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Abstract. In the Horndeski’s most general scalar-tensor theories with second-order field
equations, we derive the conditions for the avoidance of ghosts and Laplacian instabilities
associated with scalar, tensor, and vector perturbations in the presence of two perfect fluids
on the flat Friedmann-Lemaitre-Robertson-Walker (FLRW) background. Our general results
are useful for the construction of theoretically consistent models of dark energy. We apply our
formulas to extended Galileon models in which a tracker solution with an equation of state
smaller than —1 is present. We clarify the allowed parameter space in which the ghosts and
Laplacian instabilities are absent and we numerically confirm that such models are indeed
cosmologically viable.
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1 Introduction

The problem of dark energy is one of the most serious problems faced by cosmologists and
particle physicists. The cosmological constant is the simplest candidate, but it is plagued by
the huge difference of energy scales between the theoretical and observed values [1]. Many
alternative models to the cosmological constant have been proposed to approach the origin
of dark energy [2].

Dark energy models can be broadly classified into two classes: (i) modified matter
models, and (ii) modified gravity models. In the class (i) the modified matter source is
introduced to drive the late-time cosmic acceleration. The representative model in this class
is quintessence [3], in which the potential energy V' (¢) of a slow-rolling scalar field ¢ is the
source for dark energy. Another model is k-essence [4], in which a non-linear term with
respect to the field kinetic energy X = —(9¢)2/2 leads to the cosmic acceleration.

The representative models that belong to the class (ii) are those based on f(R) the-
ories [5, 6], f(R,G) theories [7], Brans-Dicke theories [8], Dvali-Gabadazde-Porrati (DGP)
braneworld [9], and Galileon gravity [10, 11] (see ref. [12] for reviews). The Lagrangian in
f(R) theories is an arbitrary function of the Ricci scalar R, which corresponds to the par-
ticular class of Brans-Dicke theories (Brans-Dicke parameter wpp = 0 [13]). The f(R,G)
theories consist of a function of R and the Gauss-Bonnet term G, in which case there are
two independent scalar degrees of freedom in a general background [14]. In Galileon gravity,
the Lagrangian is constructed such that the field equations are invariant under the Galilean
symmetry 0,¢ — 0,¢ + b, in the limit of Minkowski spacetime [10]. One of those terms is
given by X ¢, which appears in the DGP model as a result of the mixing of a brane-bending
mode with a transverse graviton [15]. In the Galileon model there exists a stable late-time
de Sitter solution where ¢ = constant [16, 17]. Moreover the model can be consistent with
local gravity constraints through the Vainshtein mechanism [18].



Recently Deffayet et al. [19] derived the action for the most general scalar-tensor theo-
ries having second-order field equations. This action is equivalent to that derived by Horn-
deski [20] in 1974 in the context of Lovelock gravity [21] (see also ref. [22]). In fact the
Horndeski’s action is sufficiently general to accommodate most of the dark energy models
proposed in literature. Moreover, the Gauss-Bonnet couplings F(¢)G [23], the generalized
Galileon term G(¢, X)O¢ [24-27], the derivative couplings G*0,¢0,¢ with the Einstein
tensor GM¥ [28] also belong to the class of the Horndeski’s action [21].

For such general theories the full background and perturbation equations were recently
derived in ref. [29] in the presence of non-relativistic matter. In the context of inflation sev-
eral authors computed the power spectra of scalar and tensor perturbations [21] as well as
the non-linear parameter of primordial non-Gaussianities [30-32].

If we modify gravity from General Relativity we need to worry about the presence of
ghosts as well as Laplacian instabilities. In the presence of two perfect fluids (radiation and
non-relativistic matter) we shall derive conditions for the avoidance of ghosts and Laplacian
instabilities associated with scalar, tensor, and vector perturbations in the Horndeski’s theo-
ries. This is of particular importance for the construction of theoretically consistent modified
gravitational models of dark energy. We apply our results to extended Galileon models in
which a tracker solution is present. This tracker corresponds to the generalization of that
found in ref. [16] for the covariant Galileon. Unlike the covariant Galileon the equation of
state of dark energy wpg can take the values close to —1 during the evolution from the matter
era to the accelerated epoch. This property should allow for the tracker to be compatible
with observations.

This paper is organized as follows. In section 2 the background equations of motion are
derived on the flat FLRW spacetime in the presence of two perfect fluids. In section 3 we
find conditions for the absence of ghosts and Laplacian instabilities by deriving the second-
order action for scalar, tensor, and vector perturbations. In section 4 we apply our general
formulas to kinetically driven dark energy models, which cover the covariant Galileon as a
specific case. Not only we identify a theoretically consistent parameter space but also we
numerically integrate the field equations to confirm the analytic estimation. Section 5 is
devoted to conclusions.

2 The background equations of motion

In order to avoid the Ostrogradski instability [33] it is desirable to keep the equations of
motion at second order in derivatives. The most general 4-dimensional scalar-tensor theories
having second-order field equations are described by the Lagrangian [19]

5
L=> L, (2.1)

=2

where

Ly = K(¢, X), (2.2)
Lz = —G3(¢, X)Oo, (2.3)
Ly = Gy(¢, X) R+ Gy x [(0¢)* — (V. Vo) (VIVY9)], (2.4)
Ls = G5(9,X) G (VHV"9) (2.5)
—é Gs.x [(0¢)* — 3(09) (V. V) (VFVY9) + 2(VFV ) (VV36) (VIV,.0)] . (2.6)



Here K and G; (i = 3,4,5) are functions with respect to a scalar field ¢ and its kinetic
energy X = —0"¢0,¢/2, R is the Ricci scalar, and G, is the Einstein tensor. G; x and G; 4
(i = 3,4,5) correspond to the partial derivatives of G; with respect to X and ¢ respectively,
ie. Gy x = 0G;/0X and G;4 = 0G;/0¢. The above Lagrangian was first discovered by
Horndeski in a different form [20], which is equivalent to the Lagrangian (2.1) [21].

In addition to the scalar field ¢ we take into account two barotropic perfect fluids, whose
energy densities are p4 and pp. Then the total action is given by

S = /d4x\/fg(£+ﬁA+£B) : (2.7)

where g is the determinant of the metric g,,, L4 and Lp are the Lagrangians of two perfect
fluids respectively.

Let us consider a flat FLRW background with the metric ds? = —N2(¢)dt? + a?(t)dx?,
where t is the cosmic time, N(¢) is the lapse function, and a(t) is the scale factor. In the
ADM formalism [34] (see also ref. [35]) applied to FLRW manifolds, we can derive two inde-
pendent generalized Einstein equations by varying the action (2.7) with respect to N(¢) and
a(t). They are given, respectively, by

2XK x —K+6XdHG3 x —2X G35 —6H?Gy+24H> X (Gyx + X Gy xx)—12HX ¢ Gy yx—6Ho Gy 4
12H*X ¢ (5G5,x +2X G5 x x) —6H?X (3G5,6+2X G5 5x) =—pa—pp . (2.8)
K—2X(Gs.5+¢Gs.x)+23H?>+2H)G4—12H> X Gy x —4AHX Gy x —8H XG4 x —8HX XG4 xx
12(HH2H )Gy pH4X Gy g HX (-2HP) Gy yx—2X (2H> p+2H HHH3H? $) G5 x—4H?X?$ G5 x x
HMHX (X —HX)Gs5x +22(HX + HX)+3H> XG5, +4HX ) G5 pp = —pa—D5 , (2.9)
where a dot represents a derivative with respect to ¢, H = a/a is the Hubble parameter, and

pa,pp are the pressures of the two perfect fluids. Varying the action (2.7) with respect to
o(t), it follows that

%% (a*J) = Py, (2.10)
where
J =K x +6HXG3x — 20 G346+ 6H?G(Gax +2XCGyxx) — 12HX Gy 4x
+2H3X (3G x +2XG5 xx) — 6H*$(G5.4 + XG54x), (2.11)
Py = Ky —2X (Gygo+ 6 Gapx ) +02H? + H)Gag + 6H (X +2HX)Gigx
—6H>X G5 4y + 2H*X 6 G5 4x . (2.12)

The two perfect fluids obey the following continuity equations
pa+3H(pa+pa) =0, (2.13)
pB+3H(pp +pp) = 0. (2.14)

Equations (2.8), (2.9), (2.10), (2.13), and (2.14) are not independent because of the Bianchi
identities. The field equation (2.10) can be derived by using the other equations.

3 Conditions for the avoidance of ghosts and Laplacian instabilities in the
presence of two perfect fluids

In this section we study the stability of the flat FLRW background for the action (2.7) in the
presence of two perfect fluids.



Let us first consider scalar metric perturbations W, y, and ® with the line element [36]
ds® = —(1 4 2U)dt? + 20;x dt dz* + (1 + 2®) dx? . (3.1)

Here we have gauged away a scalar perturbation F that appears in the form FE;; in front
of the term da?. This fixes the spatial part of the gauge-transformation vector ¢*. In the
following we choose the uniform-field gauge for which the field ¢ has no perturbations, that
is, 6¢ = 0. This fixes the temporal part of the vector &*.

The two perfect fluids can be described in terms of the following Lagrangian

Spf = /d%\/jg [pa(pa, sa) +pB(ps,sB)] , (3.2)

where p; and s; (i = A, B) correspond to the chemical potential and the entropy per particle
respectively. We will employ the method introduced in ref. [37] to study the perfect fluid
from a Lagrangian point of view in order to extract the conditions for the absence of ghost
and Laplace instabilities. In the following we will summarize and simplify the method given
in ref. [37] (see also ref. [38]).

Since we are interested in those fluids with equations of state of the kind p; = w;p;
(i = A, B), we consider p; as functions of u; alone. Here the chemical potential of each fluid
is defined as w;n; = p; + pi, where n;, = 9p;/Jp; is the number density of the fluid i. In
fact, it is sufficient to give the equations of state p; o< n;”". We define the fluid 4-velocity
uo associated with the chemical potential p, as uo = = '0¢, where £ is a scalar field. The
normalization condition for the 4-velocity allows us to write the 4-velocity of the fluid A, as
pa = /—g*P0aLa0pla. After we perturb the field £4 as €4(t) + 604, we can expand the
matter Lagrangian at second order and then perform the field redefinition 64 = —pava,
where v4 is chosen to represent the independent scalar degree of freedom of the fluid A.
Along the same lines, the independent scalar degree of freedom for the fluid B corresponds
to vg. Since, at linear order, the scalar fluids do not contribute to the vector perturbations,
it is sufficient to study their scalar contributions alone in order to derive the conditions for
the avoidance of ghosts and Laplacian instabilities. We will discuss this issue in appendix A.

We perturb the action S = [ d*z\/—g L+ Sp¢ up to the second order. After integrations
by parts, the second-order action is given by

5(2):/d4a:a3

: x (1~ Atw)p w3 o, Wi 0o 2
{leq)_wQ\IIJ’_zl:pl(l_’_wl)w}6742+<22l:wl+3 v +a72(8(1>) —3uw1 P

. 0*® p1(14w;) (0, —3Hwyvy) pi(l+w) (.4 w 2
+{3’LU2(I)—2’U)1G2—; w ql_i_;T {'Ul _E(avl) }

. 3
+ SCI)ZpZ(l +w;) (0 — 3Hwvy) + 3 HZ(I + wl)plv?] , (3.3)
1 1

where | = A, B, and

wy = 2(Gy —2XGyx) —2X (G5 xdH — Gs.5) (3.4)
wy = —2G3 xX¢+ 4G H — 16 X2Gy xxH + 4(¢Gapx — 4H Gax)X + 2G4 3¢
+8X2HGs yx +2H X (6G5.4 — 5G5 xdH) — 4G5 xxpX2H? (3.5)

w3 = 3X(K7X + QXK,X)() + 6X(3X¢HG37XX — G3,¢XX — G3,¢ + 6H¢G3,X)
F18 H(A HX?Gy xxx—HG3—5X ¢G4 px —CGapd+THG, x X +16 HX?Gy xx—2 X2$pG4 pxx)



+6H2X (2 HpGs xxx X6 XG5 yxx+ 13X HpGs xx—27Gs.ox X +15 HpG5 x—18G5 4) , (3.6)
wy = 2G4 —2XGs,4 — 2XG5,X(5-

The equation of motion for y gives rise to the following momentum constraint
wo¥ =2un®+ D pi(1+w)vr, (3.8)
I=A,B

which can be used to integrate out the field W. After replacing ¥ in eq. (3.3), by using
eq. (3.8), we need to integrate the terms 9°® ® and 9® v; by parts, so that the action (3.3)
reduces to

5% = /d% [AijQin —Cij(09:)(0Q;)) — B QiQ;j — Di; QiQ;| , (3.9)

where Q; = (®,v4,vB), and Ajj, B;j, Cij, D;; are the components of the 3 x 3 matrices A,
B, C, D.
Imposing the matrix A to be positive definite leads to the no-ghost conditions

wy (4w ws + Qw%)

= >0, 3.10

and wa(l +wa)pa > 0, wp(l + wp)pp > 0. The latter two conditions are automatically
satisfied for radiation (ws = 1/3) and non-relativistic matter (wg = 0%). The speed of
propagation ¢ for the fields can be found by solving the following discriminant equation

det (c2A —a’C) = 0. (3.11)

This has two trivial solutions ¢? = w4 and cg = wp, which are not negative for radiation

2 =
and non-relativistic matter. In order to avoid the Laplacian instability associated with the

remaining solution of eq. (3.11) we require that

32wlwy H — wiwy + 4wiwotiy — 2whie) — 6wi[(1 + wa)pa + (1 +wp)ps]
wy (dwyws + 9w3)

ch >0.

(3.12)

We also consider tensor perturbations h;; characterized by dg;; = aQ(t)hij, where h;;

is traceless (h%; = 0) and divergence-free (h% ; = 0). We decompose h;; into the two po-

larization modes, h;; = hg e?; + h®e§?, where the matrices e?? and ef? are normalized to

be eg\j(k)e?j(—k)* = 2, (where A\ = @, ®) and e??(k)e?}(—kz)* = 0 in Fourier space. The
second-order action for tensor perturbations can be written as

2
(2) _ 2 : 4., 3 2 Cr 2
where the conditions for the avoidance of ghosts and Laplacian instabilities are given by
Or = % >0, (3.14)
2 _ W4
= —>0. 3.15
cr w = ( )

For the consistency of the theories given by the action (2.7) the condi-
tions (3.10), (3.12), (3.14), and (3.15) need to be satisfied. Finally, as we will show in
appendix A, the vector modes do not add any conditions to those derived above.



4 Application to extended Galileon dark energy models

In this section we shall study the cosmology based on the extended Galileon models by
taking into account the conditions for the avoidance of ghosts and Laplacian instabilities
derived in section 3.

The covariant Galileon without the field potential [11] corresponds to

K=—cX, Gg= %X, Gy = %Mgl— %XQ, Gs= 5 X%, (A1)
where ¢; (i = 2,3,4,5) are dimensionless constants, M, is the reduced Planck mass, and
M is a constant having the dimension of mass. In this case it is known that there exists
a cosmological tracker solution characterized by the condition H ¢ = constant [16]. Along
the tracker the dark energy equation of state evolves as wpgy = —7/3 (radiation era) —
wpE = —2 (matter era) — wpg = —1 (de Sitter era). However, the tracker solution for the
covariant Galileon is not favored by the joint data analysis of Supernovae Ia (SNIa), Cosmic
Microwave Background (CMB), and Baryon Acoustic Oscillations (BAO) [39]. This comes
from the unusual evolution of wpg during the matter era away from —1. Only the solutions

that approach the tracker at late times can be allowed observationally.
Let us consider the generalization of the covariant Galileon to find tracker solutions
with different wpg. We take the following functions

1
2

o 305

K = —caMy TP XP2 | Gy = s MyTIXPS | Gy = S ME — el METPEXP | Gy = Bes My (TP xos

(4.2)
where ¢; and p; (i = 2,3,4,5) are dimensionless constants, and M; (i = 2,3,4,5) are constants
having dimensions of mass'. For two perfect fluids we consider radiation (energy density p4 =
pr, equation of state wy = 1/3) and non-relativistic matter (energy density pp = pp, equa-
tion of state wp = 0). For the choice (4.2) the field equations (2.8) and (2.9) can be written as

3H*M? = ppE + pm + pr (4.3)
(3H? +2H)M} = —ppE — pr/3 (4.4)
where
ppE = 2X K x—K+6H)X Gy x—6H>G 124 H* X (G4 x+X Gy xx J2H?p X (5G5 x+2X G5 x x ) , (4.5)
poE = K —20XG3 x +2(3H?+2H)Gy—12H?X Gy x —4HX Gy x —8HX Gy x —SHX XG4 xx
22X (2H?¢+2HH$+3H?$)Gs x —4H?$ XG5 x x (4.6)
and é4 = G4 — M§I/2 = —C4Mfi4p4Xp4.
For the covariant Galileon (p2 = p3 = 1, p4s = ps = 2) there is a tracker solution with

H¢ = constant, in which case all the terms in eq. (4.5) are proportional to $2. We search for
tracker solutions characterized by the condition

H$* = constant, (4.7)

where the power ¢ is a real constant. If we choose the following powers, all the terms in
eq. (4.5) are proportional to ¢?P:
p2=p, p3=p+((2¢-1)/2, pi=p+2q¢, ps=p+(6¢—1)/2. (4.8)

"Kimura and Yamamoto [26] studied the model with po = 1,p3 # 0, ca = 0,¢5 = 0, which recovers the
Dvali-Turner model [40].




Note that the covariant Galileon corresponds to p =1 and ¢ = 1/2.

Let us study whether the tracker really exists or not for the powers given by eq. (4.8).
Before doing so we first discuss conditions for the existence of a de Sitter solution character-
ized by ¢ = constant and H = constant. We introduce the following variable

¢

T = . 4.9
For the simplification of the background equations it is convenient to define
Mo 1—2p3\ 1/(1=4p3)
— 1/2 — pl
My = (HasMp1) ™/~ M3z = ( Ho 2P > ;
_ 1/(2—4 4
= Mp12 2pa \ 1/(2—4pa) e H 2425 1/(1+4ps) 1
4 = W ) 5= W ) (4.10)
ds pl

where Hyg is the Hubble parameter at the de Sitter solution. For the covariant Galileon one
has M3 = My = M5 = (HdQSMpl)l/?’. From egs. (4.3) and (4.4) we find that the de Sitter
fixed point where ¢ = 0 and H = 0 is present under the following conditions

3/ 21\
Tds

\/ﬁ 2 p+q
=— | — 3 — 4.12
o= i () BoraEe-m <. (4.12)

where z4g is the value of = at the de Sitter solution, and
4(2 -1 ZII2 pa .’L'2 p5+1/2

o= (p‘;) (;S> e, B=2V2ps (;3> cs . (4.13)

In order to discuss the cosmological dynamics it is convenient to introduce the following
variables

142 2 %
T:(@yq Has ) (LT g e
1= z o ) 2 = T4s T:I; ) L 3H2M§1 : ’

The solution (4.7), in terms of the variable r1, is given by r; = 1. The de Sitter fixed
point corresponds to (ri,r2,Q,) = (1,1,0). We will only consider cosmological dynamics
for which r; and ry are both positive at all times: otherwise the inverse relations of (4.14)
may be ill-defined. On the other hand, we will see later on that a viable cosmology cannot
allow a change of sign for the variable . Defining the dark energy density parameter
QOpg = pDE/(3H2M§1), it follows that

Qpg = —— : [1"1{7"1 [12(a = B)(p+q) +4p —71(2p — 1) (3 — 48 +2)] — 3a(2p +4g + 1)}
+48(p+3q + 1)} . (4.15)

The Friedmann equation gives the relation Q,, = p,,/(3H QMSI) =1-Q, — Qpg. For the
initial conditions where 71 is positive but small (0 < r; < 1), we require that
p—1
2g+1

>0, (4.16)



in order to have Qpg — 0. In the following we will replace €2, with 1 — €, — QpEg.

We can obtain the differential equations for ry, r9, and 2, after deriving <z5 and H
from eqs. (2.9) and (2.10), e.g., 7| /r1 = —2qd/(H$) — H/H?, where a prime represents
a derivative with respect to N = Ina. The r.h.s. of these differential equations can be
expressed in terms of 71, ro, and €2, together with the coefficients «, 3, p, and q.

The equation for r; is given by

= [ri(r = D{B(2p(r1 — 1)(2r1 + 1) — 6g(r1 + 1)) + r1(3e(p — pr1 + 2q) — 2pr1)}
< {2((3+ Q) (2p — 1) + 12¢)r /29 L 348(1 + p+ 3¢) — 3a(1 + 2p + dg)ry
+4((1 + 3 — 3B8)p + 3(a — B)g)ri + (=2 — 3+ 48) (2p — V)r)ra}] /A, (4.17)
where
A = 2 2r PP/ 02D (30(p429) (2p+4g— 1) — (2p+2¢— 1)((2+60)p+6ag)ri +(2+3a)p(2p— 1))
H4Br R (297 —p 1180 +12pg —3¢—3(2p+2q—1) (p+q)ri +2p(2p—1)r})
477{90° (29(2qr1 —2q—1)+(2p° +p+8pq) (11 — 1)) (11 — 1) +4p°r +6apri (2p+4q+1)r1 —2p—6g—1) }rs
4382 (r1 —1){4p(r1 —1)(1+2r1 +6q(r1 +1)%)+4p> (r1 — 1) (1471 (24 3r1)) +6q(r1 +1)(2¢(r; —3) —2) }r2
—357‘%{4}77"1((7“1—1)(2pr1+1)+2q(r%—2))+a(r1—1)(8p2(r1—1)(2r1+1)+6q(4qrf—(1+2q)r1—3—10q)
Hp(r1—=1)(12q(r1+1)+r1+2)) }ra] . (4.18)

In addition to eq. (4.17) we write the remaining equations of motion for the variables rs and
),.. We find that the second Einstein equation is equivalent to

%{4(3q+1)(p+2q) 2ra(p+-2q)r 2“’“{3047"1(19 q—1)=3B(p—3¢—2)—r7[Bap—33(p+q)+p+3aq]}}

(2q +1) {r““ r2{35(p + q) + ri[Bap — 38(p + @) + p + 3aq] — 3ar1(p + ¢)} + 24}
3(2q+1)(p+2q){r2q+1 2[5 (48—3a—2)+3ar; —458]+2} —2(2¢+1) (p+2q) 2, =0, (4.19)

whereas the equation of continuity for the radiation fluid leads to
Q/ 7,/ 7,,/
20+ 1)(p+20) F =26+ D(p+20) -~ 2020+ 1) 2 + 429+ 1)(p +29) = 0. (420)
i
These two equations, combined with eq. (4.17), completely determine the dynamics of the
system.
4.1 Tracker

From eq. (4.17) we find that there is a fixed point characterized by
r=1, (4.21)

which corresponds to the tracker solution with H¢*¢ = constant. Considering the homoge-
nous perturbations dry along the solution 71 = 1, it follows that

6(p+2¢) —3+(2p—1)Q, + 32

ory . 4.22
2(pra + 2q) " (4.22)

I
ory = —

For pro + 2g > 0 the tracker is stable along the 1 direction provided that

6(p+29) +(2p—1)Q >3(1—12). (4.23)



Along the tracker the dark energy density parameter is simply given by
QDE =T9. (4.24)

For 0 < Qpg < 1 the r.h.s. of eq. (4.23) is within the range 0 < 3(1 —r3) < 3. As long as the
condition (4.23) is satisfied, which includes the case of the covariant Galileon, the solutions
stay at the tracker. With the increase of 7o the solutions finally reach the de Sitter fixed
point characterized by r; =1 and ro = 1.

Along the tracker the equations for r9 and €2, are given by

2q) (2 —
o 200, 3 8r)

4.25
Do + 2q 2 ( )
2¢(Q — 1 — 3ry) — 4
o = 24k Sre) —dpra ¢ (4.26)
pra +2q

Combining these equations, it follows that

/ Q/
Q—(1+s)—’":4(1+5), where s =

4.2
Tz Q. (4.27)

P
2q
Integration of this equation leads to

ry = cpa1t9)Q, s , (4.28)

where ¢; is a constant. Since , o< a~*H 2, the evolution of the variable ry is 79 o H—20+s),
Since we want ro to be subdominant at early times and to grow on the tracker solution, we
further impose

p
1 =14+—>0. 4.29
+s + 2 > (4.29)
Substituting eq. (4.28) into (4.26), we obtain the integrated solution
cratd T 1ts — 1 — Q-(1 — coa), (4.30)

where ¢y is a constant. Therefore, the dynamics on the tracker depends only on the free
parameter s = p/(2¢q) and the two initial conditions ¢; 5. For a particular choice of s such
as s = 1 (which corresponds to the covariant Galileon), it is possible to derive the explicit
solution for Q, in terms of a [17, 39]. For general s, however, we cannot necessarily find an
explicit expression for €2,.. The density parameter of dark energy along the tracker is given
by Qpg =1ro = cra*+s)Q 1t Writing the density parameters of dark energy and radiation
today (a = 1) as Q](D(% and Q1 respectively and using eqs. (4.24), (4.28), and (4.30), the
coefficients ¢1 and ¢ are found to be

1-0f - oy
T @Oy T o .
where QSP =1- Q](DOIZZ — ng) is the density parameter of non-relativistic matter today.

The dark energy equation of state wpg = ppr/ppr and the effective total equation of
state weg = —1 — 2H /(3H?) along the tracker are

3453+ %)
3(sra+1) 7

C3ra(s+1) —
3(sra+1)

eff —

wpE = (4.32)



In the early cosmological epoch in which the condition Qpg = 72 < 1 is satisfied, one has
wpg ~ —1 — s(1 + Q,/3) and weg ~ €, /3, respectively. Hence the evolution of wpg during
the radiation and matter eras is given by wpg = —1 — 4s/3 and wpg = —1 — s, respectively.
At the de Sitter fixed point (ro = 1 and 2, = 0) it follows that wpgp = weg = —1. The
tracker solution for the covariant Galileon (s = 1) is incompatible with observations because
wpg, is away from —1 during the matter and radiation eras [39]. For the compatibility with
observations we require that )
5= 2% <1. (4.33)
In the regime o < 1 the conditions for the avoidance of ghosts and Laplacian instabil-
ities are given by
Qs
M
&~ {4p°(Q, 4+ 3) — 2p*{(Q + 3)(68 — 3a + 2) — 2¢[3Q, + 11 — 3(ar — 2B) (2 + 3)]}
—3{B(2+3)+8¢3(Q, +5)(a—28) —2¢* (79, +27) (—28) +q[3(2- +3) —28(5Q,.+17)]}
—p{(Q +3)(Ba — 128 — 1) + 4¢*[(a — 2B) (992 + 33) — 2(Q,. + 5)]
+q[12(28 — @) (39, + 10) + 69, + 22|} } /[24¢%(2p + 4 — 1){p — 3(a — 2B)q}] > 0, (4.35)

Qr é [243(a —28)r5] >0, (4.36)

~ 6g[p—3(a—28)q]r: >0, (4.34)

2
M5,

1

 3{2[2(a — 28)q + 3B]p + 8(e — 28)¢° + B(16q — 3) + B(2p + 4¢ — 1)Q,}
4q(2p+ 49 —1)

A~ 1 ro > 0. (4.37)
These results reproduce those derived in refs. [16, 17] for the covariant Galileon (p = 1,9 =
1/2). Let us consider the case in which the parameters «, /3, p, g are not very different from the
order of unity. Since r9 < 1 the conditions (4.36) and (4.37) are automatically satisfied. We
see here that ro cannot change its sign, as this implies the violation of the condition Qg > 0.
Since we only consider the case 12 > 0 at the initial stage, the scalar ghost can be avoided for

qlp—3(a—28)q] > 0. (4.38)

For p and ¢ satisfying q(2p +4g — 1) > 0, the Laplacian instability of the scalar perturbation
is absent as long as the numerator in eq. (4.35) is positive. For the covariant Galileon this
corresponds to the condition 8 + 10av — 95 + Q,.(2 + 3ac — 33) > 0 [16, 17].

4.2 De Sitter solutions (r; =7y =1)

We study the stability of the late-time de Sitter solution characterized by r1 = ro = 1. At
the de Sitter fixed point the system is effectively described by one scalar degree of freedom
®, with the second-order action S = [d*za?Qs[®? — (c%/a*)(V®)?]. For homogenous
perturbations (comoving wavenumber k£ = 0) the scalar perturbation obeys the equation of
motion %(aS’QS@) = 0, whose solution is

t
1
d(t) = ——di 4.39
W =ate [ oo d. (4:39)

where ¢; and ¢y are constants. Now we are considering the de Sitter solution where ¢ is
constant, in which case Qg does not vary in time. Since a oc elast| the second term in
eq. (4.39) decays in proportion to e 3Has?, Hence the de Sitter solution in our theory is
classically stable against homogeneous perturbations.
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The conditions for the avoidance of ghosts and Laplacian instabilities (against inhomo-
geneous perturbations) at r; = ry = 1 are given by

Qs _ 6(p+29)(3a — 68+ 2)[p — 3(a — 2B)q]

M [2p — 6(a — 28)q — 3a+ 6 — 2)?
= {66+4p*+p[9(—28)?+3a—128+4¢(65—3a+2) —2]+3(a—253) [36+q(9a—123—8¢+6)]}
326 —a)(2¢+1)+2p—2

>0, (4.40)

* 66530 —2)(p+ 202+ dg— 1)(p — 3aq + 68g) = (440
%:é(m-%wpo, (4.42)
T = i(il;t%(go} >—62a+ 7y =0 (443)
4.3 The solutions in the regime r; < 1 and 3 < 1
Equation (4.17) shows that there is another fixed point characterized by
r=0. (4.44)

Let us study the behavior of the solutions in the regime r; < 1 and 9 < 1. In doing so we
consider the parameter space with p > 1 and g > 0. Then the equations for r1, ry, and €,
are approximately given by

;o (3+9)(2p—1) +12q
N 2(2p+6¢g — 1)
;. (p+29)[9 — 6p + Q. (7 — 2p + 129)]
N 22¢+1)(2p+6g—1)

QL ~ O (Q —1). (4.47)

r (4.45)

ro, (4.46)

From eq. (4.47) there are two fixed points: 2, = 1 and €, = 0. During the radiation era
(©, = 1) integration of eqs. (4.45) and (4.46) gives

4p+6q9—2 (p+2q)(8—4p+6q)
1 o q2rt6a—1 Tro ~~ a (2¢+1)(2p+6q—1) , (448)

whereas during the matter era (2, = 0) one has

3(2p+4q—1) 3(p+2q)(3—2p)
r1 >~ q2@p+6e-1) | ro ~ q2@a+1D)(@p+6a-1) (4.49)

The variable r; increases for p > 1 and ¢ > 0, which is followed by the approach to the
tracker solution. Whether the variable ro grows or not depends on the values of p and ¢. If
p > 3/2 and ¢ > 0, for example, ry decreases in the matter era. However the dynamics will
in general change as the solutions approach the tracker, r; — 1.

The dark energy equation of state wpg and the total effective equation of state weg in
the regime r; < 1 and ro < 1 are approximately given by

1+Q,

R Q. 4.50
2(1-2p—6q)’ (4.50)

WDE X Weff =~

If p=1and ¢ = 1/2, we have wpg = —(1 + £,)/8 [16, 17].

— 11 —



For (p —1)/(2¢ + 1) > 0 the ghosts and Laplacian instabilities can be avoided for

1321 ~ 3(p+3q)(2p + 6g — 1)pr{" /iy > 0, (4.51)
b
2 p+3qg—2
= 1+Q,) >0, 4.52
cs 2(p+3¢)(2p+6g — 1) ( )= ( )
Qr 1 (p—1)/(2q+1)
~ |- 4.53
Mz 7 3fryry >0, (4.53)
dp +12¢ — 5 — 39, _
A~ 1+ SUp+12g—5-3 )ﬁrgp D/@at,, > . (4.54)

Ap + 129 — 2
In the regime 7 < 1 and ro < 1 the conditions (4.53) and (4.54) are automatically satisfied.

4.4 Other fixed points

From eq. (4.17) we see that in general there are other two more complicated fixed points,
r1 = Tqap, those which satisfy the equation

p(3a — 48+ 2)r7 + [28(p + 3q) — 3a(p + 2q)]r; +28(p + 3¢) =0, (4.55)

with j = a,b. Whether or not these fixed points are viable or not depends on their stability
and the chosen parameters of the model.

Then we will consider only those models for which either there are no real solutions to
eq. (4.55), or, if they exist, they are placed outside the range of interest corresponding to the
interval 0 < r; < 1. Therefore we need to fulfill the following condition

(A<O)V[IA>O0A(ra <OVre>1)A(ry <0V, >1)], (4.56)
where the symbols A and V stand for the logical “and” and “or” respectively, and

_ 3a(p+2q) —2B(p+3q) £ VA
Ta,b — 2]9 (30[ — 46 + 2) 5 (457)

A = [28(p+3q) — 3a(p + 29)]° — 88p(3cc — 45 + 2)(p + 3q) - (4.58)

4.5 Theoretically viable parameter space

Let us discuss the relevant constraints we have found so far in order to restrict the allowed
parameter space. Therefore we have

—1
1p+ 5, = 0, in order to have Qpg subdominant et early times, (4.59)

q
1+ 22 >0, in order to have a growing Qpg along the tracker , (4.60)

q
22 <1, in order to have the tracker consistent with data, (4.61)

q

p+3q—2 . 2

T3t 6q—1) = 0, in order to have CS|7°1<<1,7“2<<1 >0, (4.62)
(p+39)(2p+6g—1)8>0, in order to have QS’T1<<LT2<<1 >0, (4.63)
3 —684+2>0, inorder to have Q7|4 gitrer > 0 (4.64)
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(p+2¢)[p—3(a—28)q] >0, in order to have Qs|ye sitter > 0 (4.65)
qlp—3(a—28)q] >0, inorder to have Qsl, _1,,«1 >0, (4.66)
€5 de sitter = 00 e sisper = 0 (4.67)
C%}r1:17r2<<1,ﬂ7.:0 20, C%‘r1:1,r2<<1,9,.:1 = 0. (4.68)

The conditions (4.59)—(4.62) impose
q>%7 and 1<p<2q. (4.69)

This implies that negative values of p and ¢ are excluded. Furthermore, the condition (4.63)
implies
g>0. (4.70)

Altogether we find the following allowed parameter space

1
(q>2)A(1<p<2q)A

2p—2 D D 1 3aq—p
L o< ZAN0<B < Bax | V[ = <a < Z(4p+8¢—2) A <B < Bmax | |, (4.71
ng asLno<pss ) <3q o < s A 2 g < )] @)

3a—2p 4+ 6aqg + 2
5max =
6(2¢+1)

Although the above conditions have been derived for different initial conditions, we impose
them to be true at the same time. This is because we do not know a priori initial conditions
in the early Universe, as we have not specified how inflation works in these models.

To be more concrete, let us consider the theory with p = 1 and ¢ = 5/2. In this case
the dark energy equation of state along the tracker is given by wpg = —1.2 during the
matter era. The condition (4.71) reduces to

(4.72)

2
(a >2B) A {(a>0/\ﬁ>0/\15a§2)\/<15a>2/\a<25+15/\3a§22ﬂ . (4.73)

Adding the condition (4.56), the parameter space reduces to

(a>28) A [(a >0 A2vV17\/3(272 — T5a)a + 68 + 5615 > 408 + 68 A T5a < 34)

2
\/(75a>34/\a<2ﬁ+15/\30z§22)]. (4.74)

During the transition from the regime r; = 1 and 3 < 1 to the de Sitter attractor
(r1 =1 and 7o = 1) the tensor propagation speed squared c% can be negative, depending on
the model parameters. For p =1 and ¢ = 5/2 we have

110 + (22 — 15 — 998 — 338Q,)re + 3(338 — a)r3
112 + 3(a — 28)r2) (5 + 72) ’

2 = (4.75)

along the tracker. Since the transition occurs at late times, the contribution of the radiation
density parameter can be neglected in eq. (4.75). If |a| < 1 and |3| < 1, then ¢2 is close to
1. For positive o and g of the order of unity it happens that c% becomes negative. Taking
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Figure 1. (Left) Allowed parameter space in the (o, 8) plane (the area in black) for p = 1 and ¢ = 5/2.
In the right panel we zoomed the available parameter space of the left panel in the (o, 8 — «/2) plane.
We have used all the available conditions considered so far, i.e. (4.74) and (4.79).

the derivative of eq. (4.75) with respect to 72, ¢2 has a minimum (the second derivative
dQ(C%) /dr3, at re = romi, is always positive in the region 0 < romin < 1 and when the
conditions (4.73) are satisfied) at

60 — 27553 + 3v/Amin

- 476
"2min = Ee s 190 — 59482 + 29703 (4.76)

where

Amin = B[1800” — 3a(19783 + 8) + 223(213 + 5)] . (4.77)

In eq. (4.76) we have chosen the solution with 79 > 0, because another solution is always
negative if the conditions (4.73) are satisfied.
Plugging the solution (4.76) into eq. (4.75), we find that

2

; 36v/55v/ A — 2250% — 15(698 + 20) + 663(455 — 23) + 44
T —_— .

i 11(3083 — 150 + 2)2

(4.78)

Therefore the allowed parameter space is characterized by

- >0].
(4.79)
The first inequality comes from setting 72 min to be an imaginary number such that there
is no minimum for cQT. The second inequality allows the minimum of c2T to be outside the
interested range for ro.
In figure 1 we plot the allowed parameter space for p = 1 and ¢ = 5/2 in the (o, f)

plane constrained by the conditions (4.74) and (4.79).

Apin < Ov[Amin > O/\(r2,min < O\/"'Z,min > 1)] V[Amin > 0/\(0 < 7T2min < 1)/\ C’%l

4.6 Numerical simulations

In order to confirm the analytic estimation given above, we solve the differential equations
of r1, r9, and €2, numerically for given values of «, 3, p, and ¢. In particular we study the
cosmological evolution for p = 1 and ¢ = 5/2, in which case the parameters a and 5 need
to satisfy the constraints (4.74) and (4.79).
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Figure 2. Evolution of the density parameters Qpg, Q,,, ., Wer, and wpg versus the redshift z for
p=1,¢=5/2, a =1, B =0.45, and 2qs = 1. The initial conditions are chosen to be r; =1, ro =
10730, and 2, = 0.9998 at z = 1.76x 10”. In this case the solution is on the tracker from the beginning.

0.0

-14

log10 (1+2)

Figure 3. Variation of wpg versus z for p = 1, ¢ = 5/2, « = 1, § = 045, and x45 = 1 with
several different initial conditions. The solid line corresponds to the tracker with the initial conditions

same as those given in figure 2. The initial conditions for the cases (a)-(c) are (a) r; = 4.0 x 1072,

ry =5.0x10725, Q. = 0.9998 at z = 1.82x 107, (b) r; = 1.0x 1072, ro = 1.0 x 10713, ©,. = 0.9998 at
2=1.76x107, and (c) r; = 1.0x 1077, ro = 1.0 x 1079, Q,. = 0.99995 at z = 6.64 x 107, respectively.
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Figure 4. Variation of Qg /Mlg1 versus z for the same model parameters and initial conditions as
those given in figure 3. The solid line represents the tracker solution, whereas the cases (a), (b), and
(¢) correspond to the evolution for the initial conditions as those given in figure 3.
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Figure 5. Evolution of ¢% versus z for the same model parameters and initial conditions as those
given in figure 3. The solid line represents the tracker solution, whereas the cases (a), (b), and (c)
correspond to the evolution for the initial conditions as those given in figure 3.

In figure 2 we plot the evolution of Qpg, Q,,, Q,, weg, and wpg versus the redshift
z=1/a—1forp=1,q=5/2, a =1, B = 0.45, and x4s = 1 with the initial conditions
corresponding to the tracker from the beginning (r; = 1). For this choice of o and
the conditions (4.74) and (4.79) are satisfied. Note that the coefficients ¢; (i = 2,---,5)
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are known to be co = 9.60, c3 = 18.07, ¢4 = 4.36, and ¢5 = 7.20 from eqs. (4.11)—(4.13).
Furthermore both the fixed points given in eq. (4.55) exist in the region r,; > 1. Figure 2
shows that the sequence of radiation (weg = 1/3, Q, = 1), matter (weg = 0, £y, = 1), and
de Sitter (weg = —1, Qpg = 1) eras is in fact realized. The dark energy density parameter
grows as Qpp = ro o« 2045 = 12/5 toward the de Sitter attractor (ri =rg =1). As
estimated by eq. (4.32), the evolution of wpg during the radiation and matter eras are given
by wpg = —1.267 and wpg = —1.2, respectively. After the end of the matter-dominated
epoch the solution approaches the de Sitter attractor with wpg = —1.

In figure 3 we show the variation of wpg for the same model parameters as those
used in figure 2 with a number of different initial conditions. The approach to the tracker
occurs later for smaller initial values of r;. This can be clearly seen in the numerical
simulations of the cases (a)-(c) in figure 3. The case (a) corresponds to the early tracking,
whereas the case (c) to the late-time tracking with smaller initial values of r;. In the regime
characterized by r; < 1 and ro < 1, the analytic estimation (4.50) gives wpg = —0.0625
and wpg = —0.03125 during the radiation and the matter eras, respectively. These analytic
values of wpg are in good agreement with their numerical values for the late-time tracking
solution (such as the case (c) in figure 3).

In figure 4 the evolution of the quantity Qg is shown for the same model parameters
and the initial conditions as those given in figure 3. For the tracker our numerical simulations
show that Qg grows according to eq. (4.34) in the regime 7 < 1 (ie. Qg o ro ox t'2/5),
which finally approaches the value (4.40) at the de Sitter solution. For the initial conditions
with r; < 1 and 7o < 1 we find that the early evolution of Qg is well described by eq. (4.51),
ie. Qg o ro ox t19/32 during the radiation era. As we can see in figure 4, the evolution of Qg
shifts to that of the tracker after the solutions reach the regime around r; = 1. Provided
that ro > 0 initially, Qg always remains to be positive.

As we see in egs. (4.36) and (4.53) the quantity QT/MIf1 is close to the value 1/4 in
the regime 19 < 1, independently of the values of 1. Numerically we confirmed that, for
both the initial conditions r1 = 1 and 1 < 1, Q7 /MS1 stays the value around 1/4 until
recently and then it finally approaches the value (4.42) at the de Sitter solution. Provided
that 3a — 65 + 2 > 0 the no-ghost condition for the tensor perturbation is always satisfied.

In figure 5 we illustrate the evolution of c?g for the same model parameters and the initial
conditions as those given in figure 3. The analytic estimation (4.35) for the tracker gives
c% = 0.639 and c% = (0.515 during the radiation and matter dominated epochs respectively,
which show good agreement with the numerical result in figure 5. Finally c% approaches the
value 9.48 x 1072 with a smooth transition from the matter era to the de Sitter epoch. In
the regime 71 < 1 and 72 < 1 the analytic estimation (4.52) gives ¢% ~ (13/544)(1 + ;).
In fact the numerical simulations for the cases (a), (b), and (c¢) reproduce this value before
the solutions reach the tracker. Since 0 < c?g < 1 from the radiation era to the de Sitter
epoch, the Laplacian instability of the scalar perturbation is absent.

Figure 6 depicts the evolution of ¢ for the tracker with two different combinations
of aw and . The case (i) corresponds to the model parameters and the initial conditions as
those given in figure 2. As estimated by eq. (4.37), the tensor propagation speed squared
along the tracker is very close to 1 but slightly less than 1 in the early cosmological epoch.
In the case (i) the model parameters satisfy the condition (4.79), so that ¢ takes a positive
minimum value 0.745 at ro = 0.847. Then the solution finally approaches the de Sitter
attractor with ¢z = 0.751. In the case (ii), in which the condition (4.79) is violated, the
minimum value of ¢ is negative. This shows that the condition (4.79) is in fact required to
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Figure 6. Evolution of ¢Z versus z along the tracker for (i) p=1,¢=5/2,a =1, 8 = 0.45, 745 = 1,
and (ii) p =1, ¢ =5/2, « = 6.1, 8 = 3, zqs = 1. In both cases the initial conditions are chosen to
be r1 =1, 79 = 1073% and Q, = 0.9998. In the case (ii) the condition (4.79) is violated, so that cZ
temporally becomes negative during the transition from the regime ro < 1 to the regime ro = 1.

avoid the Laplacian instability of the tensor perturbation. We have also run our numerical
code for the initial conditions with 71 < 1,79 < 1 and found that the evolution of c% is
similar to that for the tracker. The only difference is that the tensor propagation speed
is slightly superluminal in the regime 7; < 1,72 < 1. In fact, eq. (4.54) shows that cZ is
slightly larger than 1 under the conditions (4.69) and (4.70).

We have also carried out the numerical simulations for other values of p, ¢ and confirmed
the accuracy of the analytic estimation. If we choose larger values of ¢ for given p, the dark
energy equation of state wpg along the tracker approaches —1. In the limit where ¢ — oo
the scalar propagation speed squared (4.41) at the de Sitter solution reduces to c% —a—20
and hence we require the condition av > 2. On the other hand the condition (4.66) reduces
to a < 2f for ¢ — oo. Hence, if wpg along the tracker is close to —1, the allowed parameter
space tends to be smaller.

5 Conclusions

In the Horndeski’s most general scalar-tensor theories we derived conditions for the avoidance
of ghosts and Laplacian instabilities associated with scalar, tensor, and vector perturbations.
The four conditions (3.10), (3.12), (3.14), and (3.15) need to be satisfied for the theoretical
consistency. Vector perturbations do not give rise to any additional conditions to those
derived for scalar and tensor perturbations.

The Horndeski’s action covers most of the dark energy models proposed in literature
and hence our formulas are general enough to apply them to concrete models with second-
order field equations. We proposed new kinetically driven dark energy models described by
the functions (4.2), which cover the covariant Galileon as a specific case. For the choice of
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the powers p; (i = 2,3,4,5) given in eq. (4.8) we showed the existence of the tracker solution
along which H (ﬁ2q = constant. Finally the solutions approach a stable de Sitter attractor at
which ¢ = constant.

Along the tracker the dark energy equation of state during the matter dominance is
found to be wpg = —1 — p/(2¢). The covariant Galileon (p = 1 and g = 1/2) corresponds
to wpg = —2 during the matter era, which is not favored from the combined data analysis
of SNIa, CMB, and BAO. The extended Galileon model we proposed can alleviate this
problem because wpg can be close to —1 for p smaller than q.

We clarified the theoretically allowed parameter space in which the ghosts and Lapla-
cian instabilities are absent. For p =1 and ¢ = 5/2 we carried out numerical simulations to
check the evolution of the background quantities (like wpg and Qpg) as well as the quantities
such as C%, C?F, Qgs, and Q7. As we estimated analytically, the dark energy equation of state
for the tracker evolves as wpr = —1.267 (radiation era), wpg = —1.2 (matter era), and
wpg = —1 (de Sitter era), see figure 3. For the initial conditions with r; < 1, wpg starts to
evolve from the value estimated by eq. (4.50). The approach to the tracker occurs later for
smaller initial values of 7.

For the values of o and 8 which are inside the allowed parameter space, our numerical
simulations show that c?g, CQT, Qs, and Q7 remain to be positive in the cosmic expansion
history. Note that the condition (4.79) is important to avoid that ¢ becomes negative
during the transition from the matter era to the de Sitter epoch. While we showed the
cosmological evolution for one choice of p and ¢, we also confirmed that the analytic
estimation is trustable for other values of p and ¢. In the limit that p/q — 0 the dark energy
equation of state for the tracker mimics that in the ACDM model.

It will be of interest to see how the combined data analysis of SNIa, CMB, and BAO
places constraints on the tracker solution in the extended Galileon models. In order to
confront this model with the observations of large scale structure and weak lensing, we
also need to study the evolution of matter density perturbations as well as gravitational
potentials. We leave these issues for future work.
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A Ghost conditions for the vector modes

The no-ghost conditions for the vector modes in the presence of two perfect fluids can be
found by using the method in ref. [37]. Let us consider the perturbed metric

ds? = —dt* + avy;dt dz* + a®(6;5 + Cy ; + Cj ;) dw'da? (A1)

where v;; = 0 = C;;. In order to describe the vector perturbations at linear order, for the
perfect fluid we write Muﬁ = A%0,B4, where A4 and By are the velocity potentials for the
fluid A. We can choose the background values for A4 and By as follows: A4 = 0, and 0;B4 =

,19,



bf‘ = arbitrary constant. Then, for a plane wave in Fourier space, we have C;k; = 0. By
splitting BE as BP = bBx! +bP5Bg, and choosing the gauge for which C| = 0 = 6B, (where
C is the component of C; perpendicular to b? ), and the arbitrary background quantities
such that bf k; = 0, we find that bf is parallel to C; and both are perpendicular to k;.
After expanding the action at second order in the fields and integrating out the

auxiliary fields, we obtain
S = / die [QYlCZC,- +20Y,bBC0BE + QQVQbiBbiB(stB} , (A.2)

where ()11, Q12, and Q22 are time-dependent coefficients. The two no-ghost conditions can
be written as

QY = o wi(k/a)* [(1+wa)pa+ pp(1 +wp)] >0, (A.3)

2(2(1 +wa)pa + 2 pp(1 +wp) + wi (k/a)’]

VOV _(OV)2 — 410 wi(k/a)*(1+wa)pa(l+wp)ps
Q1@ — (Q2)” = 120+ wa) pa+ 20+ wplpp + wr(kja)] > 0. (A4)

These conditions are satisfied for w; > 0 (which corresponds to the condition (3.14)) and
(I +wa)pa > 0, and (1 + wp)pp > 0. In General Relativity with one single perfect fluid,
only the condition (A.3) holds, and it agrees with the result in ref. [37], when w; = Mgl.
Hence the vector perturbations do not provide additional constraints to those derived for
scalar and tensor perturbations.
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