Qualifying Examination

TAH POE

I THEORETICAL PHYSICS
HEINSTITUTE

Jor FUNDAMENTAL STUDY

Academic Year 2023 (2566) : PART 1 : ROUND 2

24 JAN 2024

Part 1: Mathematical Methods of Physics - Compulsory
Instructions and cautions

1. Choose 4 out of the following 8 questions .

Write down detailed and clear solution to problems of your choice.
Complete answers are preferred to fragments.

Write on one side of the paper only and begin each answer on a space provided.

O W

Write legibly, otherwise you place yourself at a grave disadvantage.

Question No. | Checked Question to be marked
1

OO T = WD




1 Vector Calculus

Question 1.

From the figure

al

~<|

<y

Ay = Acosf, and A, = Asin0
1.1) Write down the components of A in the rotation axes and in the matrix form.

1.2) Show that the two-dimensional rotation matrix preserves dot product. (Hint: show that
A,B,+A.B, = A,B, + A.B,)

[10 marks]
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2 Linear Algebra

Question 2.

1. Solve the following set of linear equations using a matrix approach:

20 =Dy +32=7
3r —2y+42=5
T+ 3y +22=-2

Solving them using the Gaussian elimination, invert matrix or Cramer’s rule are all ac-

ceptable. [5 points]

a

Figure 1: A thin square plate

2. In rigid body problems, it is useful to calculate a tensor of inertia I. For a real symmetric

tensor I, there always exists an orthogonal matrix R which diagonalises the tensor [

giving
i 0 0
Ip=|0 I, 0| =RIR".
0 0 I3

Now let’s consider a thin square plate whose tensor of inertia is

ma2

I=""
12

0

Diagonalise the provided matrix to find out the eigenvalues (I, I3, I3) as well as the

transformation matrix R. [5 points]
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3 Group Theory/Lie Algebra

Question 3.

The Lorentz group is defined as the set of transformations x* — A, x", which leaves invariant

the quantity

2 2

nm,x“x”:tz—x — =22

3.1) Show that, equivalently, A such that n = ATpA is a Lorentz transformation. [1 point]

3.2) As is well known, the infinitesimal generators of the Lorentz group divide into two types,

those that generate rotations and those that generate boosts:

J? = iﬁjklxkal, K’ = —i<$oaj + 373'80)7 (1>

where 0 is the time component and j,k = 1,2, 3.

How are the K7’s generators of Lorentz boost? Let
B.(n) = exp (—inK") = exp [-n(t0, + x0,)].

Show that its action for an arbitrary function v (¢, x) of the spacetime coordinates (reducing to
two dimension for simplicity) is
B(n)y(t, x) = 1 (t coshn — xsinhn, x coshn — tsinh 7).

0

Hint: Start from the expression K' = —i% where t = rsinh ¢ and = rcosh . (You don’t

have to derive this expression.)

Some useful identities:

sinh(§ — 1) = sinh  coshn — cosh € sinh n,
cosh(¢ — 1) = cosh & coshn — sinh € sinh 7).

[3 points]

3.2) Compute the commutators between K7 and all the six generators (1). Do the set of all

boosts from a group? [6 points]
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4 Group Theory/Lie Algebra

Question 4.

Let g be a matrix Lie algebra, and [X,Y] = XY — Y X be the matrix commutator between
elements X, Y in the Lie algebra.

4.1) Show that the map ad defined by adx(Y) = [X, Y] is a representation of the Lie algebra.

This is called the adjoint representation. [2 points]

4.2) Now specialize to the Lie algebra su(2) generated by the three Pauli matrices

01 0 —1 1 0
o1 = Y O3 = . Y 03 — Y
o i oo Pl -1
which obey the commutation relation (assuming Einstein summation convention)

[0, 0%] = 2i€j0.

Let |j) = 0j, 7 = 1,2,3 be the orthonormal basis of the adjoint representation. Write down
the matrix representation of ad,,,ad,, and ad,, in this basis. Are they Hermitian? Are they

unitary? [3 points]

4.3) Compute exp (i ad,,/2) for j =1,2,3 by directly exponentiating the matrix. Verify that
exp (idad,,/2) |1) gives the same result as eXoe ™, where X = ilo3/2. (This is the special
case of the identity eXYe X = e2dx (Y).)

[5 points]
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5 Function of Complex Variables

Question 5.

1. Find all the roots of 24 = 1. [2 points]

2. Let f:C—C,u:C— R,v:C — R. The function f is analytic if it can be expressed as

f(z,y) = u(x,y) + w(zx,y), where u and v satisfies Cauchy-Riemann equations

Ju v ou v

or Oy’ oy Oz
Consider the case where u(z,y) = 23 — 3zy?. Find v(z,y) which makes f(x,y) analytic.
[3 points]

3. With the help of contour integral and residue theorem, evaluate

/OO dx
Lo T4 T

[5 points]
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6 Integral Transforms

Question 6.

6.1). Let us consider the following function:

1
¢($)=E[®(fv+a)—@(x—aﬂ,

where a > 0 and O(z) is the Heaviside step function, namely, ©(z < 0) = 0 and O(z > 0) = 1.

Find the Fourier transform of 1 (x), namely,

1 —ikx
[7 marks.]

6.2). Is the function ¥ (z) normalized to unity? In other words, is 1)(x) a square-integrable

function with norm equal to one?

[1 mark.]

6.3). But furthermore, is also ¢(k) a square-integrable function with norm equal to one? Please

justify your answer. Hint: You may find some of the following integrals useful:

+oo : +o0 : +o00 iq2 +o0 102
/ du sin(u) _ g | / du sin(u) o, / 4o S0 (u) . / 4 5B 2(u) _
0 0 0 0

U u? U U

o] 3

[2 marks.]
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7 Integral Transforms

Question 7.

In synchronous gauge the line element is
ds® = a*(7) [—d7? + (6;; + hyj) da'’da’]

where 7 is the conformal time and a(7) is the scale factor. The metric perturbation h;; can be
decomposed into a trace part i = h;; and a traceless part h'l‘] where h;; = hd;;/3 + h‘Z'J h,'L‘] can

be written in terms of a scalar field p,

1

We will be working in Fourier space k and introduce two scalar fields h(7, k) and n(7, k). We

can write the scalar mode of h;; as a Fourier integral

d*k ikx |1 1 .k
hij (1,x) = We kik;h (7,k) + ( kik; —

k = kk.

%5@) 61 (7, k)} :

Note that h denotes the trace of h;; in both the real space and Fourier space.
7.1) Write p (7,k) in terms of h (7,k) and 7 (7, k). [5 points]
7.2) The component-00 of the perturbed Einstein equation is

1 1

§alafhyj — §V2h + HR = 87Ga’6p,

1da
where H = e and ' denotes derivative with respect to 7. Show that in Fourier space it is
adr

equivalent to

1
k*n — §Hh’ = —4rGa*Sp. [5 points]
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8 Ordinary Differential Equations

Question 8.
8.1). Find a real general solution to the following ordinary differential equation:

(o) = My(a) =0,
where A is a positive constant.

[5 marks.]

8.2). Impose the following boundary conditions on the general solution you wrote in the

previous question:

d2

Fy(x):(), at =0 and xz=L>0.
x

y(r) =0,

What solutions did you find?

[5 marks.]
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Qualifying Examination, January 2024
The Institute for Fundamental Study
Solution for problem 5

5) Function of Complex Variables

5.1) Find all the roots of z* = 1. [2 points]
52) Let f : C - C,u : C - R,v : C —» R. The function f is analytic if it can be expressed as

f(x,y) = u(x,y) + iv(x,y), where u and v satisfies Cauchy-Riemann equations

ou Ov ou ov

ax dy  dy  ox
Consider the case where u(x,y) = x> — 3xy?. Find v(x,y) which makes f(x,y) analytic. [3 points]

5.3) With the help of contour integral and residue theorem, evaluate

f‘” dx
o X2+ 17

[5 points]

Solution

Soln5.1) From 72 = 1, we have 722 = +i. Since i = €72 = ™2 and —i = /2 = ¢/™/2, Then the roots are

z= &4, A T or z= (14 0)/ V2, (=1 +0)/ V2,(=1 = i)/ V2,(1 = i)/ V2.
[1 point for method.
Other correct methods are also qualified for this point,
for example, by drawing points on complex plane.]

[1 point for correct result.
Either form is allowed.]

Soln5.2) By direct calculation, we obtain

v du ov ou
dy Ox * Y 0x ay Y
[1 point]
By integrating the first equation above, we obtain
v(x,y) = 32%y =7 +g(),
where g(x) is to be determined. [1 point]
Then by taking derivative of the above equation with respect to x, we obtain
0
r_ 6xy + g'(x).
0x
Comparing with the Cauchy-Riemann equations, we see that
g'(x)=0.
So v(x,y) = 3x%y — y3 + k, where k € C. [1 point.

NB: full point is also awarded
even if k is some specific complex number
e.g. k=0]



Qualifying Examination, January 2024
The Institute for Fundamental Study
Solution for problem 5

Soln5.3) Let C be a closed curved consists of 2 parts: (1) : a straight line from z = =R to z = R; (2) : a semicircle
in the upper half-plane with centre at z = 0 and radius R. [1 point]

Consider
96‘ dz
cz+1 ’

The poles are at z = +i. [1 point]

Note that
b=,
c (€8] ?2)
1
96‘ 2ni—— =7
C I+1

f f d6 iRe"
) R2€2’9 + 1

which vanishes as R — oo. [1 point]

Then since
lim f f
R—o0 1) 00 X + 1

and after combining everything, we obtain
f ® dx
o X2+ 1

We have, from residue theorem

[1 point]
By direct calculation, we have

[1 point]



NARESUAN UNIVERSITY
The Institute for Fundamental Study (IF)

QUALIFYING EXAMINATION (QE)
ACADEMIC YEAR 2023 (2566)
Boltzmann’s Term 2023

Answer N° 6
(Final update: January 15, 2024)

Answer N° 6.

6.1). Note, first, that ©(x+a) = O(z—(—a)) = 1, forx > —a and O(z+a) = O(z—(—a)) =
0, for z < —a. Likewise, ©(z —a) =1, for x > a and O(z —a) = 0, for z < a. Consequently,
O(x+a) —O(x —a) =1, for |z|] < a and O(z 4+ a) — O(x —a) = 0, for |z| > a. Also,
Y(z) = 1/v/2a, for |z| < a and ¥ (z) = 0, for |z| > a. Then, the Fourier transform of v (z)
is given by

o(k) = \/12_%/Rdxw(x) oik _ \/127/_7 dr \/12_ae—ikx _ \/zsinkgcl:a)_ (1)

[7 marks.]

6.2). The function ¥ (x) is normalized to unity, i.e., ¥(z) belongs to the space of square
integrable functions £*(R,dz). In effect

/Rd:c |1p(:t:)|2:/_:adx (;2_@)2_21&%:1. 2)
[1 mark.]

6.3). The Fourier transform ¢(k) is also normalized to unity, i.e., ¢(k) belongs to the
space of square integrable functions £*(R,dk). This is because there is an isomorphism
between L2(R,dz) and L£2(R,dk). Precisely, the Parseval-Plancherel theorem realizes this
isomorphism, namely,

[ s o)l = [ ak jo* 3)

For completeness, here is the proof of this theorem:

/R d [(z)? = / Az " (z) ()

_ /R dz (\/127 /R dk (k) e+ikz>*\/12_7r /R A\ p()) et

= [ak [ axew o0 (;ﬁ / dxem—m)

1



= [ ak [ oo 50—
= [ akorwotn) = [ ai ot 4)

Thus, if [, dz [¢(x)]* = 1, then it is verified that [, d&k |¢(k)|> = 1. Certainly, this last
definite integral can also be calculated explicitly using the following result:

tosin?(u) o7 oo sin®(u) oo sin®(u) m
/o du 2 —3 = /OO du " :2/0 du " :2§:7r (5)
In effect,
oo in?(ka) a [T dusin®(u) 1 [T sin?(u) 1
dk /H:“/ i, S :/ — :/ d =—m=1
/R [9(k)] TJ o (ka)? T) o a u? TJ o R T
(6)
[2 marks.]
SDeV /SDeV



Question 7.

7.1) In synchronous gauge the line element is
ds* = a*(r) [-d7? + (6;; + hy;) d*da?] ,

where 7 is the conformal time and a(7) is the scale factor. The metric perturbation h;; can be
decomposed into a trace part h = h;; and a traceless part h); where hy; = hd;;/3 + hj;. bl can

be written in terms of a scalar field p,

Bl = (a o1 Jvz) "

We will be working in Fourier space k and introduce two fields h(7,k) and n(7,k). We can

write the scalar mode of h;; as a Fourier integral

a3k . PN N 1
hi] (7-7 X) = / (27’(‘)3 elk.x |:klk]h (T’ k) + (klk] - g(sw) 6,'7 (7—7 k):| )
k = kk.

Note that h denotes the trace of h;; in both the real space and Fourier space.

Write p (7,k) in terms of h (7,k) and 75 (7,k).
[5 points]
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7.2) The component-00 of the perturbed Einstein equation is
Loioion 1o / 2
56 O hy; — gv h+ Hh' = 81Gadp,
1da

wher 'H:—d— and ' denotes derivative with respect to 7. Show that in Fourier space it is
adr

equivalent to
2 1 / 2
kon — §’Hh = —4nGa®dp.

[5 points]
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Answer N©° 8.

8.1). Assume that y = €™ is a solution, where m is a constant. Substituting this solution
into the ordinary differential equation (ODE) yields the following relation:

(m* =A%) e™ =0, (1)
which implies that
(m* = A =0 = (m*)?> - (M\)? =0 = (m*> - \)(m*+\?) =0. (2)

Therefore, the solutions of the latter algebraic equation are given by m = +X and m = +i\.
Thus, the following functions are solutions of the ODE:

ya(x) = e, (3)

and they are clearly linearly independent. The solutions ys(z) and y4(z) are complex so-
lutions, so one can combine them to obtain two real solutions. In effect, the following two
solutions are real:

1 (ei” _ efm:) — sin(\x). (4)

1 i —idx
ys(a) = 5 (N + ) =cos(hr) ) = 5

Although the solutions y;(x) and y»(x) given in Eq. (3) are real (and could also be used), it
is worthwhile to rewrite them, namely,

y1(z) = ; (e’\’” + e_’\””) = cosh(A\z) yo(z) = ; (e’\’” - e‘“) = sinh(Az). (5)

These two solutions are particularly useful when one has homogeneous boundary conditions.
Then, a real general solution of the ODE is as follows:

y(x) = C} cosh(Az) + Cysinh(Az) + Cj cos(Ax) + Cysin(Ax), (6)

where C, Cy, C3, and C, are constants.
[5 marks.]



8.2). By imposing the boundary conditions y(z = 0) = 0 and (d?y/dz?) (x = 0) = 0 on the
general solution given in Eq. (6), one obtains respectively the following relations:

Ci+C3=0, C1—0C3=0, (7)
consequently, ¢y = C3 = 0. Substituting the latter result into the general solution and
imposing on it the boundary conditions y(z = L) = 0 and (d%y/dz?)(z = L) = 0, one
obtains Cy = 0. Finally, the solutions satisfying the boundary conditions are given by

y(z) = Cysin(Az), (8)
where A\ = N7/L, N =1,2,3,....
[5 marks.]
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