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Name:.........................................................................

Student ID:.................................................................

Part 2: Subjects Relating to student’s Research Field : General Relativity and Cosmology

Instructions and cautions

1. Choose 3 out of the following 6 questions relating student’s field.

2. Write down detailed and clear solution to problems of your choice.

3. Complete answer are preferred to fragments.

4. Write on one side of the paper only and begin each answer on a space provided.

5. Write legibly, otherwise you place yourself at a grave disadvantage.

Question No. Checked Question to be marked
1
2
3
4
5
6



Name:.................................................................................................

1 Manifold, Curvature, Gravitation, Spherically sym-

metric solution, Black holes

Question 1.

1.1). Prove the following relation and find S

∇X(∇YZ
α)−∇Y (∇XZ

α) = SZα +Rα
ρµνX

µY νZρ,

where ∇B = Bµ∇µ and Rα
ρµν is the curvature tensor. [6 points]

1.2). Show the degrees of freedom for Riemann curvature tensor Rµναβ and Ricci tensor Rµν

in the five-dimensional spacetimes. One needs to declare the reductions with the symmetry

properties. [4 points]
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2 Field theory of gravity

Question 2.

For the gravitational theory with Palatini formalism, the connection is promoted to be the

dynamical field.

2.1) What are the violated assumptions in General relativity of Einstein [2 points]

2.2) For the Einstein-Hilbert action, find the equations of motion (You can use Palatini

equation directly: δRµν = ∇ρδΓ
ρ
µν −∇νδΓ

ρ
µρ). [4 points]

2.3) Explain the advantages and disadvantages of this formalism compare to General Rela-

tivity of Einstein. [4 points]
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3 Linearized gravity, Gravitational wave

Question 3.

In the linearized Einstein field equations, they can be written interm of wave equations andgauge

conditions as follows

∂ρ∂
ρhµν = 0,

∂µh
µν = 0, ∂ρ∂

ρξµ = 0.

3.1) What is the number degrees of freedom and explain how to count it.

[1 point]

3.2) Show that the solution is a wave function which is transverse and propagates with speed

of light. [2 point]

3.3) From the formula of the quadrupole moment of the source I ij =
∫
T 00yiyjd3y, find

the exact form of the equal-mass (M) circular binary star with radius (a) and constant

angular frequency (Ω). [3 points]

3.4) Explain logical step in order to obtain the expression for the energy loss due to the

gravitational wave from this binary star. [4 points]
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4 Physical Foundations of Cosmology: cosmological prin-

ciple, perfect fluid, ΛCDM model

Question 4.

4.1) List the important matter and energy components in the ΛCDM model, and explain

briefly what are roles of each components in the universe. [4 points]

4.2) Compute the energy density ρd of dark energy in terms of redshift z for the case where

its equation of state parameter wd(z) depends on z. [6 points]
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5 Inflationary cosmology: models of cosmic inflation,

necessary conditions for cosmic inflation

Question 5.

5.1) Compute the slow-roll parameter ϵ ≡ − Ḣ
H2 in terms of the potential V of inflaton in the

slow-roll limit, where H is the Hubble parameter. [4 points]

5.2) What is the graceful exit in inflationary scenario? What are conditions on evolution of

ϵ and H required to have graceful exit? [3 points]

5.3) Show in detail whether an inflationary model has graceful exit if an inflaton is a phantom

field. [3 points]
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6 Late-time cosmology: models of accelearting universe,

problem of those models, basic of modified theories of

gravity

Question 6.

6.1) What is the cosmic coincidence problem? How can this problem be alleviated?[3 points]

6.2) What is the chameleon mechanism? How can this mechanism be realized? [3 points]

6.3) Compute the redshift at which the universe starts to accelerate for the spatially flat

Friedmann universe containing dark matter and dark energy with constant equation of

state parameter wd. Note that you can express your result in terms of wd and the present

values of the densities parameter of dark energy and dark matter. [4 points]
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Student ID:.................................................................

Part 2: Subjects Relating to student’s Research Field : General Rela-

tivity and Cosmology

Instructions and cautions

1. Choose 3 out of the following 6 problem relating student’s field.

2. Write down detailed and clear solution to problems of your choice.

3. Complete answer are preferred to fragments.

4. Write on one side of the paper only and begin each answer on a space provided.

5. Write legibly, otherwise you place yourself at a grave disadvantage.

Question No. Checked Question to be marked
1
2
3
4
5
6



Name:.................................................................................................

1 Manifold, Curvature, Gravitation, Spherically sym-

metric solution, Black holes

Question 1.

1.1). Prove the following relation and find S

∇X(∇YZ
α)−∇Y (∇XZ

α) = SZα +Rα
ρµνX

µY νZρ,

where ∇B = Bµ∇µ and Rα
ρµν is the curvature tensor. [6 points]

Sol.

∇X (∇YZ
α) = Xµ∇µY

ν∇νZ
α,

= Xµ∂µ
(
Y ν∂νZ

α + Y νΓα
ρνZ

ρ
)
+XµΓα

σµ

(
Y ν∂νZ

σ + Y νΓσ
ρνZ

ρ
)
,

= Xµ (∂µY
ν) ∂νZ

α +XµY ν∂µ∂νZ
α

+Xµ (∂µY
ν) Γα

ρνZ
ρ +XµY ν

(
∂µΓ

α
ρν

)
Zρ +XµY νΓα

ρν∂µZ
ρ

+XµY νΓα
σµ∂νZ

σ + Γα
σµΓ

σ
ρνX

µY νZρ.

∇Y (∇XZ
α) = Y µ (∂µX

ν) ∂νZ
α + Y µXν∂µ∂νZ

α

+Y µ (∂µX
ν) Γα

ρνZ
ρ + Y µXν

(
∂µΓ

α
ρν

)
Zρ + Y µXνΓα

ρν∂µZ
ρ

+Y µXνΓα
σµ∂νZ

σ + Γα
σµΓ

σ
ρνY

µXνZρ.

Therefore

∇X(∇YZ
α)−∇Y (∇XZ

α) = (Xµ (∂µY
ν)− Y µ (∂µX

ν))∇νZ
α +Rα

ρµνX
µY νZρ,

where

S = [Xµ (∂µY
ν)− Y µ (∂µX

ν)]∇ν.

Note that it is equivalent to S = [Xµ (∇µY
ν)− Y µ (∇µX

ν)]∇ν if torsion free.
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1.2). Show the degrees of freedom for Riemann curvature tensor Rµναβ and Ricci tensor Rµν

in the five-dimensional spacetimes. One needs to declare the reductions with the symmetry

properties. [4 points]

Sol.

In general, the Riemann curvature tensor Rµναβ in five-dimensional spacetimes includes 54 =

625 degrees of freedom.

For the anti-symmetry of µν and αβ (Rµναβ = Rνµβα = −Rµνβα = −Rνµαβ), firstly,

µ = ν and α = β terms vanish, there for 54 − 2× 53 + 52 = 400 degrees of freedom left.

Still for the anti-symmetry of µν and αβ, for µ ̸= ν and α ̸= β, we have 400
4 = 100 degrees

of freedom left.

For the symmetry of the first two and the last two indexes (Rµναβ = Rαβµν), we have
100−10

2 + 10 = 55 degrees of freedom left.

Lastly, for the cyclic relation

Rµναβ +Rµαβν +Rµβνα = 0,

which provide five conditional equations that minus five more degrees of freedom in five-

dimensional spacetimes. Therefore, the Riemann curvature tensorRµναβ includes 55−5 = 50

degrees of freedom in general five-dimensional spacetimes.

For the Ricci tensor, we have Rµν = R(µν), therefore we have 52−5
2 + 5 = 15 degrees of

freedom in five-dimensional spacetimes.

d
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2 Field theory of gravity

Question 2.

For the gravitational theory with Palatini formalism, the connection is promoted to be the

dynamical field.

2.1) What are the violated assumptions in General relativity of Einstein [2 points]

Solution:

1. Metric compatibility

2. Only the metic tensor is the mediator of the gravitational interacton.

2.2) For the Einstein-Hilbert action, find the equations of motion (You can use Palatini

equation directly: δRµν = ∇ρδΓ
ρ
µν −∇νδΓ

ρ
µρ). [4 points]

Solution:

Varying the action with respect to gµν yields the Einstein equation,

δS̄g

δgµν
=

∫
d4x

√
−g

(
R̄µν −

1

2
gµνR̄

)
.

Since

δRµν = ∇̄ρδΓ̄
ρ
µν − ∇̄νδΓ̄

ρ
µρ,

then, varying the action with respect to the connection Γ̄ρ
µν gives

δΓS̄g =

∫
d4x

√
−g gµν

(
∇̄ρδΓ̄

ρ
µν − ∇̄νδΓ̄

ρ
µρ

)
,

=

∫
d4x

√
−g

(
∇̄ρ

(
gµνδΓ̄ρ

µν

)
+ ∇̄ν

(
gµνδΓ̄ρ

µρ

))
−
(
δΓ̄ρ

µρ

(
∇̄νg

µν
)
− δΓ̄ρ

µν

(
∇̄ρg

µν
))

,

=

∫
d4x

√
−g

(
δνρδ

λ
σ∇̄λg

µσ − ∇̄ρg
µν
)
δΓ̄ρ

µν.

Therefore, the equation of motion for varying the connection is ∇̄ρg
µν = 0.

2.3) Explain the advantages and disadvantages of this formalism compare to General Rela-

tivity of Einstein. [4 points]
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Solution:

Advatage:

1. No assumtion for metric compatibility

2. Easer for computing the equation of montion.

3. Do not need the first derivative of the field to be vanished at the boundary.

Disavantage:

1. No describtion of curvature

2. It is difficult to define how matter couples to the gravity
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3 Linearized gravity, Gravitational wave

Question 3.

In the linearized Einstein field equations, they can be written in terms of wave equations

and gauge conditions as follows

∂ρ∂
ρhµν = 0,

∂µh
µν = 0, ∂ρ∂

ρξµ = 0.

3.1) What is the number degrees of freedom and explain how to count it.

[1 point]

Solution:

Number degrees of freedom is 2. There are 10 degrees fo freedom from ∂ρ∂
ρhµν = 0 and

there are 4 constraints from ∂µh
µν = 0 as well as 4 from ∂ρ∂

ρξµ = 0. So that totally

there are 10− 4− 4 = 2.

3.2) Show that the solution is a wave function which is transverse and propagates with speed

of light. [2 point]

Solution:

General solution to the wave equation is

hµν = Aµνeikρx
ρ

.

Substituting this general solution into the wave equation , one has

2h̄µν = 0, ⇒ −kρk
ρAµν = 0, ⇒ kρk

ρ = 0.

From this equation, it follows that this gauge field is massless, since kρk
ρ = 0 corresponds

to pρp
ρ = 0, where pρ is the four-momentum of the particle. This equation also provide

us the speed of the propagation as follows

kρk
ρ = −

(
k0
)2

+ |⃗k|2 = 0 ⇒ ω

c
=

2π

λ
⇒ v = c. (1)
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Applying the solution to the constraint ∂µh
µν = 0, one obtains

kµA
µ = 0. (2)

This equation suggests us that the vector field correspond to the transverse wave.

3.3) From the formula of the quadrupole moment of the source I ij =
∫
T 00yiyjd3y, find

the exact form of the equal-mass (M ) circular binary star with radius (a) and constant

angular frequency (Ω). [3 points]

Solution:

The quadupole moment can be written in terms of mass density as

I ij(ct) =

∫
T 00yiyjd3y,

=

∫
c2ρyiyjd3y,

=

∫
c2ρxixjd3x,

where the mass density can be written as

ρA = Mδ(x3)
[
δ(x1 − a cosΩt)δ(x2 − a sinΩt)

]
,

ρB = Mδ(x3)
[
δ(x1 + a cosΩt)δ(x2 + a sinΩt)

]
,

ρ = Mδ(x3)
[
δ(x1 − a cosΩt)δ(x2 − a sinΩt) + δ(x1 + a cosΩt)δ(x2 + a sinΩt)

]
.
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Then each components can be obtained as

I11(ct) = c2
∫

ρ
(
x1
)2

d3x,

= Mc2
[
(a cosΩt)

2
+ (−a cosΩt)

2
]
,

= Mc2
(
2a2 cos2Ωt

)
,

= Mc2a2 (1 + cos 2Ωt) ,

I22(ct) = c2
∫

ρ
(
x2
)2

d3x,

= Mc2
(
2a2 sin2Ωt

)
,

= Mc2a2 (1− cos 2Ωt) ,

I12(ct) = c2
∫

ρx1x2d3x,

= Mc2 ((−a cosΩt) (−a sinΩt′) + (a cosΩt) (a sinΩt)) ,

= Mc2
(
2a2 cosΩt sinΩt

)
,

= Mc2a2 sin 2Ωt,

= I21(ct),

I3i(ct) = I i3(ct) = 0,

I ij(ct) = Mc2a2

 1 + cos 2Ωt sin 2Ωt 0

sin 2Ωt 1− cos 2Ωt 0

0 0 0

 .

3.4) Explain logical step in order to obtain the expression for the energy loss due to the

gravitational wave from this binary star. [4 points]

Solution:

1. Find relation between the source and the wave

hij(t, x⃗) =
2G

c6r
Ï ij,

2. Find relation between the wave and the energy flux

F (x̂) =
c3ω2

32πG

〈
hij
TT (x̂)h

TT
ij (x̂)

〉
.
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3. Find rate flow of the energy

dE

dt
= −LGW = −

∫
F (r̂)r2dΩ = −

∫
F (r̂)r2 sin2 θ dθ dϕ,

= − c4r2

32πG

∫ 〈
∂th

ij
TT∂rh

TT
ij

〉
sin2 θ dθ dϕ.

4. Compute the rate flow of the energy and remember that we have to compute it by using

tranverse and traceless gauge. In this case, we have to project the source to compatible

to this gauge.
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4 Physical Foundations of Cosmology: cosmological prin-

ciple, perfect fluid, ΛCDM model

4.1) List the important matter and energy components in the ΛCDM model, and explain briefly

what are roles of each components in the universe. [4 points]

Solution:

The important matter and energy components inΛCDM are massless neutrino, photon, baryon,

dark matter, and cosmological constant. The main rule of neutrino is to control the interaction

rate of weak interaction in the early universe. The photon has contribution to the recombination

processes. The baryons are protons and neutrons which are the nuclei of atoms. The dark

matter is introduced to explain the rotation curves of galaxy. The cosmological constant is a

possible form of energy that can drive an accelerated expansion of the late-time universe.

4.2) Compute the energy density ρd of dark energy in terms of redshift z for the case where its

equation of state parameter wd(z) depends on z. [6 points]

Solution:

From energy conservation,

ρ̇d = −3H(1 + wd(z))ρd = −3
ȧ

a
(1 + wd(z))ρd , (3)

where a dot denotes derivative with respect to time t. Using z = 1/a− 1,w we can write the

above equation as
ρ̇d
ρd

= 3
ż

1 + z
(1 + wd(z)) , (4)

which can be integrated as

ln ρd = 3

∫
dz′

1 + wd(z
′)

1 + z′
+ C , → ρd = C exp

(
3

∫
dz′

1 + wd(z
′)

1 + z′

)
. (5)

where C is an integration constant.
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5 Inflationary universe: models of cosmic inflation, nec-

essary conditions for cosmic inflation

5.1) Compute the slow-roll parameter ϵ ≡ − Ḣ
H2 in terms of the potential V of inflaton in the

slow-roll limit, where H is the Hubble parameter. [4 points]

Solution:

In the slow-roll limit, the Friedmann equation and the evolution equation for the inflaton are

3M2
PlH

2 ≃ V , 3Hϕ̇ ≃ −dV

[
dϕ] ≡ −V,ϕ , (6)

where MPl ≡ 1/
√
8πG is the reduced Planck mass. Differentiating the Friedmann equation

with respect to time, and using the inflaton equation to express V,ϕ in terms of H , we get

Ḣ ≃ V,ϕϕ̇

6M2
PlH

≃ −
V 2
,ϕ

18M2
PlH

2
. (7)

After using the Friedmann equation again, we obtain

ϵ = − Ḣ

H2
≃

V 2
,ϕ

18M2
PlH

4
≃

V 2
,ϕ

2M2
PlV

2
. (8)

5.2) What is the graceful exit in inflationary scenario? What are conditions on evolution of ϵ

and H required to have graceful exit? [3 points]

Solution:

The graceful exit is the natural end of inflationary epoch. The inflationary models can have

the graceful exit if ϵ increases from a value that much smaller than unity during the initial

stage of inflation to unity at the end of inflation. This implies that H slowly decreases during

inflation. The graceful exit can be achieved if the decreasing rate of H increases.

2.3) Show in detail whether an inflationary model has graceful exit if an inflaton is a phantom

field. [3 points]

Solution:
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The energy density ρf and pressure Pf of the phantom field are given by

ρf = −1

2
ϕ̇2 + V , and Pf = −1

2
ϕ̇2 − V , (9)

Hence, the energy conservation yields

ρ̇f = −3H(ρf + Pf) = 3Hϕ̇2 . (10)

Differentiating the Friedmann equation with respect to time, we get

Ḣ =
1

6M2
Pl

ρ̇f > 0 . (11)

This indicates that H increases with time, so that there is no graceful exit.
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6 Late-time cosmology: models of accelerating universe,

problems of those models, basic of modified theories

of gravity

6.1) What is the cosmic coincidence problem? How can this problem be alleviated? [3 points]

Solution:

The cosmic coincidence problem is the puzzle why the energy densities of dark energy and dark

matter are in the same order of magnitude at present, even though they evolve differently and

by construction they are independent. This problem could be alleviated if the cosmic evolution

has suitable fixed points, or dark energy can couple with dark matter through unknown form

of the interaction.

6.2) What is the chameleon mechanism? How can this mechanism be realized? [3 points]

Solution:

The chameleon mechanism is introduced for suppressing the fifth force that is delivered by

scalar field dark energy or scalar degree of freedom from modified theories of gravity. The

effective mass of the scalar field dark energy has to be small, and consequently it can deliver

the long distance force called fifth force which drives an accelerated expansion of the late-time

universe. Nevertheless, recently, such fifth force is not detected on the earth and solar system.

Hence, there is an assumption that the fifth force is suppressed in the region which has high

density of matter, and the fifth force can propagate as long distance in the region which has

low density of matter. Based on this assumption, the chameleon mechanism can be realized if

there is a direct interaction between dark energy and dark matter.

6.3) Compute the redshift at which the universe starts to accelerate for the spatially flat Fried-

mann universe containing dark matter and dark energy with constant equation of state param-

eter wd. Note that you can express your result in terms of wd and the present values of the

densities parameter of dark energy and dark matter. [4 points]

Solution:

From the acceleration equation, we have

ä

a
= −M2

Pl

6
(ρm + (1 + 3wd)ρd) (12)
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The universe starts to accelerate when ä = 0, so that the above equation gives

ρm = −(1 + 3wd)ρd , (13)

when an acceleration starts. Using the conservation of energy, the above equation becomes

ρ0m(1 + z)3 = −(1 + 3wd)ρ
0
d(1 + z)3(1+wd) , (14)

(1 + z)3wd = − 1

1 + 3wd

ρ0m
ρ0d

, (15)

z = −1 +

[
− 1

1 + 3wd

Ω0
m

Ω0
d

]1/(3wd)

, (16)
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