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Abstract. In the Horndeski’s most general scalar-tensor theories, we derive the three-point
correlation function of scalar non-Gaussianities generated during single-field inflation in the
presence of slow-variation corrections to the leading-order term. Unlike previous works, the
resulting bispectrum is valid for any shape of non-Gaussianities. In the squeezed limit, for
example, this gives rise to the same consistency relation as that derived by Maldacena in
standard single-field slow-roll inflation. We estimate the shape close to the squeezed one at
which the effect of the term inversely proportional to the scalar propagation speed squared
begins to contribute to the bispectrum. We also show that the leading-order bispectrum
can be expressed by the linear combination of two convenient bases whose shapes are highly
correlated with equilateral and orthogonal types respectively. We present concrete models in
which the orthogonal and enfolded shapes can dominate over the equilateral one.
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1 Introduction

The potential presence of primordial non-Gaussianities in the CMB temperature anisotropies
can be a powerful probe for the physics in the early Universe — especially for inflation [1].
The inflationary paradigm generally predicts nearly scale-invariant density perturbations [2]
with a suppressed tensor-to-scalar ratio, whose prediction is consistent with the CMB power
spectrum measured by COBE [3] and WMAP [4, 5]. The detection of scalar non-Gaussianities
not only breaks the degeneracy among many inflationary models, but it also offers the possi-
bility to discriminate between the inflationary paradigm and other alternative scenarios (such
as curvaton [6]) [7]-[34].

There are several different shapes of non-Gaussianities depending on the wave numbers
ki, ko, and ks satisfying the condition k; + ks + ks = 0 [35]-[45]. The simplest one is
the so-called local shape, which has a peak in the squeezed limit (i.e., the limit where the
modulus of the momenta approaches ks — 0 and k1 ~ ko). The second shape corresponds
to the equilateral configuration with a peak at k1 = ko = k3. A factorizable shape whose
scalar product with the equilateral template vanishes is called the orthogonal one. There is
another shape dubbed the enfolded one, which is a linear combination of the equilateral and
orthogonal templates.

From the bispectrum Ax of the three-point correlation function of curvature perturba-
tions R, the non-linear parameter characterizing the strength of non-Gaussianities is defined



by far = (10/3) Ar/ S22 k3. For purely adiabatic Gaussian perturbations we have that
fni, = 0, but the presence of non-Gaussian perturbations leads to the deviation from fxp, = 0.
The WMAP 9 year data provide the following bounds on the non-linear parameters of local,
equilateral, and orthogonal non-Gaussianities, respectively [46]:

loeal — 37.2419.9 (68 % CL), Toeal — 37 4 40 (95%CL), (1.1)
§qu1 =51+ 136 (68%CL), {;‘{“ﬂ = 51+272 (95%CL), (1.2)
ortho — 9454+ 100 (68 % CL), Qrtho — 945 4+200  (95%CL). (1.3)

fl%rifold — ( equil ortho /2 [

Since the non-linear parameter of the enfolded shape is given by NL

45], we obtain the following bounds from egs. (1.2) and (1.3):
feafold — 148 + 118 (68% CL),  feubold — 148 + 236 (95% CL). (1.4)

For the local, orthogonal, and enfolded shapes the model with purely Gaussian perturbations
(fxr, = 0) is outside the 68 % observational contour, but, apart from the orthogonal case, it
is still consistent with the WMAP constraints at 95 % CL.

In standard single-field inflation based on a canonical scalar field, Maldacena [12] showed
that the non-linear parameter in the squeezed limit is given by fioca! = (5/12)(1—ng), where
ng is the scalar spectral index. Creminelli and Zaldarriaga [47] pointed out that the same
non-Gaussianity consistency relation holds for any single-field model under the condition that
only one mode of curvature perturbations survives after the Hubble radius crossing while the
other one decays! (see refs. [50-53] for related works).

In the context of single-field k-inflation [54], the bispectrum of curvature perturbations
was first derived by Seery and Lidsey in 2005 [18]. Since the scalar propagation speed
squared ¢ can be much smaller than 1 [55], it is possible to realize the large equilateral
non-linear parameter |fe!| ~ 1/¢2 > 1. If we naively take the squeezed limit for the
leading-order bispectrum derived in refs. [18, 56], the term proportional to 1/c? does not
disappear. This comes from the fact that the slow-variation corrections to the bispectrum
need to be taken into account to estimate the local-type non-Gaussianity correctly. In fact,
Chen et al. [56] showed that the Maldacena’s consistency relation is recovered in the squeezed
limit by carefully computing all the possible slow-variation corrections to the leading-order
bispectrum. Thus the slow-variation single-field k-inflation models with ¢2 < 1 lead to small
local non-Gaussianities, even though the equilateral non-linear parameter can be large.

In the Horndeski’s most general scalar-tensor theories with second-order equations of
motion [57-60], the leading-order three-point correlation function of curvature perturba-
tions was derived on the quasi de Sitter background [61, 62] (see refs. [63-65] for the scalar
non-Gaussianities in related Galileon models and refs. [66] for the bispectrum of tensor per-
turbations in the Horndeski’s theories). Although the result is valid for the estimation of the
equilateral non-linear parameter, the bispectrum is not general enough to be used for any
shape of non-Gaussianities. In this paper we take into account all the possible slow-variation
corrections to the leading-order bispectrum in the Horndeski’s theories.? Not only we repro-

If the decaying mode is non-negligible relative to the growing mode, the Maldacena’s consistency relation
can be violated [48, 49].

?In the effective field theory of inflation (which allows the equations of motion higher than second order),
a similar approach was taken by Cheung et al. [50] to show that the Maldacena’s consistency relation holds
in the squeezed limit. While the authors in this paper mainly focused on the local shape, we derive the full
bispectrum in the Horndeski’s theory which can be used for any shape of non-Gaussianities.



duce the Maldacena’s consistency relation in the squeezed limit, but we identify the shape
close to the squeezed one at which the term 1/ cg begins to contribute to the bispectrum.

Given our general expression of the bispectrum in the most general single-field scalar-
tensor theories, we can evaluate the non-linear parameters of several different shapes to
confront each inflationary model with observations. In particular the result |fiof?!| < 1 is
robust for any slow-variation single-field model, so the detection of non-Gaussianities in the
squeezed limit will allow us to falsify the slow-variation single-field scenario. Note that in
realistic observations the shape is not completely squeezed, in which case the bispectrum can
be affected by the appearance of the term 1/c? mentioned above. Our results are useful to
distinguish such difference accurately. _

If ¢2 < 1, then the non-linear parameters | f;ciml\, | fEho| “and | fgafeld| can be much
larger than the order of 1. Which shape dominates over the other ones depends on the models
of inflation. In ref. [62] it was shown that the correlation between the equilateral template
and the shapes arising from the Horndeski’s theories is quite high, but linear combinations
of equilateral operators can give rise to a significantly different shape for a wide range of
coefficients [44, 45]. In this regard we anticipate that there may be some models in which
the shape orthogonal to the equilateral template provides an important contribution to the
bispectrum.

In this paper we show that the leading-order three-point correlation function in the
Horndeski’s theories can be expressed by a linear combination of two bases whose shapes are
highly correlated with equilateral and orthogonal shapes respectively. This decomposition
is useful because the contributions from the equilateral and orthogonal shapes can be easily
estimated for concrete models of inflation. We show that in k-inflation with the covariant
Galileon terms there are cases in which the correlations with the orthogonal and enfolded
templates are larger than that with the equilateral one. Thus the shapes of non-Gaussianities
allow us to discriminate such models from observations.

This paper is organized as follows. In section 2 we review the background and linear
perturbation equations in the Horndeski’s theories. In section 3 we derive the three-point
correlation function of curvature perturbations in the presence of slow-variation corrections
to the leading-order bispectrum. In section 4 the non-linear parameter fni, is evaluated
in the squeezed, equilateral, and enfolded limits, respectively. In section 5 we express the
leading-order bispectrum in terms of equilateral and orthogonal bases. In section 6 we show
concrete models of inflation in which the orthogonal and enfolded shapes can dominate over
the equilateral one. Section 7 is devoted to conclusions. In appendix we show the details of
the slow-variation corrections to the bispectrum.

2 Equations of motion for the background and linear perturbations

The action corresponding to the most general scalar-tensor theories is given by [57, 58]

M2
Sz/d%ﬁ[;’lmzﬂ(@m — Gyl, X) O+ Lo+ Ls |, (2.1)

where g is the determinant of the metric g,,,, My is the reduced Planck mass, R is a Ricci
scalar, and
Ly = Ga(¢,X) R+ Gax [(09)° = (V. Vu9) (VFV9)], (2:2)
L5 = G5(¢,X) G (VIVY9) (2.3)

~$G.x((06)° = 3(00) (VuV,6) (VAV76) + ATV 06) (VY 50) (V9,10)] .



Here P and Gy’s (i = 3,4,5) are functions in terms of ¢ and X = —0"¢d,¢/2 with the
partial derivatives G; x = 0G;/0X, and G, = R, — g R/2 is the Einstein tensor (R, is
the Ricci tensor).

We consider the following ADM metric [67] with scalar metric perturbations «, 1, and
R about the flat Friedmann-Lemaitre-Robertson-Walker (FLRW) background

ds? = —[(1+a)? — a(t) 2 2R (09)?] dt* + 201 dt da’ + a(t)*eRda?,  (2.4)

where a(t) is the scale factor with cosmic time ¢. We choose the uniform field gauge d¢ = 0,

which fixes the time-component of a gauge-transformation vector £€*. The spatial part of &*

is fixed by gauging away a perturbation E that appears as a form E;; in the metric (2.4).
The background equations of motion are given by

SBMAH?F + P+ 6HGu40 + (G3p — 12 H*Gy x + 9 H* G54 — Px) ¢° (2.5)
+ (6Gaox —3G3x —5Gs xH?) HP> + 3 (G5 9x — 2 Gaxx) H2* — H3G5 xx¢° = 0,
(1 —4dqax — 20asx + 20G54)€ =
dpx +30a3x — 20G3¢ + 66cax — dgag — 6dGss + 3 0asx + 120caxx + 20a5xx
—100G4¢x +20Gag¢ — 80a56x + 20G56¢ — 0¢(da3x +4dcax — daag
+8dcgaxx +30asx — 4G50 +20a5xx — 20G40x — 40G56X) 5 (2.6)

where H = a/a is the Hubble parameter (a dot represents a derivative with respect to t),
F=1+ 2G4/M§1, and

H 5 ) 5 PxX G3.xdX 5 GapX GixX
€= y 0p = ~H0PX — y 0G3X — y 0G3¢p — , 0G4X — )
2 Ho M2 H2F M2HF M2 H2F M2F
Sn G40 5 ~ GuexoX 5 G X 5 _ GyxxX? S G54 X
GO MEHF YN T M2HF YT M2HRE Y T M2 E T T MR
1% 1% 1% 1% 1%
dasx = 7G5’XH¢X dasxx = —GS’XXH¢X2 dasex = C.ox X2 0G54p = M (2.7)
MAF VRV S V£ A VRN T ‘

whose magnitudes are much smaller than 1 during inflation. The terms 0GusX > 0Gadd, 0G5HX »
dG504 as well as dgapx = G37¢XX2/(M§1H2F) and 0g3gp = G3,¢¢¢X/(M§1H3F) are second-
order of e. From eq. (2.6) it follows that
€ = Opx+30G3x —20G36+6 0Gax —0Gas—60cse+3 dasx +126Gax x +2dgsx x +O(€2) . (2.8)
For the quantity dp = F'/(HF) we have
5r = 20¢ug + O(€). (2.9)

Using the relations between R, ¢, and « that follows from Hamiltonian and momentum
constraints, the second-order action for perturbations reduces to [60-62, 68]

2
Sy = / dtd’z a>Q {7'32 - % (873)1 : (2.10)



where

4 Qw3
Q= w1y (dwrws + w2)’ (2.11)

2
3wj

2 32wiwsH — wiwy + 4wyt wy — 2witis) (2.12)
w1 (dwrws + Qw%) ’ .

and

wy = MJF — 4XGyx — 2HX ¢G5 x +2XGs4, (2.13)

wy = 2MAHF — 2X ¢G5 x — 16H(XGyx + X>Gaxx) + 26(Gup + 2XGypx)
—2H%)(5X G5 x +2X°Gs xx) + 4HX (3G54 + 2X G5 4x) (2.14)

wsy = (2.15)

—9M§1H2F+3(XR X +2X2Pxx)+18HA(2X Gs x +X2G3 xx) —6X (G3.4+XGC3 4x)
FI8H?(TX Gy x +16X%Gy xx +4X3CGy xxx) —18HG(Ga p+5X Gy gx +2X>Capx x)
+6H3H(15X G5 x +13X2G5 xx +2X°G 5xxx) —18H* X (6G'5. 5 +9X G5 4 x +2X°G5 sx x),

wy = MAF — 2XGs 4 — 2X G5 x6. (2.16)

For later convenience we introduce the following parameter

2
_ Qc

=qpp =t SGax + 0Gag + 80caxx + dasx + 20csxx + O(€7) . (2.17)
pl

€s

At linear level the curvature perturbation obeys the equation of motion

0Lo

R

=2 [d(a?’sz) —aQPR| =0. (2.18)
. dt

We decompose R into the Fourier components, as

R(T,x) = /d?’kR(T,k)e““'w, R(1, k) = u(r, k)a(k) + u* (1, —k)a' (—k), (2.19)

1
(2m)3
where 7 = [a~ldt, k is the comoving wave number, a(k) and af(k) are the annihilation
and creation operators, respectively, satisfying the commutation relations [a(kl), CLT(kQ)] =
(27‘()35(3)(]61 — ko) and [a(k1), a(ks)] = [aT(kzl),aT(kg)] =0.

Introducing a rescaled field v = zu with z = a+/2Q, it follows that

"
o+ (czkz2 - 2) v=0, (2.20)

where a prime represents a derivative with respect to 7. Under the slow-variation approxi-
mation the term z”/z can be expressed as

2" 1 3 3
Z —9aH)?[1=Z= z —Z 2 2.21
=~ 2(at? (1= e+ S - 3s) 01, (2:21)
where (e.F) ) )
€s €s Cs
= = 0 = = 2.22
NsF H(ESF) Ns + F, Ns HES I S HCS ( )



Taking the dominant contribution in eq. (2.21) and using the approximate relation a ~
—1/(HTt), we have 2" /z ~ 2/72. The solution to eq. (2.20), which recovers the Bunch-Davies
vacuum state (v = e~**7 /\/2¢,k) in the asymptotic past (kT — —o0), is given by

i H —icskT
u(r, k) = ;(CI:)W (1 + icskr). (2.23)

The slow-variation terms in eq. (2.21) provide the corrections to the mode function (2.23).
Later we shall discuss the effect of such corrections on the primordial non-Gaussianities.
The power spectrum Pgr (k1) of curvature perturbations, some time after the Hubble
radius crossing, is defined by (0|R(0, k1)R(0,k2)[0) = (27%/k3)Pr (k1) (27)260) (k1 + ko).
From eq. (2.23) it follows that
H2

PrR=c—F—7—F7, 2.24
R SWQMglechs ( )
which should be evaluated at csk = aH. The spectral index np is given by
dInPp
—-1= = —2¢ — —s. 2.25
nr dln k - €E—TNsFp — S ( )

The corrections to the solution (2.23) only give rise to the O(e?) terms in eq. (2.25).
Similarly the power spectrum Pj and the spectral index n; of gravitational waves are
given, respectively, by [60, 62]

a2 2H? dln Py,
= ~ ny =
212Qsc;  m2MAF YT dlnk

Pr, = —2¢—dp, (2.26)

ctk=aH

where Qt = w1/4 = (MSIF/4)(1 —40gax — 20a5x + 2(5@5¢) and C? = w4/w1 ~1+4+40cax +
20Gsx — 40Gsg. When both Pr and Pj, remain constant, the tensor-to-scalar ratio can be
evaluated as

r=— ~ 16¢cg€; . (2.27)

3 Three-point correlation functions in the presence of correction terms

In the Horndeski’s theories the third-order action of perturbations was derived in ref. [61,
62]. Here we do not repeat the details, but we summarize the main results. Under the
approximation that all of the slow-variation terms in eq. (2.7) are much smaller than 1, the
third-order action reads

S3= / dt d3x{a361M§1RR2+aCZMSIR(aR)2+a303Mp1R3+a3C4R(8iR)(8iX)

+a®(C5 /M) PR(OX)? +aCeR*O*R+Cr [0°R(OR)? —R;0;(0iR)(0;R)] /a

1 (3.1)

+CL(C8/MP1) [82R81R81X—R8183(827%)(8]2()] +f1%




where 92X = QR. The dimensionless coefficients C; (¢ = 1,---,8) and the coefficient F;
are [62]

3F¢ 1 Fe
Cr=—-"—5" (2 — 1> + —(es — ms — 40G3x — 120G4x (3:2)
Cs cs CS

— 320Gaxx + 126656 — 100G5x — 8dasxx) + O(€%),

1 Feg
C2 = FES <C2 - 1) + 07; (65 +Ns — 25 + 45G’4X + 25G5X - 45G5¢>) + 0(63)’ (33)
Fes My (1 2\ Fes My [ 1
C3 = 2 H <C§ -1 - E) + 2 H{c§(5G3X +40cax + 30Gg5x — dqas — 4G54
+ 80caxx + 20asxx) — (34 2A3x) dgax — 8 (5 + 2X\4x) dgaxx — 4(4 + Asx)dasx x
C?
+ (504¢ + 8(5@5¢ — 80cux — asx — 6: [(1 + /\3)()5%;3)( + 5(52)] } + 0(63), (3.4)
2e
=210 3.5
C4 cg + (6 )7 ( )
1
Cs = iF (es — 46Gsx — 80caxx + 83csx + 46csxx) + O(€?) (3.6)

M2
Ce =2F (;) [(1+ A3x)dasx + 4(3 4+ 2\ax)dgaxx + dasx + (5 + 2Xs5x)dasx x| + O(€?),

(3.7)
2 Mpl 2 2
Cr = —§F 578 (0aax + 60caxx + dasx + dasxx) + O(e7), (3.8)
Mpl 2
Cs = 27 (dasx +4dcaxx) + O(€7), (3.9)
Ly +6X oG - Ly,
P = - P SV0OX gem) o) — 000,000} - SRR
1 S
Ll(LlﬁLl + 12X¢G5,X) {(87_\),)2 N 0_2818][(8273)(8372)]}7 (310)
12w a2

where A\sx = XG3xx/Gsx, Mx = XGaxxx/Gaxx, sx = XG5 xxx/Gs5xx, 1 =
3M§1F — 24(XG47X + X2G47xx) — 6H¢(5XG57X + 2X2G57X)() + 6X(3G57¢ + 2XG5’¢X>,
L; = 2wy /we, and

wi (dwywsz + 9w3)

= ;
120

(3.11)

\ = ?[3X2P,xx +2X3Pxxx +3HH(XGs.x +5X2G3 xx +2X°G3 xxx)
—2(2X%G3px + X3Gspxx) + 6H*(9X?Gyxx + 16X3Gyxxx +4X*Gaxxxx)
—3H}(3X Gup x +12X%Gyyxx +4X3Gupxxx)

+ H3)(3X G5 x + 271X%Gs xx + 24X3Gs xxx +4X G5 xxxx)

. 6H2(6X2G5,¢X + 9X3G5,¢XX + 2X4G5’¢XX)()] . (3.12)



The explicit form of the second-order term £(62) in eq. (3.4) is given in appendix of ref. [62].
The coefficient F7 involves the terms with the spatial and time derivatives of R and X.
These provide the corrections to the three-point correlation function higher than first order
in slow-variation parameters.® Since we are interested in the bispectrum up to first order,
we neglect the contribution of the term Fi(dL2/0R)|; in the following discussion. We also
evaluated other boundary terms and found that they only lead to the contribution higher
than the order e.

The vacuum expectation value of R for the three-point operator in the asymptotic future
(1 —0)is

0
(R(k1)R(k2)R(k3)) = —i/_ dr a (0] [R(0, k1)R(0, k2)R(0, k3), Hint (7)] 0) . (3.13)

The interacting Hamiltonian H;y, is related to the third-order Lagrangian L3 as Hin = —Ls3,
where S3 = f dt L3. We write the three-point correlation function in the form

(R(k1)R(k2)R(k3)) = (21)26®) (k1 + ks + k3)(Pr)2Fr(k1, ko, k3) , (3.14)

where

(27r)

Fr(ky, k2, ks) = —g——=Ar(k1, k2, k3) - (3.15)
=1 z

If we use the leading-order solution (2.23) for the mode function and neglect the variation

of the terms C;’s for the integration of eq. (3.13) with the approximation a ~ —1/(HT), the

resulting bispectrum is [61, 62]

2 3¢ 3 / H\?
Ar O -550,8, + oSy + 25 oo c4s4+ Slog o <) CsS6

4es F 4e F 2esF My 4c2 esF' \ Mp)
H\? 1 H
1 [/ H 1
Jr265Fc§ (Mpl Cbrt a2 8¢c2 My, M, O (3:16)
where
27,2 2.3 3 4 27,2 2.3
szk _721‘:1]%’ Zk szk _7Zkzka’
1>7 1#£j i>7 1#£j
(k1k2k3)2 3 2 21.3
S3=""1g S—Zk —kak KQZklk],
i#j #J
1
STRT o S kbt — S SRS — hukoks 3 ik |
i i#£] i#£]j i>]
1 1 3k1kaks 3 4 2.2
Sg = Ss, 1= 1+ﬁ2kikj+ 23 szi Zkk: ,
1> 4 Z>]
1 3 2 5 2 3 5, 1 4
i#j i i

3Note that in ref. [12] the term R? is present in the expression of JFi, which gives rise to the first-order
contribution ns. We absorb this term to other coefficients, so that the field definition in ref. [12] is unnecessary.



and K = kj + ko + k3. The five shape functions S;’s (i = 1,--- ,5) are present in the context
of k-inflation [18, 56]. In the Horndeski’s theories the additional functions S7 and Sg appear,
but they can be expressed by using other shape functions as [69]

Sy = —2(351 —Sy) + 18853, Sg =351 — S2 +385;. (3.18)

Since the three functions Sg, S7, and Sg vanish in the limit k3 — 0, the last three terms in
eq. (3.16) do not contribute to the local non-Gaussianities.

The bispectrum Az coming from the contributions of Cy, Cs, C3, Cg, C7 are 0-th order
of €, while the bispectrum from C4 and Cg are first order. Since the term C; leads to the
bispectrum at the order of €2, we can neglect its contribution. In the case where the leading-
order terms of Agx vanish (which occurs for local non-Gaussianities), we need to take into
account next-order corrections to the bispectrum coming from the integrals that involve the
terms Cy, Co, C3, Cg, C7 in eq. (3.1). Using the linear equation of motion §L9/0R|; = 0, the
Cg, C7, and Cg dependent terms can be absorbed into the first five terms in eq. (3.1) [69].
Then the third-order action (3.1) reads

S3 = / dt d3x{a3élM§1RR2 +aCoMAR(OR)? + a’Cs My R?

+ aCyR(OR)(:X) + a®(Cs /M§1)62R(8X)2} . (3.19)
The coefficients C; (t=1,---,5), which give rise to the corrections up to the order of €
in Ag, are [69]
- 3H? 3He, F
=C - ——— 2 SF — —— (g, 2
C1 C1 QCﬁMgl (6 + 2e + Tnsr 57}7)C7 + 2C§MP1C8 (3 0)
3H? He,F
= -2 —4 - 21
C C2 + ) 2M2 ( €+ nsr + 17 8)67 QCEMplCS ) (3 )
C3=C3+ —— a (6 + 3nsp — 48 —16)C6 + a (6 + 3nsp — s — 217)C (3.22)
37T 3. 2M Nsk S — e )Le AN, Nsp — nr )bt .
3H
C4 =Cy4 + M —Cyg, (3.23)
Cs = Cs, (3.24)

where n; = C;/(HC;), with i = 6,7,8. The three-point correlation function analogous to (3.16)
is given by

c? 3c?
Ar D I a 6151 + 1. F CQSQ + g M76353 + C4S4, (3.25)

where we dropped the Cs-dependent term. The difference between eqs. (3.16) and (3.25)
is that the bispectrum (3.25) includes the corrections coming from the time-variations of
C¢ and C;. However egs. (3.16) and (3.25) are equivalent at leading order. The terms C;



(i=1,---,4) can be expressed as

F
C = Clead 4 7 [€0C1 + (2€ + Tipgp — 517)0Cr + 3e,0Cs] (3.26)
- F

Co = Cad ¢ 5 [€0Co + (2€ = nap — 117 + 45)0Cr — €:0Cs] , (3.27)
C = Clead €s0C3 + = 2 (377 F—4s — 776) 0Cg — 1(377 F—S— 2777)567 (3 28)

SH * 3 3¢z T

. 2¢s 6

Gy = —762 ~8Cs, (3.29)

where the leading-order terms are

Stead _ 3F 6F
e = Z ( 2~ 1> €s + o oCr (3.30)
~ 1 2F 2 -

lead __ s Alead

lead — <c2 - 1> -z 0Cr = =0, (3.31)
- FM, 1 2\

lead __ pl
C2 = 2 [<C§ -1- S ) € +46Cs — —S 6C7 , (3.32)

and dC;’s are the first-order slow-variation terms given by

0C1 = €5 — M5 — 40a3x — 120qax — 320qaxx + 120G54 — 100Gg5x — 80asxX » (3.33)

0Cy = €5 + Ns — 28 + 40cax + 20a5x — 456’5(;5 , (3.34)
1

6Cy = C—Q(5G3X + 4dcax + 30asx — gy — 40Gss + 80caxx + 20G5x X) (3.35)

— (34 2X3x) 0gax — 8 (5 + 2 \ax) dgaxx —4(4+ Asx)dasx x

2
C
+0cap + 80ase — 8dgax — asx — 6:8 (14 A3x)0¢zx +£(6%)]

0Cs = (1 + Asx)dasx +4(3 4+ 2 ax)dcaxx + dasx + (5 + 2Xs5x)dasx x (3.36)
0C7 = daax + 60caxx + dasx + 0asx X (3.37)
0Cs = dg3x + 40Gaxx - (3.38)

In order to derive the full expression of Ar to the order of ¢, we need to compute the
corrections to the first three integrations in eq. (3.19). As studied in ref. [56] in the context
of k-inflation, there are several corrections to the bispectrum (3.25).

The first one comes from the variation of the coefficients C; (i=1,2,3), ie

Ci(r) = Ci(ti) — ———1n — + O(e2C;) . (3.39)

We evaluate all the physical variables at the time 7x = —1/(K ¢k ), which corresponds to the
moment when the wave number K = ki + ko + k3 crosses the Hubble radius Kcsx = ag Hg .
The second one follows from the correction to the scale factor a ~ —1/(H7), i.e.,

1 € € 9
a= “Her  Her + Her In(7/7) + O(€%) . (3.40)
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Thirdly, the mode function (2.23) is subject to change by taking into account the O(e) terms
on the r.h.s. of eq. (2.21):

T 1 H y*? 1 1\ jrgear
uly) = QJ\;WMH{?)/? (1 NN 28> e D1+ e+ s)y],  (3.41)
S S j9)

where y = csk/(aH), v = 3/2 + € + nsp/2 + s/2, and Hﬁl)(x) is the Hankel function of
the first kind. In the large-scale limit (y — 0) the Hankel function behaves as Hl(,l)(a:) —
—i/[sin(7v)I'(1 — v)](z/2)"" and hence the mode function approaches

) 1 Hkl[

0 pu—
u( ) 2k3/2 (GsF)k Csk Mpl k3/2

L—(y2+1)e— Ensp - (% + 1) s} ei% (et gnsr) ,

2
(3.42)
where 72 =1 —2+1In2 ~ —0.7296 ... and ; = 0.5772. .. is the Euler-Mascheroni constant.
Note that the quantities with the subscript k in eq. (3.42) are evaluated at cgik/(apHy) = 1.
For the wave number k; there is the running from k; to K, as

1 o, 1 Hy [ ( 1 1 ) k:]
L = 1—(e+nsp 4 =s)In—<| +0(2). (3.43)
(GSF)ki Csk; Mpl (GSF)K CsK Mpl ° 2 K

Writing the correction to the leading order solution (2.23) as Au*(7, k), it follows that

1 Hyg

2P e M
1 1 . . 9 T

+ale+ znsp+ zs) (i —x) —isz® pln —

2 2 TK

+\/ge <6+ 2775F + 28) x ( 7 s , (3.44)

Au*(r, ki) = i (et gnar) o [(e + 8)(x — i) + isz?

d 1 H T )
— AU (1, ki) = 572 K _’E(GJ“%WSF)IQCSK e [x(sx — i€)
dr 2k (st)K CsK M
et T+ ) (L o) i (ed 2pp— 2o rise ) am—
T8 )G TRl Ty -
(1)*
s —s | — _ , 3.45
+\/; <€+ PR 8) dx (m ( dv >l/_3/2>:| (3:45)
where x = —k;coi 7.

In appendix A we give the explicit forms of corrections to the first three terms in

eq. (3.25). Each correction can be expressed as
1) _ s Alead 2 _ 1 lead 3C H lead
A = (250 oo aa = - (Lpar) o0 aa = (250 a4 san
(3.46)

where 6Q1, 0Q2, and 0Q3 are the O(e) terms derived by summing up the contributions (A.1)—
(A.5), (A.6)-(A.9), and (A.10)—(A.13), respectively. On using egs. (3.30)—(3.32), it fol-
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lows that

AAr = AAR) + AAR) + AAY

1/1 2 0Cr 3/1 2\ 0Cq 4 6C7
= (5-1-2 s 122 .
4 <c§ 2 e ) (30Q1 +0Q2) + 4 <c§ Sl €s €2 € >6Q3
(3.47)
The explicit forms of 30Q01 4+ 0Q2 and §Q3 are
30Q1 +90Q2 =
[—2(7 + 271 + 672)e + 3(1 — 271 — 292)nsF — (21 — 1471 + 6792)s — 2(1 = 271)7

—2(2¢ +nsp +5) In

kikok
1v2 3] Zk2k2 [ B+ +3y2)e — 3(1 — v — y2)nsp

Z>j

35 k1koks 2,3
<7—271+372>8+2(1—71)771+(2€+77SF+5) K3 ][@%:kk
17]

kikaks)
274 31.3 1hv2h3
+3(2m — 1)s [K3§:kk +—§jkk —33]

i#£] i>7

1 i 13 1.1 )

- 22¢ + Isp + 21 + (11 + 471)s | k1koks — 56 + Znsp - 5171 - Zs Zklkj
i#]
3 1 1

[ B+ +3n)e— 1=y —72)nsr + 5 (1 =)+ (13 =71+ 372)s

1 k1k2k3 3 4
+1(2€+773F+5 Zk —*1+71 S*Zk *VlsKQZk‘k

i#]

3 3 2

+ 52+ ek + 5) ( Zk +2) kiki - ) (3.48)
i#]
0Q3 =

3 29 _
[ 2(2+2m + 372)e +3 ( —m - 72) sk + (371 — 372 — ) s+ (2m = 3)i3

2
k1k2k3} (k1kaks)?

— (2e +7nsr+5)In 703 703

1 21.3 21,2
+(e+ SNsE A+ 5 )(KQZkk KZkk +U (3.49)

1>7
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where 7 = (dC}**¢/dt)/(HC}**), and

6—iK$1/kJ1

3 13 x kskio 1
V=M — (ky+ k3)Re dz, ~ g — g/\f—i- perm.
0 1

ko + k3 x1> efi%zl dh*(l’l)]

x

|
= —kiRe [/ day — (k% + k3 + ikoks
0

1 1 dzx
[eS) e—inl/kl
— (k3 + k3)Re [/ dzxy }
0 1
kl 2 1 —1T1 2+k3 k2 +k3 k2k3 2 *
k'R dri — k 1 - h
N A e (O s L
k2k2 0 7ik2+k3x
_ %Re [/ drih*(z1)e ™ 1] + perm. , (3.50)
1 0
212 o0 ko + k _jkatks
U= kaks Re [/ dxi h*(x1) <1 gt 3561) e R 1] + perm. , (3.51)
kil 0 kl
(1)
_ /T _3/2 dHy " ()
hz) = \/;JU [ dv
v=3/2

= —2ie" +ie (1 +ix) [Ci(2x) + i Si(2x)] — imsinz + iTz cosz . (3.52)
The definition of M, G, and N is given in appendix A. In eq. (3.50), we have used the relation
between the variables xx = —Kcsxm and z; = —kicsgm (i = 1,2,3), as zx = (K/k;)x;
(without summation over ). The variable xx = —KecgxT is related to x; = —kijcsgm (i =

1,2,3), as xx = (K/k;)x;. The symbol “perm.” stands for cyclic permutations with respect
to ki, ko, and k3. In eq. (3.48) we also used the relation 7, = 77; + 2s to eliminate 72 (which
follows from Ck?d = —(c2/3)Cj*d). In appendix B we evaluate the values of V and U as
functions of ro = ka/ky and r3 = k3/ky.

The total bispectrum A is the sum of egs. (3.25) and (3.47), which can be written as

Ar = AR + AR, (3.53)
where
1 1 1 dC
lead 7
R 54
AR [4 (1 c§> + - 22 e, } (351 — S2) (3.54)
3/1 3N 66Cg 6 Cr
) - -g]s
corre 1 (5C7
AR = 55 [0C1 + (2¢ + Tnap — 5ip7)~— + 30Cs| 1 (3.55)

oC
[502 + (2¢ — nsp — M7 + 4s) c T 568] Sa

0Cs
503 + (3nsFp — ne — 4s)

s
1
2
S S

oC 1
C (3773F - 2777 - 5) . 7:| S3 — 473(65 — 35C8)S4

s

1/1 2 6C 3/1 2\ 6Ce 4 4C
(—1 7)(36Q1+5Q2)+<C—1—+4 0 7>5Q3.

4 62 €s 4\ ¢2 by €s 02 €5

The leading-order bispectrum A (given already in refs. [61, 62]) and the correction A
are of the orders of O(e?) and O(e), respectively.
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4 Local, equilateral, and enfolded non-Gaussianities

The non-linear parameter characterizing the strength of non-Gaussianities is defined by

0_Ax
358 k3

i=1"

N = (4.1)

In the following we estimate fnr, for three different shapes of non-Gaussianities.

4.1 Local non-Gaussianities

The local shape corresponds to k3 — 0 and ks — k1 = k, in which case fig = (5/3)Ar /k>.
Since Sy = k3/2, Sy = 3k3/2 = 351, and S3 = Sy = 0, the leading-order bispectrum (3.54)
vanishes. In the limit that k3 — 0 the function U given by eq. (3.51) approaches k3 /2 [56] (see
also appendix B), so that the term 6Q3 in eq. (3.49) vanishes. Then the bispectrum (3.55)
reduces to

corre k;3 1 1

0Cy

+80§65

[4(2¢ + msp — 217 + 35)k” + 4(36Q1 + 0Q2)] (4.2)

Using egs. (3.33) and (3.34) together with the relations (2.9), (2.17), and (2.22), we have
6Cy + 30Co = 4e + 215 — 65. In the limit k3 — 0 the function V behaves as V — 20k3/3 [56]
(see also appendix B), so that eq. (3.48) reduces to 30Q1 + 6Q2 — (2€ — nsp + s + 271 ) k3.
Then eq. (4.2) reads

k3 N k3 - 6C -
AR™ = —(2€ = nsp + 55 + 2i) + 55 (nsk — 4s — 1) + k> 5 7 (2 +4s+m —n7). (4.3)
4 2cz Cieg

Taking the time-derivatives of C}ead and C7, we obtain the following relation

oC B 1 ~ 1 -
(2 +ds + 71 —17) = < (sF — 71— 25) — 55 (1sp — 45 — 711) . (4.4)
Cies 2 2cz

Substituting eq. (4.4) into eq. (4.3), it follows that

3

k
AR = (26 + o + ). (4.5)

Using the spectral index ng given in eq. (2.25), the non-linear parameter is expressed as

Gl = 2 (1 np). (4.6)
This matches with the Maldacena’s result [12] derived for a canonical scalar field (see also
refs. [50, 53, 56] for the derivation of the same relation in other single field models). Creminelli
and Zaldarriaga [47] pointed out that the consistency relation (4.6) should hold for any slow-
variation single-field inflation. In fact we have shown that this holds for most general single-
field scalar-tensor theories with second-order equations of motion by explicitly computing the
slow-variation corrections to the bispectrum (3.25). Since |32 is much smaller than 1 in
such models, the observational detection of local non-Gaussianities with |2 > 1 implies

that we need to go beyond the slow-variation single-field scenario.
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In the limit that k3 — 0 the shape functions Sg, S7, and Sg vanish. This means that
the functions Cg, C7, Cg on the r.h.s. of eqs. (3.20)—(3.23) do not contribute to the local
non-Gaussianities. In fact, we can derive the consistency relation (4.6) by setting 6C; = 0 in
egs. (4.2) and (4.4). In this sense the situation is analogous to that in k-inflation.

Let us consider the not-so squeezed case in which the ratio r3 = k3/k1 is non-vanishing,
i.e, 0 < r3 < 1andk; = ko. The leading-order non-linear parameter following from eq. (3.54)
is given by

lead 53 (1 (22 + 4rg — 415 — r3) (2 + 13) + 2019

_ : A7
NL 3(2+73)3(2+13) 1)
where
1 1 1 8Cy 3/1 3\ 66Cs 6 6Cy
S (S T I =2 (5 -1)-22 2T 48
Ty < c§> +20§ €s 273 <c§ ) Sl €s 2 e (48)
In the regime r3 < 1 we have fll\?ﬁd ~ 5(22a1 + aip)r3/24. The values of a1 and ag depend on

the models, but for ¢? < 1 they are at most of the order of 1/c2. In this case the leading-order
non-linear parameter can be estimated as

lead| , 73

ead| ~_

|| ~ o (4.9)
Then the transition from the value (4.6) to the value (4.9) occurs at

T3 X CsV 1-— nRr . (410)

The effect of the term 1/c2 in eq. (4.9) becomes important for r3 > cs+/1T — ng. When
nr = 0.96 this condition translates into r3 > 0.2¢,. If ¢ = 0.1 and r3 > 0.1, for example,
the non-linear parameter (4.9) can be larger than the order of 1. However, for ¢; = 0.1,
we also expect the dominant contribution to fyr, to come from other shapes (equilateral,
orthogonal, etc.)

For the models in which cg is close to 1, a1 and «g are of the order of unity. Hence
the leading-order non-linear parameter can be estimated as } fll\?fd| ~ r% < 1 in the regime
r3 < 1. By increasing the value of r3 from 0, we can observationally discriminate between
the models with ¢2 < 1 and ¢2 ~ 1.

4.2 Equilateral non-Gaussianities

The equilateral shape is characterized by k1 = k2 = k3 = k, in which case the non-linear
parameter is fﬁ&uﬂ = (10/9)(AR/k?). Since Sy = 4k3/3, Sy = 17k3/6, and S3 = k3/27, the
bispectrum (3.54) gives the leading-order non-linear parameter

cquiliead _ 85 (1 104 20 s 4(3+ 2\ux)6
NL 324( Cg 812+8165 [( + SX) G3x + ( + 4)() G4X X

(0gsx + 6dcaxx + dgsx + 0asxx) -
(4.11)

65
) 54 2X5x )0 —_—
+oasx + (542X sx)dasx x| + 1622,

fequil,lead

If 2 < 1, then we have | fx) | > 1.
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In the equilateral limit the functions V and U are given by V = 15[1 + (1/2) In(2/3)]k?
and U = [61n(3/2) — 1]k3, respectively (see appendix B). Then the functions 6Q12 = (30Q1 +
6Q2)/k? and 6Q3 = 6Q3/k* reduce to

5012 = €6 — 781n(2/3) — 1471]/3 — nsp[T71 + 261n(2/3)] /2

+5[16 — 391n(2/3)]/3 + 1 (771 + 20) /6, (4.12)
6Q3 = —€[10v1 + 55 + 1681n(2/3)]/27 — nsp[271 + 7+ 281n(2/3)]/9

—45[10 + 211n(2/3)]/27 + 73(2v1 — 3)/27. (4.13)

equil,lead

The correction to fy;, coming from eq. (4.3) is given by

1 5
lticiul corre __ 9720368 [363(24561 + 510Cy + 405563) + 80?(31751:‘ —4s — 776)566 (4.14)

+ (450€ + 327Tnsp + 620s — 497n7)5C7 — 153€5,0Cs + 726§:|

5 1 20C7 5/1 2\ 40Cq 40C~
—18(03—1 cses>5Q” 6<cz‘1‘z+es cses>5Q3

For the theories in which fCOlllll lead vanishes, the next-order correction fcqlull O is the domi-

nant contribution. In the case of a canonical scalar field with the Lagrangian P = X —V (¢),
Gz = 0, Gy = 0, G5 = 0, for example, it follows that fequll lead (g and fequll T —
55es/36 + 5ns/12.

For the theories with ¢2 # 1 the non-linear parameters (4.11) and (4.14) reproduce
the results known in literature for specific models of inflation. For example, this is the
case for k-inflation [18, 56|, k-inflation with the Galileon terms [62, 63], potential-driven
Galileon inflation [73], and inflation with a field derivative coupling to the Einstein tensor [53].
Generally we require that ¢2 < 1 to realize the large equilateral non-linear parameter.

4.3 Enfolded non-Gaussianities

The enfolded shape is characterized by ko + k3 = k1. Taking the momenta k; = k£ and
ky — ks = k/2, the non-linear parameter® is feild = 8 Az /(3k%). Since S; = 23k%/64,
Sy = 63k3/64, and S3 = k3/128 in this case, the leading-order non-linear parameter is
given by

enfold,lead 1 1 1A
l1-=)—-——= 4.15
US? T 32 c2 16X (4.15)

+§ [(1+ A3x)daax +4(3 4+ 2Max)dcaxx + dasx + (5 + 2Xs5x)dasxx]

where, unlike the equilateral case, the dC7-dependent term in eq. (3.54) disappears.

4At the point k1 = k and ks — ks = k/2, the equilateral shape gives no contribution. However, the
contribution from the orthogonal shape will be of the same order of the enfolded one, since, by definition, in
this case we have fgitho — —gfgafold
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In the enfolded limit one has V = [315/64 — In(2)/2]k® and U = [5/24 + In(2) /4]k? (see
appendix B). The functions §Q12 and Q3 are

6Q12 = €[45 — 24, +1081n(2)]/64 — 1sp[87 + 3671 — 1081n(2)]/128

+5[333 + 1081n(2)] /128 + 771 (39 + 371)/32, (4.16)
5Q3 = —e[1571 + 17 — 541n(2)] /192 — 1yr[3671 — 5 — 1081n(2)] /768
—s[109 — 1081n(2)]/768 + 7is(2v1 — 3)/128. (4.17)

fold,]
The correction to fy° dlead 4

T 1
1SIIIl_lf01d7CO L 96c2¢ [63(23501 + 63(502 + 3C§5C3) — 202 (776 +4s — 3775F)5CG (4.18)
s-S

2 /1 26C 1 2\ 44C 46C ~
+%a—-<2—1—-27>5Qu+2<-—1—+ 6—-27)5Q&
C.€ C

3 s sCs S E 68 s-S

For a canonical scalar field we have that fﬁff(’ld lead — 0 and fﬁf‘ﬂd’corre = Tes/8 + 5ns/12.

5 Shapes of non-Gaussianities

The leading-order bispectrum (3.16) can be written in terms of the sum of each component,
as Ar = Zle .A%). Then the function Fg(k1, k2, k3) in eq. (3.15) is decomposed into eight
components
FO_ it @0 (5.1)
= s = 97 .
" [Tk (hkoks)®

where B;’s are the coefficients appearing in front of each shape function S; in eq. (3.16), say,
Bi = c2C1/(4e,F).

In order to estimate the correlation between two different shapes, we define the following
quantity [42]

I(F, FY)

COR TR = ® 07 20) 20 (5:2)
VIFED, F (7Y, 79
where
@) () (i) () (k1koks)*
I(FRFR') = | dVi Fr'(k1, ko, k3)Fp (kl,kz,kg)m. (5.3)

The integration should be done in the region 0 < k; < 00, 0 < ko/k1 < 1, and 1 — ko/ky <
ks/k1 < 1. Note that the above integral can be exprebsed in terms of 7o = ko/k; and

r3 = k3/ki with the integral of ki factorized out. For |C'(F5 @) .7-"7({))] close to 1 the correlation

is large, whereas for |C(Fj F9 .7-"7(3))\ close to 0 the two shapes are almost orthogonal with a
small correlation.

The CMB data analysis of non-Gaussianities has been carried out by using the factor-
izable shape functions which are written as the sums of monomials of k1, k9, and k3. There
are a number of templates Fr which resemble model predictions of the bispectrum. The
templates corresponding to local and equilateral non-Gaussianities are given, respectively,
by [37, 41]

3 1 1 1
FR Ky, ko, k3) = (2m)* < ﬁf&“) < + + ) , (5.4)
10 KBE RS k3K
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]_—%fquil Frtho | genfold }—7(5) fT(;) ]_—7(25) ]_—gequil) ]_—7(_5) ]_—gortho) 3 ]_—7(;) _ }—7(22>
Feal | 10.0254062| 0511911 | 0.936177 |-0.998757 |-0.994234 0.999892 | -0.999994 |-0.00693357| 0.986954
Fgrtho 1 |-0.845755]-0.290742|0.0177139|-0.117961|0.0353534|-0.0277283| 0.904843 | -0.116557
Fgnfold 1 |0.749518 |-0.548302| -0.4293 | 0.503306 | -0.509913 | -0.781246 | 0.626939
b2 1 |-0.952469 |-0.893224| 0.933797 | -0.935615 | -0.357802 | 0.980504
7Y 1 |0.987653|-0.998384| 0.998686 | 0.056402 | -0.993745
7Y 1 [-0.994696| 0.99437 |-0.0995524 | -0.964012
Fifeauil 1 |-0.999936 0 0.9859
7o 1 ]0.00524865 | -0.986715
Fiforthe) 1 -0.167335

Table 1. The correlation (5.2) between two different shape functions. ]-"gequﬂ) is the normalized

shape of ]—'7(27 ), whereas ]—'gortho) is the shape function orthogonal to fgequﬂ) (or, equivalently, to
FI).

and

; 9 ; 1 1 1 2
fgu1l(k1’ k‘Q, kg) _ (271_)4 ( equ11> |:

1
KRR KR KRR <kkk+5pmﬂ |
(5.5)
Since the local non-Gaussianities are small in the Horndeski’s theories, we do not consider
the correlation with the local template.

The orthogonal template, which has a small correlation with the equilateral one, is given
by [43]

ENL

3 3 ® —|—< +5perm>]
(5.6)
The enfolded template, which is a linear combination of the orthogonal and equilateral tem-
plates, is defined by [44]

9
PRl )= 2 (R |

9 1 1 1 3 1
]_-enfoldk kj,k‘:24 ~ renf — 5 . .
R bk k) = Qo) oI ) | e e T ek gk TP
(5.7)
In table 1 we show the correlation between .7-'7(;) (i =3,4,5,7,8) and the three templates

given above. Since the correlations between ]:7(? (i = 4,5,7,8) and ]:%qun are close to 1,
.7-"7%) (i = 4,5,7,8) are well approximated by the equilateral shape. In particular, both
C (fg ),]:%tho) and C (.7-"7(38 ),f;’{tho) are close to 0 with the same level of correlation between

f%qun and F%tho. Hence the shape functions S7 and Sg highly mimic the equilateral template.
They also vanish in the local limit (k3 — 0) and in the enfolded limit (k2 + k3 — k1). Note
that both |C' (]-'7%7 ), Fenfold)| and |C (]-'7(28 ) , Fenfoldy | are close to 0.5 (which is similar to the value
|C(Femil| Fenfold)| — 0.511911). Since there is the relation Fgold = (Feail _ porthoy /9 e
have |C (.7-"7(5), Fenfold)| ~ 0.5 for the shape function .7-"7(5) very close to the equilateral one.

We recall that the functions 357 — Sz and S are related with Sy [see eq. (3.18)]. We can
use this property in order to rewrite the leading-order part of the bispectrum in a convenient
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basis. We introduce the following shape

equil _ 1<
geauil _ 13A97, (5.8)

whose minus sign has been chosen so that }"gequn) has a positive high correlation with the

equilateral profile. Furthermore, we can analytically show that the following shape is exactly
orthogonal to Sequll
12

Sortho _
14— 133

(557 + 351 — 52) , (5.9)

where

16 248041 — 2520072
= o =1.1 1
B 3 1986713 — 20160072 967996 (5.10)

The normalizations of S;qun and S9*8° have been done such that, at the equilateral config-
uration (k; = kg = ks = k), we have S5%! = k3 — §ortho . This normalization follows from
the standard definition of the previous templates introduced in the literature.

We note here that the leading-order bispectrum (3.54) includes the term 3S; — Sa, so
that we also consider the correlation between the combination 3.7-'7(21 ) .7-"7%2 ) and other shapes

in table I. The shape 3]—"7(31) - .7-"7(5 ) has a high correlation with f%qun. Compared to ]-"g )
(3)

and ]-"7%8), however, it is not very close to the equilateral shape. Moreover Fp

correlation with the orthogonal shape, i.e. C(]-'(g) Forthoy — —(.290742.
(7ortho)

has some

As we see in table 1, the correlation between 7, and ]:%mﬂ is very small. In terms
of Sequl1 and S2"P°_ the functions 3S; — S and S3 are expressed as

—1 1
35 Sortho 5,3 3 (3B - 2) equﬂ +

14-138 14-136
12 ! 432

Sortho
144

13 .

3&—&=EB$M

(5.11)

Using these relations, the leading-order bispectrum (3.54) can be written in terms of the
equilateral basis Sequll and the orthogonal basis S9'*h°  as

Al,%ad _ Clsgquil + CQS’?rthO ’ (512)
where
1371 1 A 6Ce 0Cr
= |=(1= 2 — (2 - 2 - 2. 2 1
“ 1Jm< %>«Hm+uﬂ 36) - m( %Hﬁwi’(5$
14-138 1 1 A 6Cs
2= T [8 (1 B c§> "= 263} ' o4

The coefficients ¢; and ¢y characterize the magnitudes of the three-point correlation function
coming from equilateral and orthogonal contributions, respectively. Finally, we also introduce
the enfolded shape function

S’?nfold — (S;quﬂ o S?rtho)/Q’ (515)

which has a maximum at k; — 2ks, ko — k3. Note that Senf‘)ld vanishes at the equilateral
configuration.
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Figure 1. The shape functions fgequu)(l,kg/kl,kg/kl)(kg/kl)Q(kzg/kl)g (top left),

FomON 4 o [k, kg k) (K /k1)? (ks /k1)? (top right), and FS ™Y (1, ky /ky, ks/ky ) (ko /K )2 (ks /k1)?
(bottom).

In figure 1 we plot the three shape functions fgequﬂ), gortho) and fgenﬁ)ld) multiplied

by the functions (ko/k1)?(k3/k1)?. The correlations of Fjs2d = (2r)* A2/ [T2_, k? with the

. il
shape functions Fp™", F&tho and Fgeld can be evaluated as

-2, —4
Ceail = o Flsad, peaily 8.25104 (1.44717 x 10~ 2¢; — 1.70045 x 10™*¢c3)  (5.16)
/142610 x 10~2¢§ + 4.09480 x 10~2¢3

5.12494 (8.23792 x 10~ ¢; + 3.57273 x 10~ %cy)

Cortho =C Fleadjfortho _ , (.17
i i) /142610 x 1022 + 4.09480 x 10-2¢2 (5.17)

-3 —2
Gentold _ ¢ pend ooty _ 550758 (6.82395 x 10~3¢; — 1.79487 x 10~2cy) (5.18)

V/1.42610 x 10-2¢7 + 4.09480 x 10~2¢3

which depend on the coefficients ¢; and ¢o. In particular, we find C (fgenﬁ)ld),f%lf‘ﬂd) =
0.928621.
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6 Shapes of non-Gaussianities in concrete models

Let us study the non-Gaussianities of concrete models of inflation in which the bispec-
trum (5.12) can be large due to the small scalar propagation speed cs. As we will see below,
there are some models where the orthogonal shape provides an important contribution to the
bispectrum.

6.1 Power-law k-inflation

We first consider k-inflation characterized by
P(¢,X)=K(¢)(-X +X?), G3=0, G4=0, G5=0, (6.1)

where K(¢) is a function in terms of ¢. From the background equations (2.5) and (2.6) it
follows that 5 1 )
3MoH H 32X -1)

K(¢):X(3X—1)’ H2 3X -1

(6.2)
As an example, we study power-law inflation characterized by a o t'/7 and H = 1/(vt),
where v (< 1) is constant. Substituting the Hubble parameter into the second of eq. (6.2),
we obtain X = (3 —v)/[3(2 — )] and ¢ = ¢o + /(3 —7)/[3(2 — )]t (¢o is the initial value
of the field). From the first of eq. (6.2) we find that power-law inflation is realized for the
choice [54]

6(2 — ) M
K(¢) = P 6.3
(@) 72(¢ — ¢o)? (63)
In this case ¢2 and A\/Y in eq. (5.13) are given by
2 2 Al 2
=1 2o (1-6Y). 4
degie 5509 (6.4)

For v < 1 we have that 1/¢2 ~ 12/y > 1.
In this model (dubbed Model A) the leading-order bispectrum (5.12) reduces to

137 2438 1 1 L 14-138 (1
ARy | ag e m@ IS s g (g o) s (69)
S S

In the limit ¢2 < 1 it follows that Al ~ (—0.252/c2)SS 1 (0.016/¢2) 59", Since in
this limit the non-linear parameters (4.11) and (4.15) are given by f;‘iml’lead ~ —85/(324c2)
and f&rf()ld’lcad ~ —1/(32¢2) respectively, the WMAP9 year constraint (1.2) of the equilateral
shape gives the bound ¢ > 1.2 x 1073 (95 % CL).
The scalar spectral index (2.25) and the tensor-to-scalar ratio (2.27) can be expressed
in terms of cg, as
24¢2 192¢3
-— r= :
1432’ 1+ 3¢2

For the ACDM model without the running scalar spectral index, the bounds on ng and r from
the WMAP9 data alone are ng = 0.992 + 0.019 (68 % CL) and r < 0.38 (95 % CL), respec-
tively. If we combine the WMAP9 data with the measurements of high-I CMB anisotropies,
baryon acoustic oscillations, and the Hubble constant, the constraints are ng = 0.9636 +
0.0084 (68 % CL) and r < 0.13 (95 % CL). If we employ the bound 0.95 < ng < 1 then the

ng =1 (6.6)
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scalar propagation is constrained to be ¢2 < 2.1 x 1073, Since in this case r < 0.018 from
eq. (6.6), the observational constraint on r is satisfied. Combining the bound of ¢2 with that
of the scalar non-Gaussianity, it follows that 1.2 x 1073 < ¢2 < 2.1 x 1073.

In figure 2 we plot the shape function Fi2d(1, ko/k1, ks /k1)(ka/k1)?(k3/k1)? for ¢2 =
2.0x1073 (labelled as “A” in the figure), where Fi2d = (27)4 A2/ [T2_, k3. When ¢2 = 2.0x
1073, the correlations (5.16)—(5.18) are C°WU = —0.99474, C°"ho = (.06305, and Cefold =
—0.58511, respectively. Hence the shape of non-Gaussianities is close to the equilateral one

illustrated in figure 1, whose property is is independent of the choice of ¢2.

6.2 k-inflation with the term G3(X)

We study k-inflation in the presence of the covariant Galileon term G3(X) characterized
by [63, 71]

X2 uX
PX)=—-X+—+ X)="— .
(X)=-Xt5,  G(X)=E2 (6.7
where M and p are constants having a dimension of mass. In this model (dubbed Model
B) the de Sitter solution is present when ¢ = dpx + 3dgsx = 0. Using eq. (2.5) as well, we
obtain

2 - M* (1—x)2’ po o l-w 7 (6.8)
18u? =z My 2y/3(2—1x)
where z = X/M*. As long as inflation is realized in the regime u/M, < 1, z is close to 1.
In what follows we replace x for 1 except for the terms including 1 — x.
Along the de Sitter solution we have that /X = 6¢2/es, 6Cs = 0C7 = dazx = 2(1 — ).
Since €; = 2(1 — ) and ¢ = (1 — z)/6, the bispectrum (5.12) reads

1311 B 1 4 14—-138/1 1
lead _ =9 | = 1-2)_Z1— equil L4 ortho. .
AR D [403 < 2) A 2 \82 )% (6.9)

If 2 < 1, we obtain Al ~ (0.109/6?)5'?(1“11 + (0.016/c2)S9rtho together with the non-
linear parameters feIed ~ 5/(36¢2) and feeldlead ~ _1/(32¢2). Notice that the sign of

cauiblead i opposite to that in Model A. From the WMAP 9 year bound (1.2) it follows that
2 > 4.3 x107* (95% CL). In Model B the scalar spectral index is ng = 1, whereas r is
related to ¢2 via

1/3
2 = 34;7«2/3. (6.10)
The WMAPY bound r < 0.38 gives the constraint ¢2 < 1.6 x 1072. Using the severer bound
r < 0.13, it follows that ¢ < 7.7 x 1073, In both cases there are viable parameter spaces
compatible with the constraint from the scalar non-Gaussainity. When ¢2 = 2.0 x 1073, for
example, we have C°Ml = 0.96865, C°'*h° = (.25272, and C°™°!d = (0.29984. As we see in
figure 2, the shape of non-Gaussianities for ¢2 = 2.0 x 1073 is approximately close to the
equilateral one.

For potential-driven inflation (P = X — V(¢)) with the term G3(X) = uX/M* [72], the
non-Gaussianities are small because ¢? is not much smaller than 1 [73]. In such models, if the
Galileon self-interaction dominates over the standard kinetic term even after inflation, there
is an instability associated with the appearance of the negative c2 after the field velocity b

C
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Figure 2. The leading-order shape function F84(1, ko /k1, ks/k1)(ka/k1)?(ks/k1)? for ¢ = 2.0 x
10~2 normalized to 1 at the equilateral configuration. Each panel corresponds to the models A, B,
C, D.

changes its sign [74].> In the model B discussed above, reheating needs to occur gravita-
tionally [71], so the situation should be different from that in Galileon inflation driven by a
potential with a minimum.

6.3 k-inflation with the term G4(X)

The next model (dubbed Model C) is k-inflation with the covariant Galileon term
G4(X) [62], i.e.,

X2 ,U/X2
PX)=—-X+—+ Gy(X)="—+. A1
Similar to the case (6.7), there is a de Sitter solution satisfying the conditions
31 _ _
oM 1ze “‘7\24: 21 . (6.12)
36p M3 62%(3 —2x)

°In the framework of the effective field theory the Lagrangian is valid at the energy scale of inflation, but
some higher dimensional operators can appear during the reheating stage. There may be a possibility that
the Laplacian instability can be avoided by such operators.
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Inflation occurs in the regime where 2 = X/M* is close to 1. Employing the similar
approximation to that used previously, we have 0Cs = 20C7 = 120guxx, €s = 80caxx,
Scaxx = (1—2)/3, 2 =2(1—x)/9, and A/ = 1/2. Hence the bispectrum (5.12) reduces to

ea 13 1 eu1 4_136 ortho
At = 55 i (1-99) = 00— 09 syt - B (g - s oy

In the limit ¢2 < 1, we have Al%d ~ (0.018/¢2) 54! 4 (0.016/c2)S*h°. The equilateral

and orthogonal non-linear parameters in this limit are given by feolull lead o5 /(648¢%) and

fenfoldlead 1 /(32¢2), respectively. The tighter constraint on ¢ comes from the enfolded

bound (1.4) rather than the equilateral bound (1.2), i.e., ¢2 > 3.6 x 107*. Note that the
scalar spectral index is ng = 1 and that the same relation as eq. (6.10) holds in Model C.
Hence the upper bound of ¢? coming from the observational constraint of r is the same as
that of Model B, i.e., ¢2 < 1.6 x 1072 for r < 0.38 and ¢ < 7.7 x 1073 for r = 0.13.

In figure 2 we plot the shape of non-Gaussianities for ¢2 = 2.0 x 1073, in which case
the shape is between the equilateral and orthogonal ones shown in figure 1. In fact, we
have C°Ul = (.58145, Cothe = 0.75322, and C°™ld = —0.33691 for ¢2 = 2.0 x 1073. The
orthogonal contribution tends to be less important for the values of ¢? larger than the order
of 1072

6.4 k-inflation with the term G5(X)
Finally we study the following model (dubbed Model D) [62]

X? puX?
o 0=

In this case, for # = X/M* close to 1, there is a de Sitter solution satisfying the conditions
H? = M*/(6M}) and p*M*/M§ = 27(1 — 2)*/25. Since 6Cs = 36C; = 36(1 — z)/5,
€s = 18(1 —x)/5, ¢2 = 3(1 — 2)/10, and \/% = 1/2 the bispectrum is given by

13[ 1 /8 5 - 138
lead _ S uil ortho
AR = 15 [_cg (8 36> 2t ’B} ' 12 <8c2 - 1> 57 (6.15)

P(X)=-X+ (6.14)

In the limit ¢2 < 1 we have Al%ad ~ (—0.012/¢2) S5 4+ (0.016/¢2)Srthe = —(0.023/c2)
Senfeld 4 (0.005/¢2) Sgrhein which case the sign in front of the shape Sequﬂ in eq. (6.15)
is opposite to those in the models B and C. In the same limit the equllateral and enfolded

non-linear parameters are folM°d ~ 5/(972¢2) and feeldlead o 1 /(39¢2), respectively.

In this case feq1111 lead 5o smaller than | f;rfdd’lead] by one order of magnitude. The WMAP
9 year enfolded bound (1.4) gives the constraint ¢ > 3.6 x 107*. In model D we have that
nkg = 1 and that the relation between r and c? is the same as eq. (6.10). Hence the upper
bound on ¢? is the same as that of Models B and C.

The shape of non-Gaussianities for ¢2 = 2.0x 1073 is plotted in figure 2. When ¢2 = 2.0x
1073 the correlations (5.16)—(5.18) are Cel = —(.35587, C°™*h° = (.83546, and Ce*fold =
—0.90787, respectively, in which case the shape has quite high (anti)-correlations with both
the orthogonal and enfolded templates. In figure 3 we show the correlations el (Cortho,
and C°"ld yersus c. For ¢ > 0.04 the correlation with the equilateral template is larger
than those with other templates. For ¢? < 0.04 the contributions of the orthogonal and
enfolded shapes tend to be important. In the limit that ¢ < 1, |C®™] is largest among
other correlations. Model D is an explicit example where the orthogonal (or enfolded) shape
provides a significant contribution to the bispectrum.
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Figure 3. The correlations (5.16)—(5.18) versus ¢ for Model D. In the limit that ¢ < 1, |Cenfeld|
and |C°™h°| are larger than |C°9%!|. On the other hand, for ¢2 > 0.04, |C°9U!| is largest.

7 Conclusions

In the Horndeski’s most general scalar-tensor theories we derived the three-point correlation
function of primordial curvature perturbations generated during inflation in the presence of
slow-variation corrections to the leading-order bispectrum. Unlike previous works [61, 62],
the bispectrum (3.53) is valid for any shape of non-Gaussianities at first order of e.

In the squeezed limit (ks — 0, k1 — k2) the leading-order bispectrum (3.54) vanishes, so
that the correction (3.55) is the dominant contribution to Ag. By using eq. (3.55), we showed
that the non-linear parameter in this limit is given by fiofa = (5/12)(1 — ng). This agrees
with the result of refs. [12, 47] in which the three-point correlation function was derived by
dealing with the long-wavelength curvature perturbation (mode k3) as a classical background.
As demonstrated in ref. [47], this result should be valid for any single-field inflation in which
the decaying mode of R is neglected relative to the growing mode. Our direct computation of
the three-point correlation function in the presence of all possible slow-variation corrections
is another independent proof that the non-Gaussianity consistency relation holds for most

general single-field theories with second-order equations of motion.

The result of the local non-Gaussianities shows that | f11\§’fal| is much smaller than 1, e.g.,

fll\?fal = 0.0125 for ng = 0.97. In the case where the shape of non-Gaussianities is not exactly
the squeezed one (0 < r3 = k3/k1 < 1), the leading-order bispectrum gives the non-linear
parameter |fi2d| a r2/c2. Hence the leading-order term dominates over the correction for

r3 > csy/1 — ng. For the models with ¢ < 1 the non-linear parameter can be as large as
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|fnn| > 1 with the growth of r3. By measuring the shape which is not so squeezed, it should
be possible to discriminate the models with different values of c2. The leading-order non-
linear parameters in the equilateral and enfolded limits are given by egs. (4.11) and (4.15),
respectively, whose magnitudes can be larger than 1 for the models with ¢2 < 1. These results
will be useful to constrain concrete models of inflation in future high-precision observations.

We also showed that the leading-order bispectrum can be expressed in terms of the
sum of the two bases S?quﬂ and S9'*ho. The shape S?qull is very highly correlated with the
equilateral template (5.5). It also vanishes in both local and enfolded limits. The shape S?rtho,
which is defined by (5.9), is exactly orthogonal to S’?qun. The coefficients ¢; and co in front
of Sequl1 and S9"° in eq. (5.12) characterize the equilateral and orthogonal contributions,
respectively.

In section 6 we presented concrete models in which the orthogonal shape can pro-
vide important contributions to the bispectrum. In power-law k-inflation the shape of non-
Gaussianities is well approximated by the equilateral type. However, in k-inflation described
by the Lagrangian P(X) = —X + X?/(2M*) with a number of different Galileon terms like
Gi(X) = pX?/M" and G5(X) = uX?/M*™¥, we found that the orthogonal contribution is
crucially important for ¢2 < 1. In the presence of the term G5(X) = uX?2/M1°, the correla-
tions with the orthogonal and enfolded templates in the regime ¢ < 1 are higher than that
with the equilateral template.

It will be interesting to see how the observations such as Planck [75] provide the con-
straints on the scalar non-Gaussianities as well as the scalar spectral index and the tensor-
to-scalar ratio. In particular, if future observations confirm the value |fi&!| > 1 at more
than 95 % CL, this implies that we need to go beyond the slow-variation single-field infla-
tionary scenario (including the Horndeski’s theories). The information of other shapes of
non-Gaussianities (including the not so squeezed one) will be useful to discriminate between
many different models.
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A Corrections to the bispectrum

Following the calculations of ref. [56] we present the explicit forms of the corrections to the
bispectrum (3.25). They come from the first three integrals in the action (3.19). We write

each O(e) contribution to the bispectrum as AA%) (1 =1,2,3). Note that similar calculations
were also carried out in ref. [31].

i) [ dtd*z a3Ci MARR?

e (a) The correction from the variation of C; in eq. (3.39)

AAY 5 ;1 do™ (1—2v1)— Zkﬁ/& (1—m) Zk2k3 . (A
R desFH dt ) K £ K2 o
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e (b) The correction from the scale factor a in eq. (3.40)

2 ~
AAY S (;S;C}ead) { (1+271)— Z R2K? = 17 Z k2k3] (A.2)
e K

Z>j i#£j

e (c) The contribution from the correction to (0, k;) in eq. (3.42)

3 ) kikok
AAQ;—( 5 Clead> [3(1+72)6+;2775F+3(1 ’72)S+(+77F+§)1n 1k 3}
K

4e,F 2 2 2 K3
( SR - — Z k2k3) : (A.3)
>7 i#£j

e (d) The contribution from the correction to u*(7,k;) in eq. (3.44)

(1) s Alead (k1kaks)? 1 3
AAR 3(4 =01 )K[3(1—2’Y1)8K3— (L4 271)e+ %—5 nsp+( 547 s

1
X - Zk2k2 {716 - 5(1*’71)775F+ (1+71)s } 7 > kK

z>] i#£]
Nsk | S k%k3
+<e+ 5 +2> < I G + perm. | |, (A4)
where
o0 kotks
g(kil, ko, ]{33) = Re |:/ dxq h*(xl) k1 :| ,
0
and x1 = —kicskT.
e (e) The contribution from the correction to %u* (7,k;) in eq. (3.45)
AAR) > — <4 SFclead) {{2(1 Foy)e+ (271 — )(nsr — 35) }7 3 k2
K z>]
+(2¢ + nsp + s)kikoks — {2v1e + (71 — D)nsr + (4 — 671)s} — 7 Z k7K
i#j
+(1—271) ( LA Z k3k3) (2€ + nsp + 5)
i#j i>]
—IT K 1
{Z K+ kil + Zk:3 Re/ deemK —5 M+ perm.)H , (A.5)
i#£]
where zx = —KcgiT, and

o .ko+k *
M(k1, ko, k3) = —Fk1Re [/ dxy — <k2 + k3 + ikaks b & k3z1> e_zzklgxl‘m("pl)] :
0 L1

k?l dIl

(i) [ dt d*zaCoMAR(OR)?
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e (a) The correction from the variation of Cy

1 1 dCkd 1 1
AAD 5 1— - — SRS ) — Shikok
A’ 2 <4esFH dt )K[( 71)(2223 ; g 12
271 21.2 1 2
§ k1K +§§ 'kikj ) (A.6)
i>] 7]

(b) The correction from the scale factor a

1 1
AAg) 5 <2€S Clead>K |:’71 <2 Z k;;3 Z k2k3) —+ iklksz

7]

41t 271 S RE - - Z ki k;2] (A7)

i>j #J

e (c) The contribution from the correction to u(0, k;)

(2) 372 72 Nsk | S\, kikaks
AAR'D (4 fa )K{3(1+72)6+ 5 sk +3 (1+ 2>s+(e+ 5 —|—2)ln

( Zk?’ KZk2k2 Zk2k3>. (A.8)

1>] 1#£j

e (d) The contribution from the correction to u*(7, k;)

AAY 5
(4 Chead 3y1€e+ 3(’Y1 — )nsr + (I+m)s Z K
8es F K 2 s

-3 (6 775F ) Zk‘ k‘Q {3€+ NsF+ <;—2’71> S} k1koks

i#j

+{6(1+ 2y1)e — 3(1 — 271)nsp + (5 + 671)s} — Z kK]

1>]
—{671€+3(v1—1)nsp+(1+671)s} — 702 ZkaS (1+m s—z:k4
i#]
1
— M55 Z kik;l + (26 +nsp + s)(N + perm.)} , (A.9)
i#]
where
k1 9 X1 gy haths ko + ks kaoks 22
ki ko ks)=— ) ki dxi — (=1 h*
N( 1, 2, 3) 92 ZZ: 4 Re|:/0 X1 z‘%6 1 ( 7 kl CC]_"- k2 ( )
Note that the coefficient Cx?d is related to Cie*d via Ckad = —(c2/3)Cle2d.

(iii) [ dt 3z a®C3MyR>
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e (a) The correction from the variation of Cs

3(2y1 — 3)c2 dC?  (kikoks)?
A K Al
AR < desFMp — dt ), K3 (4.10)
e (b) The correction from the scale factor a
3(2’)/1 - 1)62 eH (k1k2k3)2
AAY R ) Al
AR N\ T, ¢ ) K (A.11)
e (c) The contribution from the correction to u(0, k;)
(3) _ 3HC 5lead § 2
AA 5 <265FM Cl )K[3(1+’yz)e+ 272nsp+3<1+ 2)5
nsk 5\, Kikaks] (kikaks)?
+(e+ . +2)1n = ] o (A1)

(d) The contribution from the correction to %u* (1, ki)

3Hc? 3 17 (k1koks)?
AAY 2 Clead 3(1 -2 31 < — s 31— — —
AR D<465FMP] - ( 71>6+ 2 Y1) NsF + Y1 9 S K3

(e ) (R - ) ]

1>)
(A.13)

where U is defined in eq. (3.51).

B Expressions for U and V

We evaluate the integrals &/ and V defined in egs. (3.51) and (3.50) for general values of
ro = ko/k1,r3 = k3/ki, and in three different limits: local shapes (r3 — 0, o = 1), equilateral
(r3 = 1,79 = 1), and enfolded (r3 — 1/2, 79 — 1/2) shapes. In doing so, we need to use the
following relations

h*(x) = 2sin(x) + [sin(x) — x cos(x)]Ci(2z) — [cos(x) + x sin(z)]Si(2z)
+i{2cos(x) + wsin(x) — wx cos(x) — [cos(z) + z sin(x)]|Ci(2x)
—[sin(z) — z cos(x)]Si(22)} , (B.1)
dh*(x)
dx

= cos(z) — sin(z)/x + x sin(x)Ci(2z) — x cos(z)Si(2z)
+i [rz sin(z) — sin(z) — cos(z)/x — x cos(x)Ci(2x) — xsin(z)Si(2z)]. (B.2)

The U integral

Let us first evaluate the integral &/. We employ a few different procedures of regularizations,
but they lead to the same final results. One possibility is to solve directly the integral, as

00 y
U= / fu(z1) dzq + perm. = ILm / fu(z1) dzq + perm. , (B.3)
0 y=eeJo
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where fi; is the integrand in eq. (3.51). We can either neglect the terms which rapidly oscillate
around 0, or we can, equivalently, shift y in the complex domain for the oscillating terms
like e¥hy — ¢*ikp*(1£i/p) _y () (Method I). Another possible method (Method II) consists of
solving the following limit

o o]
U= / Ju(x1) dzy + perm. = lim e fy(x1) dry + perm. . (B.4)
0 c—0 0
We need to check whether both methods lead to the same results, and we can — at least
for some values of ro,r3 this proves to be possible — check the result against numerical
integrations.

By employing the Method I mentioned above, the result of the integration is

U(rg,r3) =k [ drgrs (3ry — Gra + 75 +3) - 2rirs
(T’Q—T3—1)3(7‘2+7‘3—1)3 (TQ—T3—|—1)3
k3 { [(ro +1)3 — 673 (ro + 1) + r3]r3
(rg+r3+1)2 (ro —rg +1)2
r3[rs + 3rsr3 + 3(r3 — 2)re + 13 — 613 + 1)r3
(7’2 +1r3 — 1)2
r3[rs —6(r3 +1) 13 + (r3 +1)°] N 2r3 (r2 + 3 +1)%r3 m(?‘z + 73+ 1)
(1—ry+rs)?2 (rg —r3+1)3
2r2 (ro + 73 + 1) ?r3 1n<r2 +r3+1) n 2r2 (ro + 73 + 1) ?r3 In(rs + 15 + 1)}7
(1—T2+T3)3 (T2+T3—1)3
(B.5)

In2

+

T3

T2

where U(ry,r9) = U(ra,71), that is U is symmetric under the exchange r; <> ro.

Let us consider this general expression in several different cases. Some of these cases
look — only apparently — singular: this behavior takes place as the triangle of the momenta
k; degenerates into a line.

e FEquilateral case, 19 = r3 = 1. In this case we find
U(1,1) = Upquin = [61n(3/2) — 1] k3 ~ 1.43279 k3 . (B.6)

Since there is no apparent singular behavior for U, this result can also be confirmed
numerically.’

e Local case, r9 =1, r3 — 0 (or 7 — 0, r3 = 1). In this case, the limit exists and gives

1
lim U(1,73) = Uipeal = 51&1”. (B.7)

r3—0

The result in the local case matches with that derived by Chen et al. [56].
e Singular line, r3 = lim._0(1 — 72 + €), with 0 < 5 < 1. In this case we find

lim o = T2 (r2 = D)r2[20 (ra—1) ra+ 9]+ 6} (ra —1) —6(ra — 1)? In(1 — rp) + 613 Inry k3
—0 24 (7"2 — 1) 9 L:
(B.8)

The limits 79 — 0,1 give again the local result, as expected.

SMathematica, working in high precision, returns this same numerical value. The same value can also be
found by applying the Method II mentioned above.
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Enfolded case, ro = 1/2, r3 = lim._,0(1/2 + ¢€). This is a particular case of the previous
one. Then we find

e—0

1
lim U = Uentord = 57 (54 61n2)k? ~ 0.38162 K . (B.9)

Singular line, r3 = lim._0(r2 — 1 + €), with 9 > 1. In this case we obtain

(ry — 1) {rafra (6r% — 9ry + 29) — 40] + 20} 4613 [(m 1)y ln<r2?1) +1n 7"2}

lim U = k3.

eg% 24 (T‘Q - 1) 2 !
(B.10)

In the limit r9 — 17, this reproduces the local limit result, as expected.

Singular line, r3 = lim._0(1 + 72 — €). In this case we find

limU =

e—0

ra{ra{ra3ra(2ry+5)+38]+15} +6} +6r3(ra+ 12 In (L +1) +6(ra+1)° In(rp + 1)
k
2479 (1"2 + 1) L

(B.11)

which recovers the local limit as ro =€ — 0.

Therefore, we have shown that the physical limits are all finite.

The V integral

The next step is to compute the integral (3.50). It is convenient to solve the integral by
studying the limit

e—0y—o0

y
VY = lim lim / fv(z1)dx; + perm. , (B.12)
3

where fy is the integrand in eq. (3.50). As for the y — oo limit, we set the rapidly oscillating
functions to vanish by regularizing e*™¥ as in the Method I of the integral U. After taking
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the limit € — 0, we finally obtain

Y =
K
3(7“2 — T3 — 1)(T2+T‘3 — 1)(T2+T3—|— 1)
+ r3ry(6r3 — 133 + 3) + 3rirs + 3 — 16r3r5 — drirs + 3r3(rs — 1)
—12r3(rg + 1) — ror3(1973 + 1573 + 1313 + 9) — 7S + 315 + 613 + r3 + 673]
+ k%
6(ro —rg+1)(ro +r3+1)
+ 47"37"% + 147“% — Tgm + 67“%7"2 + brarg + 197 + rg’ — r§ — 67“%’ — 67“% +5rg+ 7 — r§7“2)
k3 1n2
3(7‘2 —7rg — 1)2(7“2 +r3 — 1)2
k3ln(ro + 173 + 1)
6 (7“2 +rg — 1) 2
4 3 2 5 4 3 2
+ 2r3re — 21319 — 8379 — 2r3ry + 210 + 13 — 2r3 — 3ry + 313 + 2r3 — 1)
k3 ln(T2+T3+1)
! 2 5 4 4 2
— (rg — 2rary — 2ry; — 37"37"2 + 27“37“2 - 3r2 + 37"31"2 + 8r3r2 + 81“37"2 + 3r;
6 (’1“2 — T3 — 1) 2
+ 2r4rg 4 2r3re — 8r3rg 4 2rgry + 2rg — 15 — 20 + 313 + 313 — 2r3 — 1)

[STS + 6T3T§ + r%(r% —9r3 — 3)

(Tr3 + 5rary + 19ry — 6r3r3 + 5rary + 1415 — 6rir3 +6r3rs

73 (53 — 2075 — 6r3r3+22r5+4r3rs —20rs+15 —6r3+5)

( 5 +2r3r2 2r2 3r3r2 2r3r2 3r S— 3r3 r2+8r3r2 8r3r2+3r2

k‘3 ln(rz-grg—i-l)
T3 2
+ — 21375 + 2r5 — 3133 — 2rgrs — 33 + 3rird — 8r2rd 4 8r3rs — 3r
6(r2—r3+1)( 379 2 3o — 23Ty — JT 3Tg — 03Ty 375 2
+ 27"?;7“2 — 27"%’7“2 - 87"%7“2 — 2r3rg + 2r9 — rg’ + 2r§ + 37"§’ — 37"% —2rg+1), (B.13)

where V(r1,72) = V(r2,r1). Let us now analyze this expression, on the lines/points of physical
interest.

e Fquilateral case, ro = r3 = 1. In this case we find

15
V(L,1) = Vequil = 7~ 2+ In(2/3)] k3 ~ 11.959 k3 . (B.14)
e Local case, 7 =1, r3 — 0 (or 1o — 0, r3 = 1). In this case, the limit exists and gives
20
lim V(l 7’3) Vlocal k (B15)
1”3—)0 3

where this value of Vjoca matches with the one derived by Chen et al. [56].

e Singular line, 73 = lim._,o(1 — ro + €), with 0 < 79 < 1. In this case we obtain

lim V= {(ra = D)ra[11(rg — 1)ry—105] =86} (1 — 1) +6(r2 — 1 In(1—ry) —6r3 Inry
0 12(ro—1) 79

k3.

(B.16)
The limits 79 — 0, 1 again give the result (B.15).

e FEnfolded case, ro9 = 1/2, r3 = lim.0(1/2+¢€). This is a particular case of the previous
one. Then we find

315 1
M Y = Ventold = | — — = In2 | k¥ ~ 4.5753k3 . (B.17)
e—0 64 2

~32 -



e Singular line, 73 = lim._,o(r2 — 1 + €), with r9 > 1. In this case we find

limY =
e—0
(ro—1) [{m [ (8672 — 105)+94] +22} 75— 6(ry — 1)213 1n(r2’”31) - 11} ~6rir;
ki .
12(ry — 1) 1o !
(B.18)
Taking the limit 7o — 17, we recover the result (B.15).
e Singular line, 73 = lim._,o(1 4+ r2 — €). In this case we obtain
limY =
e—0
m(m{m[m(86m+239)+295]+239}+86)—67“%(7'24—1)3ln(%—i—l)—G(m—i—l)SIn(m—i—l) ;
k
121y (ry+1) b
(B.19)

which again reproduces the value (B.15) as ro = ¢ — 0.

Therefore, the integral V remains finite in the physical parameter space of ro and rs.
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