 1) > −2M̃

r̃
− 2αgc2r̃

2 + 3αg
3
√

4c2
2r̃ − m̃2r̃2. (44)

From this expression, the left hand side is in the order of
unity and the right hand side is typically less than unity by the
requirement of the existence of the horizons. For example, for
a typical scale of the existence of the horizons, c2 ∼ −0.01
and then r̃ � 1. For the usual scale of the scalar mass m̃2 ∼
0.01, the second term and the forth term are in the same
order, which provide a tiny contribution. The third term is
in the order of 0.1r̃ which contributes to the same order as
the first term in the opposite sign. Therefore, the amount of
contribution of the right hand side is usually smaller than
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Fig. 5 The potentials with (� = 0 left panel and � = 1 right panel),
M̃ = 1, c2 = −0.01, αg = 1. The solid lines represent the potential for
an asymptotically dS black hole in dRGT massive gravity (βm = 0.875
for left panel and βm = 0.89 for right panel). The dashed lines represent
the potential for an SdS black hole (c1 = c0 = 0)

unity. For example, by setting M̃ = αg = 1, c2 = −0.01,
βm = 0.875 and r̃ ∼ r̃2 ∼ 4.36, we obtain �(�+1) > 0.0034
with m2 = 0.05. As a result, one can see that it is difficult to
obtain the negative part of the potential for the case of � ≥ 1.

3.2 Potentials of the AdS case

From Eq. (30), the AdS potential is given by

ṼAdS(r̃) = fAdS(r̃)

[
�(� + 1)

r̃2 + f ′
AdS(r̃)

r̃
+ m̃2

]
, (45)

where fAdS(r̃) is given in Eq. (19). In the AdS case, fAdS(r̃)
has three horizons. Thus, from Eq. (45), the potential is zero
at five points of r̃ .

The AdS potentials are plotted in Fig. 6. Consider the
effect ofm. Different from the dS case, the AdS potential is an
increasing function in m when fAdS(r̃) > 0 and a decreasing
function in m when fAdS(r̃) < 0. In the range r̃1 < r̃ < r̃2,
where fAdS(r̃) is positive, the graph is shifted upward with
increasing m. On the other hand, in the range r̃2 < r̃ < r̃3,
where fAdS(r̃) is negative, the graph is shifted downward
with increasing m. These are shown in Fig. 6 where we can
see the red curve (m = 0.5) is above the blue curve (m = 0)
in the range r̃1 < r̃ < r̃2, while the red curve is below the
blue curve in the range r̃2 < r̃ < r̃3. The mass of scalar field
can increase or decrease the potential depending on the sign
of fAdS(r̃).

The AdS potentials are plotted with different βm and c2

in Fig. 7a, b, respectively. We can analyze the effects of βm

on the potential by finding the derivative of the potential in
Eq. (45) with respect to βm

dṼAdS

dβm
= −3

√
3αg

3
√

2c2

β2
m

[
�(� + 1)

r̃2 + f ′
AdS(r̃)

r̃
+ m̃2

]
.

(46)

Similar to the dS case, if the square bracket term is positive,
the potential decreases with increasingβm . On the other hand,
if the square bracket term is negative, the potential increases

Fig. 6 The AdS potentials with � = 0, M̃ = 1, c2 = 1, αg = 1,
βm = 1.1 and m̃ = 0, 0.2 and 0.5

with increasing βm . In the range r̃1 < r̃ < r̃max1, the square
bracket term is positive. Therefore, the potential in this range
decreases with increasing βm . We can see from Fig. 7a that
the red curve (βm = 1.12) is below the blue curve (βm =
1.08). In the range r̃max1 < r̃ < r̃2, the square bracket term
is negative. Thus, the potential in this range increases with
increasing βm . We can see that the red curve is above the blue
curve. In the range r̃2 < r̃ < r̃max2, the square bracket term
is again negative. Then, the potential in this range increases
with increasing βm . We can see that the red curve is above the
blue curve. In the range r̃max2 < r̃ < r̃3, the square bracket
term is positive and the potential in this range decreases with
increasing βm . We can see that the red curve is below the
blue curve.

For Fig. 7b, we see that when c2 increases, the relative
maximum of the potential also increases. The increase in c2

for the AdS case corresponds to the increase in the magnitude
of the negative cosmological constant. Therefore, the graph
shows that the local maximum of the potential increases when
the magnitude of the cosmological constant increases.

The AdS potentials for � = 2 are plotted in Fig. 8. We see
that the potentials are positive on r̃1 < r̃ < r̃2 and negative
on r̃2 < r̃ < r̃3.

4 Greybody factors of black holes

When quantum effects are taken into account, a black hole
can emit thermal radiation as a blackbody spectrum at its
event horizon called the Hawking radiation [1]. While prop-
agating away from the black hole, the Hawking radiation
encounters the black hole spacetime curvature, which modi-
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Fig. 7 The AdS potentials with � = 0, M̃ = 1, αg = 1, and m̃ = 0.2.
a c2 = 1 and βm = 1.08, 1.10 and 1.12. b βm = 1.1 and c2 = 1, 1/2
and 1/3

fies it. Therefore, an observer at a distant no longer sees the
blackbody spectrum. Rather, he measures a modified one,
which is called greybody. A quantity that measures how much
the modified spectrum deviates from the blackbody spectrum
is called the greybody factor. From a black hole scattering
point of view, a black hole spacetime curvature acts as a
potential barrier. The greybody factor is defined as a trans-
mission coefficient.

There are various methods to compute the greybody factor.
One of them is to find its lower bound rather than its exact

Fig. 8 The AdS potentials with c2 = 1, βm = 1.1, M̃ = 1, αg = 1,
m̃ = 0, 0.2 and 0.5 and � = 2

value. The bounds of the greybody factors are given by [2,4]

T ≥ sech2
[∫ ∞

−∞
ϑdr∗

]
, (47)

where

ϑ ≡
√[h′(r∗)]2 + [ω2 − V (r̃) − h2(r∗)]2

2h(r∗)
, (48)

for some positive function h satisfying h(−∞) =√
ω2 − V−∞ and h(∞) = √

ω2 − V∞, where V±∞ =
V (±∞). For a potential satisfying V±∞ = 0, we can set
h = ω, then

T ≥ sech2
[

1

2ω

∫ ∞

−∞
|V (r̃)|dr∗

]
. (49)

From Eq. (29) and r̃ = r/c, we obtain

T ≥ sech2

[
1

2ω̃

∫ r̃2

r̃1

|Ṽ (r̃)| 1

| f (r̃)|dr̃
]

, (50)

where ω̃ = ωc. From the triangle inequality,
∣∣∣∣
∫ b

a
f (x)dx

∣∣∣∣ ≤
∫ b

a
| f (x)|dx, (51)

we obtain

sech

(∫ b

a
f (x)dx

)
≥ sech

(∫ b

a
| f (x)|dx

)
, (52)

which follows from

sech(|x |) = sech(x). (53)
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Then,

sech2
(∫ b

a
f (x)dx

)
≥ sech2

(∫ b

a
| f (x)|dx

)
. (54)

From Eq. (50), we define

Tapp ≡ sech2

[
1

2ω̃

∫ r̃2

r̃1

Ṽ (r̃)

f (r̃)
dr̃

]
(55)

and

Tb ≡ sech2

[
1

2ω̃

∫ r̃2

r̃1

|Ṽ (r̃)| 1

| f (r̃)|dr̃
]

. (56)

From Eq. (54), we obtain

Tapp ≥ Tb. (57)

We can rewrite Eq. (50) as

T ≥ Tb. (58)

If T ≥ Tapp, we may say that Tapp is a better bound than Tb.
If Tapp ≥ T , we cannot conclude which one, Tapp or Tb, is a
better bound.

It is worthwhile to note that the calculation of the grey-
body factor by using the rigorous bound can provide us with
a useful way to analyze the behaviour qualitatively, since it
is possible to find the explicit expression for the greybody
factor. However, since it is the bound, it may not provide the
approximated value of the greybody factor. For example, in
the high � case, the bound is much lower than the approxi-
mated value. In this case, it is more convenient to use other
methods to calculate the bound. In this paper, we choose to
investigate the greybody factor by using the third order of the
WKB approximation proposed by Iyer and Will [43]. This
is a well-developed method to study the barrier-like Quasi-
normal modes and the greybody factor.

For the WKB approximation, it is convenient to rewrite
the redial equation in Eq. (3) in the form as
(

d2

dr2∗
+ Q

)
ψ = 0, (59)

where Q = ω2 − V . Moreover, we also use the approxi-
mation as ω2 ≈ Vmax, where Vmax denotes the maximum
value of the effective potential. The greybody factor for this
approximation is given by [44]

T = 1

1 + exp2S(ω)
. (60)

The function S(ω) can be expressed as

S(ω) = πk1/2
[

1

2
z2

0 +
(

15

64
b2

3 − 3

16
b4

)
z4

0

]

+πk−1/2
[

3

16
b4 − 7

64
b2

3

]

+πk1/2
[

1155

2048
b4

3 − 315

256
b2

3b4 + 35

128
b2

4

+35

64
b3b5 − 5

32
b6

]
z6

0

−πk−1/2
[

1365

2048
b4

3 − 525

256
b2

3b4 + 85

128
b2

4

+95

64
b3b5 − 25

32
b6

]
z2

0 + O (ω) , (61)

where O (ω) is a set of the higher order terms and

z2
0 = −Qmax

k

k = 1

2

(
d2Q

dr2∗

)
max

bn =
(

1

n!k
)(

dnQ

drn∗

)
max

.

(62)

Note that the subscript “max” denotes the quantities for
r = rmax after taking the derivative where rmax denotes the
position of Vmax. In this way, one can find the greybody factor
by using the numerical method. Note that the results evalu-
ated by using the WKB method cannot be done for low mul-
tipole, especially for � = 0. In this case, we cannot compare
the results between such two methods.

4.1 Greybody factors for the dS case

A dS black hole has two horizons; namely, event horizon and
the cosmological horizon. Its potential is shown in Fig. 5. It
can be seen that the dS potential for � = 0 with m̃ < m̃min

can be both positive and negative, while one for � = 0 with
m̃ > m̃min and � = 1 is always positive. Therefore, finding
the bounds on the greybody factors for such two cases can
be done independently.

4.1.1 � = 0 and m̃ < m̃min

For � = 0, the dS potential is positive for r̃1 < r̃ < r̃cri and
negative for r̃cri < r̃ < r̃2, while fdS(r̃) is always positive
for r̃1 < r̃ < r̃2, where r̃cri is the point satisfying f ′

dS(r̃cri) =
−m̃2r̃cri. We can write

TdS,�=0 ≥ Tb, dS,�=0, (63)

where

Tb, dS,�=0 = sech2

[
1

2ω̃

∫ r̃cri

r̃1

ṼdS,�=0(r̃)

fdS(r̃)
dr̃

− 1

2ω̃

∫ r̃2

r̃cri

ṼdS,�=0(r̃)

fdS(r̃)
dr̃

]
(64)
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and, from Eq. (31), ṼdS,�=0(r̃)/ fdS(r̃) is given by

ṼdS,�=0(r̃)

fdS(r̃)
= 2M̃

r̃3 + 2αgc2 −
3αg

3
√

4c2
2

r̃
+ m̃2.

(65)

Calculating the integrals, we obtain

Tb, dS,�=0 = sech2

[
1

2ω̃

{
M̃

(
1

r̃2
1

+ 1

r̃2
2

− 2

r̃2
cri

)

−2αgc2(r̃1 + r̃2 − 2r̃cri) − 3αg
3
√

4c2
2 ln

r̃2
cri

r̃1r̃2

−m̃2(r̃1 + r̃2 − 2r̃cri)

}]
. (66)

Since the bound of the greybody factor depends on the inte-
gral of Ṽ / f , it can be analyzed by determining the absolute
area under the graph of Ṽ / f . In this case, there exists the neg-
ative part of Ṽ / f , so that it is possible to minimize the area
by choosing the proper value of m̃. This corresponds to the
maximized greybody factor bound Tb. In fact, one can find r̃
in terms of m̃ from Ṽ / f |r̃=r̃cri = 0. We can find the integral
of Ṽ / f , which depends on r̃cri. Therefore, in principle, one
can find the integral, which is a function of m̃. Then, we can
find the critical mass m̃c to minimize the integral correspond-
ing to the maximized Tb. The expression is very lengthy, we
do not express it here. For c2 = −0.01, βm = 0.875, the
critical mass can be evaluated as m̃c ∼ 0.14. This behaviour
of the bounds on the greybody factors is shown in Fig. 9.
From Fig. 9a, we see that the bound on the greybody fac-
tors increases with increasing m̃ for 0 ≤ m̃ ≤ 0.14. For
m̃ > 0.14 the bound starts to decrease with increasing m̃.
This can be inferred from Fig. 9b that the absolute of the area
under the graph on an interval r̃1 < r̃ < r̃cri increases with
increasing m̃ and that on an interval r̃cri < r̃ < r̃2 decreases
with increasing m̃. As a result, there exists a critical mass of
the scalar field, which provides the maximum bound of the
greybody factor. This is a crucial behaviour of the scalar field
mass on the greybody factor.

The bounds on the greybody factors with different βm and
c2 are plotted in Fig. 10a, b, respectively. For Fig. 10a, we
see that when βm increases, the dS bound on the greybody
factors also increases. This follows from Fig. 4a where the
local maximum of the potential decreases with increasing
βm .

For Fig. 10b, we see that when c2 decreases, corresponding
to the increase in the magnitude of the positive cosmological
constant, the bound on the greybody factors also decreases.
This follows from Fig. 4b where the local maximum of the
potential increases with the increase in the absolute value of
c2. In the background with the stronger cosmological con-
stant, the massive scalar field can penetrate the dS potential,
but with more difficulty.

Fig. 9 a The rigorous bounds on the greybody factors in the dS case
with � = 0, M̃ = 1, αg = 1, c2 = −0.01, βm = 0.875 and m̃ = 0,
0.07, 0.14 and 0.21. b The graph of the function Ṽ / f in the dS case
with the same parameters

The graphs of Tapp with different m̃, βm and c2 are plotted
in Fig. 11a–c, respectively. From Fig. 11a, we see that when
m̃ increases, the bound on the greybody factors decreases
because the result follows from the dS potential in Fig. 3,
which increases with increasing m̃. The more massive the
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Fig. 10 The rigorous bounds on the greybody factors in the dS case
with � = 0, M̃ = 1, αg = 1. a c2 = −1, m̃ = 0.2 and βm = 0.8, 0.85
and 0.9. b m̃ = 0.2, βm = 0.8 and c2 = −1, −1/2 and −1/3

scalar field, it can be harder to transmit out from the dS poten-
tial.

For Fig. 11b, we see that when βm increases, the dS bound
on the greybody factors also increases. This follows from
Fig. 4a where the local maximum of the potential decreases
with increasing βm .

For Fig. 11c, we see that when c2 decreases, corresponding
to increase in the magnitude of the positive cosmological
constant, the bound on the greybody factors also decreases.

This follows from Fig. 4b where the local maximum of the
potential increases with decreasing c2. In the background
with the stronger cosmological constant, the massive scalar
field can penetrate the dS potential, but with more difficulty.

Moreover, we explicitly see that Tapp (the solid curve) is
greater than or equal to Tb (the dash curve) according to the
inequality (57).

4.1.2 � = 0 with m̃ > m̃min and � = 1

From Fig. 5, the potential for � = 0 with m̃ > m̃min and
� = 1 is positive on the interval r̃1 < r̃ < r̃2. Therefore,
from Eqs. (55) and (56), Tb = Tapp. Then, Eq. (58) becomes

TdS ≥ Tb,dS, (67)

where

Tb,dS = sech2

[
1

2ω̃

∫ r̃2

r̃1

ṼdS(r̃)

fdS(r̃)
dr̃

]
(68)

and

ṼdS(r̃)

fdS(r̃)
= �(� + 1)

r̃2 + 2M̃

r̃3 + 2αgc2 −
3αg

3
√

4c2
2

r̃
+ m̃2.

(69)

Calculating the integrals, we obtain

Tb,dS = sech2
[

1

2ω̃

{
�(� + 1)

(
1

r̃1
− 1

r̃2

)

+M̃

(
1

r̃2
1

− 1

r̃2
2

)
+ 2αgc2(r̃2 − r̃1)

−3αg
3
√

4c2
2 ln

r̃2

r̃1
+ m̃2(r̃2 − r̃1)

}]
. (70)

For SdS black holes, the logarithmic term disappears and the
above bound reduces to

Tb,SdS = sech2
[

1

2ω̃

{
�(� + 1)

(
1

r̃1
− 1

r̃2

)

+M̃

(
1

r̃2
1

− 1

r̃2
2

)
+ 2αgc2(r̃2 − r̃1)

+m̃2(r̃2 − r̃1)

}]
. (71)

The bounds on the greybody factors of the SdS black holes
and the asymptotically dS black holes in the dRGT massive
gravity are plotted in Fig. 12. We see that the bounds of the
SdS black holes are lower than ones of the asymptotically dS
black holes in the dRGT massive gravity. This follows from
the fact that the logarithmic term in Eq. (70) is negative.
Therefore, Tb,SdS < Tb,dS because sech(x) is a decreasing
function for x > 0.

123



657 Page 12 of 20 Eur. Phys. J. C (2023) 83 :657

Fig. 11 Comparison of Tapp and Tb defined in Eqs. (55) and (56),
respectively, in the dS case

Fig. 12 a The bounds on the greybody factors of the SdS black holes
(dashed line) and the asymptotically dS black holes in the dRGT massive
gravity (solid line) for c2 = −0.01, βm = 0.89, � = 1 and m̃ = 0, 0.1
and 0.2. b The magnification of a

Moreover, when m increases, both Tb,SdS and Tb,dS

decreases. This is apparent because again sech(x) is a
decreasing function for x > 0.

The results from the WKB approximation can be used for
� = 0 as we mentioned above. The graphs of TWKB compared
to Tb,SdS,�=1 with different m for the SdS black holes are
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Fig. 13 a The greybody factors of the SdS black holes Tb,SdS,�=1 from
the bound (dotted line) and TWKB from the WKB method (dashed line)
for c2 = −0.01, � = 1 and m̃ = 0, 0.1 and 0.2. b The magnification of
a

plotted in Fig. 13. We see that Tb,SdS,�=1 ≤ TWKB, which
indicates that Tb,SdS,�=1 is a true lower bound. Moreover,
TWKB and Tb,SdS,�=1 are so close to one another when ω̃ is
small.

The graphs of TWKB compared to Tb,dS,�=1 with different
m̃ for the asymptotically dS black holes in the dRGT massive
gravity are plotted in Fig. 14. We see that Tb,dS,�=1 ≤ TWKB,
which indicates that Tb,dS,�=1 is also a true lower bound.
Moreover, TWKB and Tb,dS,�=1 are so close to one another
when ω̃ is small.

Fig. 14 a The greybody factors of the asymptotically dS black holes
in the dRGT massive gravity Tb,dS,�=1 from the bound (solid line) and
TWKB from the WKB method (dashed line) for c2 = −0.01, βm = 0.89,
� = 1 and m̃ = 0, 0.1 and 0.2. b The magnification of a

4.2 Greybody factors of the AdS black hole

An AdS black hole in the dRGT massive gravity can have
more than one horizon, while a Schwarzschild AdS black
hole has only one horizon. In this work, we are interested
in the case where the AdS black hole has three horizons. Its
potential is shown in Fig. 8, where the AdS potentials for
� = 0 can be both positive and negative on r̃1 < r̃ < r̃2

and r̃2 < r̃ < r̃3, while one for � = 0 is positive on r̃1 <
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r̃ < r̃2 and negative on r̃2 < r̃ < r̃3. Therefore, finding the
bounds on the greybody factors for such two cases can be
done independently.

4.2.1 � = 0

We divide the region of r̃ into two areas, r̃1 < r̃ < r̃2 and
r̃2 < r̃ < r̃3. In the first region, fAdS(r̃) is always positive.
However, the AdS potential is positive for r̃1 < r̃ < r̃1cri and
negative for r̃1cri < r̃ < r̃2, where r̃1cri is the point satisfying
f ′
AdS(r̃1cri) = −m̃2r̃1cri. From Eq. (50), we can write

TAdS,�=0 ≥ Tb, AdS,�=0, (72)

where

Tb, AdS,�=0 = sech2

[
1

2ω̃

∫ r̃1cri

r̃1

ṼAdS,�=0(r̃)

fAdS(r̃)
dr̃

− 1

2ω̃

∫ r̃2

r̃1cri

ṼAdS,�=0(r̃)

fAdS(r̃)
dr̃

]
(73)

and ṼAdS,�=0(r̃)/ fAdS(r̃) is

ṼAdS,�=0(r̃)

fAdS(r̃)
= 2M̃

r̃3 + 2αgc2 −
3αg

3
√

4c2
2

r̃
+ m̃2. (74)

Calculating the integrals, we obtain

Tb, AdS,�=0 = sech2

[
1

2ω̃

{
M̃

(
1

r̃2
1

+ 1

r̃2
2

− 2

r̃2
1cri

)

−2αgc2(r̃1 + r̃2 − 2r̃1cri)

−3αg
3
√

4c2
2 ln

r̃2
1cri

r̃1r̃2

−m̃2(r̃1 + r̃2 − 2r̃1cri)

}]
. (75)

The bounds on the greybody factors with different m̃, βm

and c2 are plotted in Fig. 15a, c, d, respectively. In Fig. 15a,
we see when the scalar mass increases, the greybody factor
bound keeps increasing until m̃ = 0.8 and then decreasing
for m̃ > 0.8. In fact, by performing in the same way as done
in the dS case, we found that there exists a critical mass in
which the greybody bound is maximum. For example, by
setting M̃ = 1, αg = 1, c2 = 1, and βm = 1.08, we found
that the critical mass is at mc = 0.7937. This can be seen
by considering the area under the function |V/ f | as found in
Fig. 15b.

For Fig. 15c, we see that when βm increases, the bound on
the greybody factors decreases. This is interesting because
from Fig. 7a, the local maximum of the potential also
decreases with increasing βm . The changes in the AdS poten-
tial and the AdS bound with βm are the same. This is due to
the fact that the behaviour of the bound of the greybody factor

is controlled by the area under the curve of function |V/ f |,
not |V | as we have discussed above.

For Fig. 15d, we see that when c2 increases, the bound on
the greybody factors decreases. For the background of the
stronger cosmological constant, the massive scalar field can
be harder to transmit from the AdS potential.

The graphs of Tapp with different m̃, βm and c2 are plotted
in Fig. 16a–c, respectively. In Fig. 16a, the result is interest-
ing. When m̃ increases to 0.2, the bound also increases. How-
ever, if m̃ continues to increase, the bound starts to decrease.
We see that the blue curve (m̃ = 0) is below the grey curve
(m̃ = 0.2), but above the red curve (m̃ = 0.5). For the low
mass, the more massive scalar field can better be transmitted
from the AdS potential. However, for the high mass, the more
massive scalar field can be more difficult to transmit from the
AdS potential.

For Fig. 16b, we see that when βm increases, the bound on
the greybody factors decreases. This is interesting because
from Fig. 7a, the local maximum of the potential also
decreases with increasing βm . The changes in the AdS poten-
tial and the AdS bound with βm are the same.

For Fig. 16c, the result is also interesting. We see that when
c2 increases to 1/2, the bound on the greybody factors also
increases. However, if c2 continues to increase, the bound
starts to decrease. We see that the red curve (c2 = 1/3) is
below the grey curve (c2 = 1/2), but above the blue curve
(c2 = 1). For the background of the weak cosmological con-
stant, the massive scalar field can better be transmitted from
the AdS potential. However, for the background of the strong
cosmological constant, the massive scalar field can be trans-
mitted from the AdS potential, but with more difficulty.

Moreover, we explicitly see that Tapp (the solid curve) is
greater than or equal to Tb (the dash curve) according to
inequality (57).

In the second region, where r̃2 < r̃ < r̃3, fAdS(r̃) is
negative. Moreover, the AdS potential is positive for r̃2 <

r̃ < r̃2cri and negative for r̃2cri < r̃ < r̃3, where r̃2cri is the
point satisfying f ′

AdS(r̃2cri) = −m̃2r̃2cri. From Eq. (50), we
can write

TAdS ≥ sech2

[
1

2ω̃

∫ r̃2cri

r̃2

ṼAdS(r̃)

fAdS(r̃)
dr̃

− 1

2ω̃

∫ r̃3

r̃2cri

ṼAdS(r̃)

fAdS(r̃)
dr̃

]
, (76)

where ṼAdS(r̃)/ fAdS(r̃) is

ṼAdS(r̃)

fAdS(r̃)
= � (� + 1)

r̃2 + 2M̃

r̃3 + 2αgc2 −
3αg

3
√

4c2
2

r̃
+ m̃2.

(77)
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�Fig. 15 The rigorous bounds (between r̃1 and r̃2) on the greybody
factors of the AdS black holes with � = 0, M̃ = 1, αg = 1. a c2 = 1,
βm = 1.08 and m̃ = 0, 0.2 and 0.5. b The graph of the function Ṽ / f
in the AdS case with the same parameters. c c2 = 1, m̃ = 0.2 and
βm = 1.08, 1.10 and 1.12. d m̃ = 0.2, βm = 1.08 and c2 = 1, 1/2 and
1/3

Calculating the integrals, we obtain

TAdS ≥ sech2
[

1

2ω̃

{
� (� + 1)

(
1

r̃2
+ 1

r̃3
− 2

r̃2cri

)

+M̃

(
1

r̃2
2

+ 1

r̃2
3

− 2

r̃2
2cri

)

−2αgc2(r̃2 + r̃3 − 2r̃2cri)

−3αg
3
√

4c2
2 ln

r̃2
2max

r̃2r̃3

−m̃2(r̃2 + r̃3 − 2r̃2cri)

}]
. (78)

The bounds on the greybody factors with different m̃, βm

and c2 are plotted in Fig. 17a, c, d, respectively. In Fig. 17a,
b, the bound increases with increasing m̃ until m̃ = 0.2. After
that, the bound starts to decrease with increasing m̃. We
see that the blue curve (m̃ = 0) is below the grey curve
(m̃ = 0.2), but above the red curve (m̃ = 0.5). Actually, by
performing a numerical method as done in the previous case,
we found the critical mass for which the greybody factor
bound is maximum. For example, in our parameter setting,
c2 = 1, βm = 1.08, the critical mass can be obtained as
mc = 0.186.

For Fig. 17c, we see that when βm increases, the bound
on the greybody factors decreases. This follows from Fig. 7a
where the absolute of the second local maximum and the sec-
ond local minimum of the potential increases with increasing
βm .

For Fig. 17d, we see that the bound on the greybody fac-
tors decreases with increasing c2. This is the regular result
because from Fig. 7b, the second local maximum increases
with increasing c2. In the background with the stronger cos-
mological constant, the massive scalar field can penetrate the
AdS potential, but with more difficulty.

The graph of Tapp with different m̃, βm and c2 are plot-
ted in Fig. 18a–c, respectively. In Fig. 18a, we see that the
bound decreases with increasing m̃. This result is interest-
ing because from Fig. 6a, b, the second local maximum also
decreases with increasing m̃. The changes in the second local
maximum of the AdS potential and the AdS bound with m̃
are the same. The more massive scalar field can be harder to
transmit from the AdS potential.

For Fig. 18b, we see that when βm increases, the bound
on the greybody factors also increases. This is interesting
because from Fig. 7a, the second local maximum of the poten-
tial also increases with increasing βm . Again, the changes in
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Fig. 16 The rigorous bounds (between r̃1 and r̃2) on the greybody
factors for the AdS case with � = 0, M̃ = 1, αg = 1. a c2 = 1,
βm = 1.08 and m̃ = 0, 0.2 and 0.5. b c2 = 1, m̃ = 0.2 and βm = 1.08,
1.10 and 1.12. c m̃ = 0.2, βm = 1.08 and c2 = 1, 1/2 and 1/3. The
solid line represents Tapp and the dash line represents Tb

Fig. 17 The rigorous bounds (between r̃2 and r̃3) on the greybody
factors of the AdS black holes with � = 0, M̃ = 1, αg = 1. a, b c2 = 1,
βm = 1.08 and m̃ = 0, 0.2 and 0.5. c c2 = 1, m̃ = 0.2 and βm = 1.08,
1.10 and 1.12. d m̃ = 0.2, βm = 1.08 and c2 = 1, 1/2 and 1/3
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the second local maximum of the AdS potential and the AdS
bound with βm are the same.

For Fig. 18c, we see that the bound on the greybody fac-
tors decreases with increasing c2. This is the regular result
because from Fig. 7b, the second local maximum increases
with increasing c2. In the background with the stronger cos-
mological constant, the massive scalar field can penetrate the
AdS potential, but with more difficulty.

Moreover, we explicitly see that Tapp (the solid curve) is
greater than or equal to Tb (the dash curve) according to the
inequality (57).

4.2.2 � = 0

From Fig. 8, the AdS potential for � = 0 is positive on the
interval r̃1 < r̃ < r̃2 and negative on the interval r̃2 < r̃ < r̃3.
That is the AdS potential for � = 0 has the same sign as
fAdS(r̃). Therefore, from Eqs. (55) and (56), Tb = Tapp.
Then, Eq. (58) becomes

TAdS,� =0 ≥ Tb,AdS,� =0, (79)

where

Tb,AdS,� =0 = sech2

[
1

2ω̃

∫ r̃2

r̃1

ṼAdS,� =0(r̃)

fAdS(r̃)
dr̃

]
(80)

and

ṼAdS,�=0(r̃)

fAdS(r̃)
= �(� + 1)

r̃2 + 2M̃

r̃3 + 2αgc2 −
3αg

3
√

4c2
2

r̃
+ m̃2.

(81)

Calculating the integrals, we obtain

Tb,AdS,� =0 = sech2
[

1

2ω̃

{
�(� + 1)

(
1

r̃1
− 1

r̃2

)

+M̃

(
1

r̃2
1

− 1

r̃2
2

)
+ 2αgc2(r̃2 − r̃1)

−3αg
3
√

4c2
2 ln

r̃2

r̃1
+ m̃2(r̃2 − r̃1)

}]
. (82)

The graphs of TWKB compared to Tb between r̃2 and r̃3

with different m̃ are plotted in Fig. 19. Note that the results
for one between r̃1 and r̃2 are similar to this case and we omit
to present here. From this figure, we see that Tb is less than
TWKB, showing that Tb is a true lower bound. Note that they
are so close to one another when ω̃ is around 0.4. Moreover,
their behaviors are similar. When m̃ increases, both TWKB

and Tb decrease.

Fig. 18 The rigorous bounds (between r̃2 and r̃3) on the greybody
factors of the AdS black holes with � = 0, M̃ = 1, αg = 1. a c2 = 1,
βm = 1.08 and m̃ = 0, 0.2 and 0.5. b c2 = 1, m̃ = 0.2 and βm = 1.08,
1.10 and 1.12. c m̃ = 0.2, βm = 1.08 and c2 = 1, 1/2 and 1/3
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Fig. 19 a The greybody factor between r̃2 and r̃3 of the AdS black
holes, Tb from the bound (solid line) and TWKB from the WKB method
(dashed line) for c2 = 1, βm = 1.1, � = 2 and m̃ = 0, 0.2 and 0.5. b
The AdS potential with c2 = 1, βm = 1.1 and � = 2

5 Conclusion

One of the interesting issues of a black hole is that it behaves
as a thermal system. Specifically, a black hole can carry
entropy and can emit radiation called the Hawking radiation.
Moreover, the spectrum of the radiations from black holes
is the same as that of the black-body spectrum. It has also
been found that the spacetime curvature can act as a potential
barrier, which allows some of the radiation to transmit and

reflect as found in similar situations in quantum mechanics.
As a result, the greybody factor is defined in order to take into
account the transmission amplitude of the radiation from the
black holes.

In this paper, we investigate the greybody factor for the
massive scalar field from the dRGT black hole. In theories
beyond GR, there are usually additional degrees of freedom
that can be coupled to gravity. A simplest example is known
as the scalar-tensor theory, in which a scalar field has cou-
plings to gravity. In this sense, the scalar field may be one
of the simple candidates for the Hawking radiation, mak-
ing it an interesting issue to investigate the greybody factor
for a massive scalar field. One of the interesting modified
gravity theories is the dRGT massive gravity, since it is a
candidate for describing the late-time expansion of the uni-
verse. Moreover, it turns out that there exists a black hole
solution in the dRGT massive gravity. One of the interest-
ing properties of the dRGT black hole is that it is possible
to obtain the asymptotically dS/AdS spacetime, which can
be distinguished from the SdS/SAdS black hole. Therefore,
it is worthwhile to investigate the greybody factor from the
dRGT black hole by analyzing how the mass of the scalar
field influences the greybody factor.

In the present work, we begin with the review of the dRGT
black hole, including the horizon structure of the black hole
in both the asymptotically dS and the AdS spacetime. For
the dRGT black hole with the asymptotically dS spacetime,
there are generically two horizons. In order to characterize
the existence of the horizon, we introduce the model param-
eter βm in which 0 < βm < 1 for the existence of two
horizons. This parameter also influences the structure of the
horizon as the larger the value of the parameter, the narrower
the width of the two horizons. Moreover, the strength of the
cosmological constant can be characterized by parameter c2.
For the dS case, when c2 < 0 the role of c2 is the same as the
cosmological constant. For example, the smaller the value of
|c2|, the wider width of the horizons. For the AdS case, we
focus on the black hole with three horizons, which is distin-
guished from the SAdS black hole (only one horizon exists).
In the same manner as the dS case, we are left with only
two parameters to characterize the horizon structure where
1 < βm < 2/

√
3 is the condition for the existence of three

horizons.
We find the potential, which acts as the barrier allowing

the scalar field to transmit in a similar manner to quantum
mechanics. Since the potential depends on the horizon func-
tion and its derivative, it is controlled by two parameters
βm and c2. Moreover, there are two more parameters, the
scalar field mass m and the multipole �, to characterize the
behaviour of the potential. It is found that the higher the value
of the scalar field mass, the higher the value of the maximum
potential. In fact, for both the dS and the AdS cases, the mass
term contributes to the positive part of the potential, to shift
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the potential upward. For the dS case, it is found that the
potential from the dRGT black hole is narrower than one
from the SdS black hole. This behaviour is inherited from
the narrow width of the two horizons. For the AdS case, the
potential from the dRGT black hole cannot be compared to
one from SAdS, since the structure of the horizons are com-
pletely different. As for the multipole term, it also provides a
positive contribution to the potential for which the potential
will be shifted upward where the parameter � is increased. It
is found that for � = 0 with a small scalar field mass, there
exists a negative part of the potential. In this case, we have
to carefully consider the calculation for the greybody factor
bound since the expression contains the absolute value of the
potential.

The greybody factors from various kinds of spacetime
geometry have been intensively investigated by various meth-
ods. One of the ways is finding solutions in the asymptotic
regions and then matching the solutions at the boundaries.
However, the solutions are mostly written in terms of special
functions, which makes it difficult to analyze the behaviour
of the spectrum analytically. Other interesting way, which
is intensively investigated in literature, is that of using the
WKB approximation. It provides a good approximation for
a simple form of spacetime geometries, which then requires
the higher potential, or in other words, requires high mul-
tipole. The other way to investigate the greybody factor is
to consider the bound of the greybody factor instead of the
exact one. This method allows us to study the behaviour of
the greybody factor analytically.

For the dS case, the greybody factor depends on the shape
of the potential as found in quantum mechanics. The scalar
field mass provides a higher potential so that it is more dif-
ficult to transmit. Therefore, this provides a lower greybody
factor. However, for the case � = 0 with a small scalar field
mass, there exists a negative part of the potential. We found
that there exists a critical mass which provides the maxi-
mum bound of the greybody factor. This is one of the crucial
behaviour of the massive scalar field for the greybody factor.
Note that this can be found in both the dRGT black hole and
the SdS black hole. Moreover, we found that the greybody
factor from the dRGT black hole is higher than one from the
SdS black hole. This is due to the fact that the potential for
the dRGT black hole is thinner than one for the SdS black
hole. It is also found that the results of the greybody factor
bound agree with ones from the WKB method.

For AdS case, the role of the scalar field mass is similar to
the dS case in both systems between r1 and r2, and r2 and r3.
The higher the mass, the higher the potential and the lower the
greybody factor. However, for the case in which there exist
both the negative and the positive part of the potential, e.g.
� = 0 with the small scalar field mass, we found that there
exists a critical mass which provides the maximum bound
of the greybody factor. This is one of the crucial behaviour

of the massive scalar field for the greybody factor. We also
found that the results of the greybody factor bound agree with
ones from the WKB method.
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