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ABSTRACT

We study the cosmological dynamics of Non-Minimal Derivative Coupling
(NMDC) scalar field to Einstein tensor. Equation of motions obtained from both
metric and Palatini formalism are investigated. The acceleration conditions for expo-
nential potential are derived. We plotted the phase portraits for GR, metric NMDC
and Palatini NMDC cases. It is shown that Palatini NMDC effect restrict the at-
tractor into the smaller accelartion region. As the e-folding number growing, metric
NMDC model enhance the expansion rate and Palatini NMDC model surpress the
expansion rate.
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CHAPTER I

INTRODUCTION

1.1 Background and motivation

Physicists believe that our universe is in the accelerated expansion. This view is
strongly supported by astrophysical observations such as, redshift of Supernovae Type
Ia measurement [1, 2, 3]. In very early universe, inflation is believed to be happened.
This idea was introduced by Guth [4] and supported by recent observations, e.g.
cosmic microwave background (CMB) anisotropies [5], WMAP [6]. Dynamical scalar
field such as inflaton or quintessence [7], k-essence [8] or by effect of modified gravity
such as scalar-tensor theories [9, 10, 11] is suggested to be responsible with cosmic
inflation at the early universe and late time acceleration expansion.

In order to explain early universe and late-time acceleration, many scalar-
tensor theories has been proposed and studied. Some of these theories has non mini-
mal coupling (NMC) of scalar field to gravity sector such as f(ϕ, ϕ,µ, ϕ,µν , ...). The ex-
tension of NMC models named as Non-Minimal Derivative Coupling (NMDC) contain
coupling in the form of f(ϕ, ∂µϕ). We focused on NMDC term in which Einstein tensor
which couples to kinetic part of scalar field as Gµνϕ

,µϕ,ν [12, 13, 14, 15, 16, 17, 18, 19].
In this thesis, NMDC Cosmology is studied using so-called Palatini formalism. Pala-
tini formalism employ the variation with respect to metric and connection field, which
is treated as independent variables.

We study the cosmological dynamics of Palatini NMDC model with the ex-
ponential potential by plotting the phase portrait of the dynamical systems. Phase
portraits for metric NMDC and GR cases are also plotted as comparison.

1.2 Objectives

• Derive acceleration condition of NMDC model both in metric and Palatini
formalism.

• Introduce autonomous systems of the models.



2

• Present dynamical phase portraits of the models with acceleration region.

1.3 Framework

• FLRW universe

• NMDC model

• metric and Palatini formalism

• Phase portraits

1.4 Unit and notation

Units with c = ~ = kB = 1

[G] =
[
M−2

P

]
[length] = [time] = [L]

[mass] = [energy] = [M]

[energy density: ρ] = [pressure: p] =
[
ML−3

]
=
[
L−4

]
[gµν ] = [dimensionless]

[Γµ
νκ] =

[
L−1

]
[Rµ

νκσ] = [Rµν ] = [R] =
[
L−2

]
[ϕ] = [M]

[κ] =
[
M−2

]
[V (ϕ)] =

[
M4
]

[H] = [M]

[G] =
[
M−2

]



3

Notation

G : Newton’s gravitational constant (G = 6.67 × 10−8cm3g−1sec−2)

MP : Reduced Plank mass
(
MP = (8πG)−1/2 = 2.4357 × 1018GeV

)
a : Scale factor of the universe (where a0 = 1 at the present time)

t : The cosmic time

ẋ : Derivative of x variable with respect to t

x′ : Derivative of x variable with respect to N ≡ ln a

H : Hubble parameter
(
H ≡ ȧ

a

)
ρ : Energy density

p : Pressure

w : Equation of state parameter
(
w = P

ρ

)
weff : Effective equation of state parameter

R : Ricci scalar

gµν : Metric tensor

Γµ
νκ : Connection field

Gµν(g) : Einstein tensor in metric formalism

Gµν(Γ) : Einstein tensor in Palatini formalism

ϕ : Scalar field

V (ϕ) : Scalar field potential



CHAPTER II

STANDARD MODEL OF COSMOLOGY

2.1 General relativity

Our current understanding of the fundamental gravity interaction is based on Ein-
stein’s Field Equations

Gµν = 8πG
c4 Tµν . (2.1)

where Gµν ≡ Rµν − 1
2gµνR is called Einsten Tensor. gµν is metric tensor. Rµν is

Riemann tensor. R is Ricci scalar. Tµν is stress-energy tensor.
Einstein’s field equation can be derived from the variational principle of

Einstein-Hilbert action
SEH =

∫
d4x

√
−gR , (2.2)

where g is determinant of metric gµν .

2.2 Friedmann-Lemaitre-Robertson-Walker universe

The solutions of Einstein’s field equation are in the form of metric gµν . One of the
solution is named as Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, which
is consistent with our homogeneous, isotropic and non-static universe.

ds2 = −c2dt2 + a2(t)
[ dr2

1 − kr2 + r2(dθ2 + sin2 θdϕ2)
]

(2.3)

where k is the curvature parameter characterizing types of curvature and taking values
of +1, 0,−1.

Energy-momentum tensor for perfect fluid is given by

Tµν =
(
ρ+ p

c2

)
uµuν + gµνp. (2.4)

Combining ( 2.4 ), ( 2.1 ), and ( 2.3 ), one can obtain
ä

a
= −4πG

3

(
ρ+ 3 p

c2

)
(2.5)

which is known as the acceleration equation, and

H2 = 8πG
3
ρ− kc2

a2 . (2.6)
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with Hubble’s parameter H = ȧ/a, dubbed as Friedmann equation.
By taking time-derivative of Friedmann equation ( 2.6 ) and substituting to

the acceleration equation ( 2.5 ), we can derive fluid equation

ρ̇+ 3 ȧ
a

(
ρ+ p

c2

)
= 0. (2.7)

2.3 Inflationary universe

Cosmologists suggests inflation theory to solve horizon and flatness problem [4]. In-
flation said to be occured, whenever

ä > 0 , (2.8)

in other words, from ( 2.5 )
p < −ρ

3
, (2.9)

from this section on, we will employ the notation c = 1. It has been suggested that
inflation was driven by a single scalar field ϕ(t). Named as inflaton field, and its
energy and pressure is given by

ρϕ = 1
2
εϕ̇2 + V (ϕ) (2.10)

pϕ = 1
2
εϕ̇2 − V (ϕ) (2.11)

where V (ϕ) is scalar potential and ε± 1.
Subtituting ( 2.10 ) and ( 2.11 ) to Friedmann equation ( 2.6 ) in the flat

space (k = 0) will obtain the scalar dominated Friedmann equation

H2 = 8πG
3

(1
2
εϕ̇2 + V (ϕ)

)
. (2.12)

Klein-Gordon equation as the equation of motion of the scalar field can be obtained
from fluid equation ( 2.7 ) in terms of ( 2.10 ) and ( 2.11 )

εϕ̈+ 3Hεϕ̇+ V,ϕ = 0 (2.13)

And the acceleration condition ( 2.9 ) become

εϕ̇2 < V , (2.14)

named as slow-roll condition, because physically it means that the ϕ change very
slowly.
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By the virtue of ( 2.14 ), Friedman equation ( 2.12 ) and Klein-Gordon
equation can be approximated as

H2 ≃ 8πG
3
V (2.15)

ϕ̇ ≃ − V,ϕ

3H
(2.16)



CHAPTER III

PALATINI FORMALISM IN GENERAL RELATIVITY

In many textbooks [20, 21, 22], the common way to derive Einstein field
equation ( 2.1 ) from Einstein-Hilbert action ( 2.2 ), is to do the variational principle
of the action with respect to metric δgµν , with the known relation between metric
tensor gµν and Γγ

µν . We refer this way as metric formalism. Another approach is to
vary the action ( 2.2 ) with respect to both metric δgµν and δΓα

βγ connection. In other
words, we treat metric and connection as independent variables. Assuming that we
do not know the relation between metric and connection, in order to reveal later after
doing variation. We refer this second approach as Palatini formalism.

3.1 Motivation from classical mechanics : coordinate and momentum
treated as independent variables

In the particle mechanics, in order to find the equation of motion, one can extremize
the integral action

I =
∫
L (x, ẋ, t) dt . (3.1)

Variation δI = 0 with respect to δx(t) resulting Euler-Lagrange equation
∂L

∂x
− d

dt

∂L

∂ẋ
= 0 . (3.2)

Moreover, there is another interesting way to do the variation. First we ex-
press the Lagrangian in terms of coordinates and momenta L (x, ẋ, t) = pẋ−H (p, x, t).
But then, assume we do not know the nature of p and x (i.e. we abandon any relations
such as p = ∂L/∂ẋ). Hence p and x can be savely treated as independent variables,
and vary the action with respect to both variables.

δI = 0

=
∫
dt

[
∂(pẋ)
∂x

δx− ∂H

∂x
δx+ ∂(pẋ)

∂p
δp− ∂H

∂p
δp

]

=
∫
dt

[
p
∂

∂x

(
dx

dt

)
δx− ∂H

∂x
δx+

(
ẋ− ∂H

∂p

)
δp

]

=
∫
dt

[
d

dt
(pδx) − ṗδx− ∂H

∂x
δx+

(
ẋ− ∂H

∂p

)
δp

]
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= ���*0
pδx +

∫
dt

[(
−ṗ− ∂H

∂x

)
δx+

(
ẋ− ∂H

∂p

)
δp

]
. (3.3)

For vanishing coefficents of δx and δp respectively, we have

ṗ = −∂H

∂x
(3.4)

and
ẋ = ∂H

∂p
. (3.5)

Equations ( 3.4 ) and ( 3.5 ) are known as Hamitonian equations of motion, which is
equivalent to Euler-Lagrange equation ( 3.2 ).

We can see that, even we have treated x and p as independent unknown
variables, the role of x and p can be revealed later as canonical position and canonical
momentum in ( 3.5 ) and ( 3.4 ). More detailed discussion and another example of
motivation of the Palatini approach can be found in MTW book [23].

3.2 Metric approach in general relativity

In the Lagrangian formulation, Einstein field equation ( 2.1 ) can be obtained by
varying the Einstein Hilbert action gravitational action

SG =
∫

d4x
√

−gR . (3.6)

Where g is determinant of metric gµν , and d4x
√

−g = dV is volume element. R is
Ricci scalar, defined by

R = gµνRµν . (3.7)

Rµλν is a contraction of Riemann tensor, given by

Rµν = Rλ
µλν

= ∂λΓλ
µν − ∂νΓλ

νλ + Γλ
σλΓσ

µν − Γλ
σνΓσ

µλ , (3.8)

where Γλ
µν is Christoffel connection, described by

Γλ
µν = 1

2
gµν(∂µgνσ + ∂νgσµ − ∂σgµν) . (3.9)

Equation ( 3.9 ) can be obtain by imposing metric compatibility propety of metric,
which is covariant derivative of metric equal to zero

∇ρgµν = 0 . (3.10)
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The variation of gravitational action become

δSG =
∫

d4x
[
gµνRµνδ

√
−g +

√
−gRµνδg

µν +
√

−ggµνδRµν

]
. (3.11)

With some identities

δgµν = −gµρgσνδg
ρσ (3.12)

δ
√

−g = −1
2

√
−ggµνδg

µν , (3.13)

it is preferable to vary δSg/δg
µν , if one can express the third term of right hand side

equation ( 3.11 ) in terms of δgµν .

δRµν = δRλ
µλν

= ∂λδΓλ
νµ − ∂νδΓλ

λµ + δΓλ
λσΓσ

νµ + Γλ
λσδΓσ

νµ − δΓλ
νσΓσ

λµ − Γλ
νσδΓσ

λµ . (3.14)

The connection Γλ
νµ is not a tensor, but its variation δΓλ

νµ is. Therefore we can apply
covariant derivative to δΓλ

νµ

∇λ

(
δΓλ

νµ

)
= ∂λδΓλ

νµ + Γλ
λσδΓσ

νµ − Γσ
λνδΓλ

σµ − Γσ
λµδΓλ

νσ . (3.15)

Realizing some identical terms in the right hand side of equations ( 3.14 ) and ( 3.15
), we can substitute ( 3.15 ) into ( 3.14 )

δRµν = ∇λ

(
δΓλ

νµ

)
+ Γσ

λνδΓλ
σµ − ∂νδΓλ

λµ + δΓλ
λσΓσ

νµ − Γλ
νσδΓσ

λµ

= ∇λ

(
δΓλ

νµ

)
− ∇ν

(
δΓλ

λµ

)
. (3.16)

Expression ( 3.16 ) is called Palatini identity, named after Italian mathematician
Attilio Palatini. It should be noted that Palatini identity does not direcly imply
the Palatini formalism. Palatini identity is true in any torsion-free manifolds (i.e
Γλ

µν = Γλ
νµ) . The third term of equation ( 3.11 ) as∫

d4x
√

−ggµνδRµν =
∫

d4x
√

−ggµν
[
∇λ

(
δΓλ

νµ

)
− ∇ν

(
δΓλ

λµ

)]
=

∫
d4x

√
−g∇σ

[
gµνδΓσ

νµ − gµσδΓλ
λµ

]
=

∫
d4x

√
−g∇σV

σ

= 0 (3.17)

where metric compatibility ( 3.10 ) have been used in the second line of derivation of
( 3.17 ). Since δΓλ

νµ is a tensor, defining a new vector field V σ is possible

V σ = gµνδΓσ
νµ − gµσδΓλ

λµ (3.18)
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and using Stokes’ theorem, integral with respect to volume element of divergence of
the vector field is equal to zero (recalling that

∫
d4x

√
−g =

∫
dV is volume element

integral). Therefore the third term of ( 3.11 ) vanished.
Substitute ( 3.13 ) and ( 3.17 ) to ( 3.11 )

δSG =
∫

d4x
[
R − 1

2
√

−ggµνδg
µν +

√
−gRµνδg

µν
]

=
∫

d4x
√

−g
[
Rµν − 1

2
gµνR

]
δgµν , (3.19)

varying the gravitational action with respect to δSG/δg
µν = 0, we obtain the Einstein

field equation in the vacuum

Rµν − 1
2
gµνR = 0 . (3.20)

Equation ( 3.19 ) shown that varying Einstein-Hilbert action can be done only with
respect to δgµν , using the relation between metric and connection ( 3.10 ) or ( 3.9 ).

3.3 Palatini approach in general relativity

Palatini approach, actually was invented by Einstein in 1925. Einstein mistakenly
thought that it was Palatini’s idea. Probably because Palatini’s paper was written
in Italian [24]. In the Palatini approach, any explicit relation between metric and
connection such as metric compatibility ( 3.10 ) is not assumed. In another word,
metric and connection are treated as independent variables. From the variation ( 3.11
), Rµν is solely depend on Γλ

µν , the first and second term in ( 3.11 ) is same with the
metric approach, and the variation of the third term become∫

d4x
√

−ggµνδRµν =
∫

d4x
√

−ggµν
[
∇λ

(
δΓλ

νµ

)
− ∇ν

(
δΓλ

λµ

)]
=

∫
d4x

√
−g∇σ

[
gµνδΓσ

νµ − gµσδΓλ
λµ

]
−
∫

d4x
√

−g
[
(∇σg

µν) δΓσ
νµ − (∇σg

µσ) δΓλ
λµ

]
=

∫
d4x

√
−g [(∇σg

µσ) δν
λ − (∇λg

µν)] δΓλ
νµ . (3.21)

Now the total variation of gravitational action is given by

δSG =
∫

d4x
√

−g
[(
Rµν − 1

2
gµνR

)
δgµν + (∇σg

µρδν
λ − ∇λg

µν) δΓλ
νµ

]
. (3.22)

Variation δSG/δg
µν = 0 will lead to Einstein equation in the vacuum ( 3.20 ). More-

over variation δSG/δΓλ
µν = 0 lead to another equation. Since the torsion-free manifold
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is assumed Γλ
µν = Γλ

νµ, ∇λg
µν = 0 is the only solution of variation [25, 26]. Hence the

metric compatibility ( 3.10 ) is recovered

∇ρgµν = 0 .

And the definition of Christoffel symbol ( 3.9 ) came after that

Γλ
µν = 1

2
gµν(∂µgνσ + ∂νgσµ − ∂σgµν) .

The explicit relation between metric and connection can be recovered, by treating
both metric and connection as independent variables.



CHAPTER IV

NON-MINIMAL DERIVATIVE COUPLING
COSMOLOGY

Cosmological scalar field models might be able to describe inflation and accelerating
expansion of the universe. Motivated from Brans-Dicke models, it is possible to have
a model which has a non minimal coupling (Non-Minimal Coupling) between Ricci
scalar and function of scalar field, f(ϕ)R [27]. One of the extension of NMC is called
NMDC (Non-Minimal Derivative Coupling) where the function f(ϕ) not only depend
on the scalar field but also its derivative f(ϕ, ϕ,µ). NMDC firstly studied by Amendola
in 1993 [28]. In 2000, Capozziello, Lambiase and Schmidt investigated NMDC in the
form Rµνϕ,µϕ,ν [29]. They found that de Sitter spacetime as an attractor solution.
NMDC with two separated coupling terms ξ and η such as in −1

2ξRϕ
−2∂µϕϕ

,µ and
−1

2ηRµνϕ
−2ϕ,µϕ,µ studied by Granda in 2000 [30].
Consider NMDC models with two separated couplings κ1 and κ2 such as

κ1Rϕ,µ ϕ
,µ and κ2Rµνϕ

,µϕ,ν . Setting κ ≡ −2κ1 = κ2, derivative of the scalar field
coupled to the Einstein tensor κGµνϕ

µϕν [12, 13, 14, 15, 16, 17]. In this thesis, we
consider NMDC model with the action [12]

S =
∫

d4x
√

−g
[

R

8πGN
− [εgµν + κGµν ]ϕ,µϕ,ν − 2V (ϕ)

]
. (4.1)

The model is known as subclass of the Horndeski action (with G5 = ϕκ/2) [31]. This
model was studied by Kaewkhao and Gumjudpai [19] using Palatini formalism. A
different class of NMDC model was studied using Palatini formalism before by Luo,
Wu, and Yu [32].

4.1 Metric NMDC cosmology

From the action ( 4.1 ), the scalar field equation of motion in slow-rolling regime given
as follow [18]

ϕ̈
(
ε− 3κH2

)
+ 3Hϕ̇

(
ε− 2κḢ − 3κH2

)
+ V,ϕ ≃ 0

ϕ̈
(
ε− 3κH2

)
+ 3Hϕ̇

(
ε− 3κH2

)
+ V,ϕ ≃ 0, (4.2)



13

where approximation during inflationary epoch, |Ḧ/H| ≪ |Ḣ| ≪ |H2| was used. At
the late-time ϕ̈ ≈ 0, the trajectory from ( 4.2 ) is given by

ϕ̇ ≃ − V,ϕ

3H (ε− 3κH2)
. (4.3)

Consider single scalar field species during inflationary epoch,

ρtot ≡ ρϕ = εϕ̇2

2
+ V , (4.4)

ptot ≡ pϕ = εϕ̇2

2
+ V , (4.5)

wtot = ptot

ρtot
= pϕ

ρϕ

, (4.6)

Hence modified Friedmann equation from ( 4.1 ) read as [18]

H2 = 1
3M2

P

[
ϕ̇2

2
(
ε− 9κH2

)
+ V

]
. (4.7)

Take its derivative with respect to time, during inflationary epoch we have

2HḢ ≃ 1
3M2

P

(
εϕ̇ϕ̈− 9κϕ̇ϕ̈H2 − 9κϕ̇2HḢ + V,ϕϕ̇

)
Ḣ ≃ 1

6HM2
P

(
εϕ̇ϕ̈− 9κϕ̇ϕ̈H2 − 9κϕ̇2HḢ + V,ϕϕ̇

)
. (4.8)

4.2 Palatini NMDC cosmology

In 2016 Kaewkhao and Gumjudpai studied a NMDC model using Palatini formalism
[19] as

SPalatini = M2
Pc

4

2

∫
d4x

√
−g
{
R̃(Γ) −

[
εgµν + κG̃µν(Γ)

]
ϕ,µϕ,ν − V (ϕ)

}
, (4.9)

where G̃µν(Γ) = R̃µν(Γ) − 1
2R̃(Γ); R̃(Γ) = gµνR̃µν(Γ) and Ricci tensor is defined by

connection field R̃µν(Γ) = R̃λ
µλν(Γ) = ∂λΓλ

µν −∂νΓλ
µλ +Γλ

σλΓσ
µν − Γλ

σνΓσ
µλ. Tilde symbol

implies dependency on connection field (Γ) without any known explicit relation with
the metric. Action ( 4.9 ) allows two dynamical fields, metric field g and connection
field Γ, to vary. The modified Klein-Gordon field equation of Palatini NMDC hence
is given by

ϕ̈
(
ε− (9/2)κḢ − (15/2)κH2

)
+ 3Hϕ̇

(
ε− 4κḢ

)
+ V,ϕ ≃ 0

ϕ̈
(
ε− (15/2)κH2

)
+ 3Hϕ̇ε+ V,ϕ ≃ 0 . (4.10)
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whereas during inflationary epoch, |4Ḣκ| ≪ 1; |9κḢ/2| ≪ 1. At ϕ̈ ≈ 0, the late time
trajectory is given by

ϕ̇ = − V,ϕ

3Hε
. (4.11)

Hence the Palatini NMDC Friedmann equation is given by [19]

H2 ≃ ρtot

3M2
P

[
1 + 3

2
κϕ̇2

M2
P

(1 + weff)
]

≃ 1
3M2

P

[
ρtot + 3

2
κϕ̇2

M2
P

(ρtot + ptot)
]

≃ 1
3M2

P

[
ρϕ + 3

2
κϕ̇2

M2
P

(ρϕ + pϕ)
]

≃ 1
3M2

P

[
εϕ̇2

2
+ V + 3

2
κεϕ̇4

M2
P

]
(4.12)

Hence we have

H2 ≃ 1
3M2

P

[
ρϕ + 3κϕ̇2

2M2
P

(ρϕ + pϕ)
]

2HḢ ≃ 1
3M2

P

[
ρ̇ϕ + 3κ

2M2
P

(
2ϕ̇ϕ̈

)
(ρϕ + pϕ) + 3κϕ̇2

2M2
P

(ρ̇ϕ + ṗϕ)
]

Ḣ ≃ 1
2M2

P

[
ρ̇ϕ

3H
+ κϕ̇ϕ̈

HM2
P

(ρϕ + pϕ) + 3κϕ̇2

2M2
P

(
ρ̇ϕ

3H
+ ṗϕ

3H

)]

≃ 1
2M2

P

[
−(ρϕ + pϕ) + κϕ̇ϕ̈

HM2
P

(ρϕ + pϕ) + 3κϕ̇2

2M2
P

(
−(ρϕ + pϕ) + ṗϕ

3H

)]

≃ 1
2M2

P

[
−
(
εϕ̇2

)
+ κϕ̇ϕ̈

HM2
P

(
εϕ̇2

)
+ 3κϕ̇2

2M2
P

(
−
(
εϕ̇2

)
+ εϕ̇ϕ̈− V,ϕ ϕ̇

3H

)]

≃ 1
2M2

P

[
−εϕ̇2 + κεϕ̇3ϕ̈

HM2
P

− 3εκϕ̇4

2M2
P

+ κεϕ̇3ϕ̈

2HM2
P

− κϕ̇3V,ϕ
2HM2

P

]

Ḣ ≃ − εϕ̇2

2M2
P

+ 3κεϕ̇3ϕ̈

4HM4
P

− 3εκϕ̇4

4M4
P

− κϕ̇3V,ϕ
4HM4

P
. (4.13)



CHAPTER V

ACCELERATION CONDITIONS IN EXPONENTIAL
POTENTIAL

Previous works [19, 33] studied the effect of Palatini NMDC in chaotic inflation.
V ≈ ϕ2 and V ≈ ϕ4 cases was considered. V ≈ ϕ2 is likely viable to surpass Planck
2015 constraint, however with positive κ would have superluminal speed. In this
thesis, we study the exponential potential V = V0e

−λϕ/MP .
In the standard GR case, the acceleration condition is given by ( 2.14 )

εϕ̇2 < V

< V0e
−λϕ/MP . (5.1)

5.1 Acceleration condition of metric NMDC

As in ( 2.8 ), acceleration condition require ä/a ≡ Ḣ +H2 > 0, by the virtue of ( 4.7
) and ( 4.8 ) we have

ä

a
= Ḣ +H2

≃ εϕ̈ϕ̇

6HM2
P

− 9κϕ̇ϕ̈H
6M2

P
− 9κϕ̇2Ḣ

6M2
P

+ V,ϕ ϕ̇

6HM2
P

+ εϕ̇2

6M2
P

− 9κϕ̇2H2

6M2
P

+ V

3M2
P

≃ ϕ̇2

6M2
P

(
ε− 9κH2 − 9κḢ

)
+ ϕ̇ϕ̈

6M2
P

(
ε

H
− 9κH

)
+ V,ϕ ϕ̇

6HM2
P

+ V

3M2
P

≃ ϕ̇2

6M2
P

(
ε− 9κH2

)
+ ϕ̇ϕ̈

6M2
PH

(
ε− 9κH2

)
+ V,ϕ ϕ̇

6HM2
P

+ V

3M2
P
, (5.2)

where we have used slow-roll approximation
∣∣∣Ḣ∣∣∣ ≪ |H2|.

The idea is to find the analog expression with εϕ̇2 < V in GR case ( 2.8 ).
In order to do so, we need to write ( 5.2 ) in terms of ϕ̇2 and V only. First we can
substitute the field equation ( 4.2 ) for ϕ̈ into ( 5.2 )

ä

a
≃ ϕ̇2

6M2
P

(
ε− 9κH2

)
+ ϕ̇

6M2
PH

(
−V,ϕ − 3Hϕ̇ (ε− 3κH2)

(ε− 3κH2)

)(
ε− 9κH2

)
+ V,ϕϕ̇

6HM2
P

+ V

3M2
P

≃ ϕ̇2

6M2
P

(
ε− 9κH2

)
− V,ϕϕ̇

6HM2
P

(ε− 9κH2)
(ε− 3κH2)

− 3ϕ̇2

6M2
P

(
ε− 9κH2

)
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+ V,ϕϕ̇

6HM2
P

+ V

3M2
P

≃ − ϕ̇2

3M2
P

(
ε− 9κH2

)
− V,ϕϕ̇

6HM2
P

(
1 − (ε− 9κH2)

(ε− 3κH2)

)
+ V

3M2
P
, (5.3)

hence only ϕ̇2 term is needed, so ϕ̇ can be approximated using late time trajectory (
4.3 )

ä

a
≃ − ϕ̇2

3M2
P

(
ε− 9κH2

)
+ V

3M2
P

− V,ϕ

6HM2
P

(
−V,ϕ

3H(ε− 3κH2)

)(
1 − (ε− 9κH2)

(ε− 3κH2)

)

≃ − ϕ̇2

3M2
P

(
ε− 9κH2

)
+ V

3M2
P

+
V 2

,ϕ

18H2M2
P(ε− 3κH2)

(
1 − (ε− 9κH2)

(ε− 3κH2)

)
. (5.4)

Slow roll approximation ϕ̇2 ≪ V is applied for Friedmann equation ( 4.7 )

H2 ≈ V

3M2
P
, (5.5)

and substitute ( 5.5 ) in into ( 5.4 )

ä

a
≃ − ϕ̇2

3M2
P

(
ε− 3κV

M2
P

)
+ V

3M2
P

+
V 2

,ϕ

6V (ε− κV/M2
P)

(
1 − (ε− 3κV/M2

P)
(ε− κV/M2

P)

)
.

(5.6)

Given |κV | ≪ |M2
P| to avoid super-Planckian regime. Therefore binomial approxima-

tion is possible, which is (1 + x)a ≈ 1 + ax for x ≪ 1 . Hence,(
1 − (ε− 3κV/M2

P)
(ε− κV/M2

P)

)
≈ 1 −

(
ε− 3κV/M2

P

) (
ε+ κV/M2

P

)

≈ 1 −

 ε2︸︷︷︸
1

−3εκV
M2

P
+ εκV

M2
P

− 3κ2V 2

M4
P︸ ︷︷ ︸

≈0


≈ 2εκV

M2
P

. (5.7)

Equation ( 5.6 ) become

ä

a
≃ − ϕ̇2

3M2
P

(
ε− κV

M2
P

)
+ V

3M2
P

+
V 2

,ϕεκ

3M2
P(ε− κV/M2

P)
. (5.8)

For acceleration condition ä/a > 0, we have

ϕ̇2

3M2
P

(
ε− 3κV

M2
P

)
<

V

3M2
P

+
V 2

,ϕεκ

3M2
P(ε− κV/M2

P)



17

(
ε− 3κV

M2
P

)
ϕ̇2 < V

(
1 +

V 2
,ϕεκ

V (ε− κV/M2
P)

)
. (5.9)

In which for GR case, εϕ̇2 < V is recovered by taking κ = 0.
Applying exponential potential,

V = V0e
−λϕ/MP , (5.10)

acceleration condition for exponential potential in metric NMDC cosmology is ob-
tained as follow,(

ε− 3κV0

M2
P
e−λϕ/MP

)
ϕ̇2 < V0e

−λϕ/MP

(
1 + εκλ2V0e

−λϕ/MP

M2
P(ε− κV0e−λϕ/MP/M2

P)

)
.(5.11)

5.2 Acceleration condition of Palatini NMDC

Same as before, the acceleration conditon for Palatini NMDC cosmology is calculated
from ä/a ≡ Ḣ +H2 > 0, with the help of ( 4.12 ) and ( 4.13 )

ä

a
= Ḣ +H2

≃ − εϕ̇2

2M2
P

+ 3κεϕ̇3ϕ̈

4HM4
P

−
�

�
���

≈ 0
3εκϕ̇4

4M4
P

− κϕ̇3V,ϕ
4HM4

P

+ εϕ̇2

6M2
P

+ V

3M2
P

+
�
�

���
≈ 0

3κεϕ̇4

6M4
P

≃ −εϕ̇2

3M2
P

+ V

3M2
P

+ 3κεϕ̇3

4HM4
P

[
ϕ̈− V,ϕ

3ε

]
, (5.12)

where terms involving ϕ4 is neglible. Palatini NMDC Klein-Gordon equation ( 4.10 )
now can be substituted into ( 5.12 )

ä

a
≃ −εϕ̇2

3M2
P

+ V

3M2
P

+ 3κεϕ̇3

4HM4
P

[(
−V,ϕ −3Hϕ̇ε
ε− (15/2)κH2

)
− V,ϕ

3ε

]

≃ −εϕ̇2

3M2
P

+ V (ϕ)
3M2

P
+ κϕ̇3V,ϕ

4HM4
P

[(
−3ε

ε− (15/2)κH2

)
− 1

]

≃ −εϕ̇2

3M2
P

+ V

3M2
P

+ κϕ̇3V,ϕ
4HM4

P

[
−3ε− ε+ (15/2)κH2

ε− (15/2)κH2

]

≃ −εϕ̇2

3M2
P

+ V

3M2
P

− κϕ̇3V,ϕ
4HM4

P

[
4ε− (15/2)κH2

ε− (15/2)κH2

]
. (5.13)

Approximation for H2 = V/(3M2
P) and H = M−1

P

√
V/3 now can be applied,

ä

a
≃ −εϕ̇2

3M2
P

+ V

3M2
P

− κϕ̇3V,ϕ
4M3

P

√
3
V

[
4ε− (5/2)κV/M2

P
ε− (5/2)κV/M2

P

]
. (5.14)
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In the sub-Planckian range |κ| ≪ |M2
P/V | [19] binomial approximation is allowed,

hence

4ε− (5/2)κV/M2
P

ε− (5/2)κV/M2
P

≈
(

4ε− 5κV
2M2

P

)(
ε+ 5κV

2M2
P

)

≈ 4 − 5κεV
2M2

P
+ 10κεV

M2
P

+
�

�
�

��>
≈ 0

25κ2V 2

4M4
P

≈ 4 + 15κεV
2M2

P
. (5.15)

Therefore ( 5.14 ) read as

ä

a
≃ −εϕ̇2

3M2
P

+ V

3M2
P

− κϕ̇3V,ϕ
4M3

P

√
3
V

[
4 + 15κεV

2M2
P

]

≃ −εϕ̇2

3M2
P

+ V

3M2
P

− κϕ̇3V,ϕ
M3

P

√
3
V

[
1 + 15κεV

8M2
P

]

≃ −εϕ̇2

3M2
P

+ V

3M2
P

(
1 − 3

√
3κϕ̇3V,ϕ

MPV
√
V

[
1 + 15κεV

8M2
P

])
. (5.16)

For the late time ϕ̈ ≈ 0, the Palatini NMDC Klein-Gordon equation can be written
as

ϕ̇ ≈ −V,ϕ

3Hε

≈ −V,ϕ

3ε
MP

√
3
V

≈ −V,ϕMP

ε
√

3V
. (5.17)

Hence

ä

a
≃ −εϕ̇2

3M2
P

+ V

3M2
P

(
1 − 3

√
3κϕ̇3V,ϕ

MPV
√
V

[
1 + 15κεV

8M2
P

])

≃ −εϕ̇2

3M2
P

+ V

3M2
P

1 − κ
3
√

3
MP

V,ϕ

V
√
V

{
−V,ϕMP

ε
√

3V

}3[
1 + 15κεV

8M2
P

]
≃ −εϕ̇2

3M2
P

+ V

3M2
P

(
1 + κ

ε

M2
PV

4
,ϕ

V 3

[
1 + 15κεV

8M2
P

])

≃ −εϕ̇2

3M2
P

+ V

3M2
P

(
1 + κ

ε

V,ϕ

MP

{
MPV,ϕ

V

}3[
1 + 15κεV

8M2
P

])

≃ −εϕ̇2

3M2
P

+ V

3M2
P

(
1 + κ

ε

V,ϕ

MP

{√
2ϵV,GR

}3
[
1 + 15κεV

8M2
P

])
, (5.18)

we have used the definition of slow-roll parameter ϵV,GR,

ϵV,GR = M2
P

2

(
V,ϕ

V

)2
. (5.19)
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Now the acceleration condition for Palatini NMDC cosmology is given by

0 <
ä

a

<
−εϕ̇2

3M2
P

+ V

3M2
P

(
1 + κ

ε

V,ϕ

MP

{√
2ϵV,GR

}3
[
1 + 15κεV

8M2
P

])

εϕ̇2 < V

(
1 + κ

ε

V,ϕ

MP

{√
2ϵV,GR

}3
[
1 + 15κεV

8M2
P

])
. (5.20)

It should be noticed that in the ( 5.20 ), GR case εϕ̇2 < V can be recovered by taking
κ = 0.

For exponential potential, we have

V = V0e
−λϕ/MP

V,ϕ = −λV0

MP
e−λϕ/MP

√
2ϵV,GR = MPV,ϕ

V

= −λ . (5.21)

The acceleration condition for exponential potential in Palatini NMDC now read as

εϕ̇2 < V0e
−λϕ/MP

(
1 + κ

ε

λ4

M2
P

[
1 + 15κε

8M2
P
V0e

−λϕ/MP

])
. (5.22)



CHAPTER VI

COSMOLOGICAL DYNAMICS FOR NMDC FIELDS

6.1 Dynamical system in a nutshell

Mostly the dynamics of physical world around us can be described by some differential
equations. Dynamical system is a powerful mathematical sucjects to study a set of n
differential equations associated with n dynamical variables,

ẋ1 = f1(x1, x2, x3, ..., xn, t)

ẋ2 = f2(x1, x2, x3, ..., xn, t)

ẋ3 = f3(x1, x2, x3, ..., xn, t)

· · ·

ẋn = fn(x1, x2, x3, ..., xn, t), (6.1)

if all the functions f does not explicitly depend on time, these equation is called n-
dimensional Autonomous system. However, we can always transform non-autonomous
system to autonomous system by increasing dimensionality. Define new variable
xn+1 ≡ t, we have

ẋ1 = f1(x1, x2, x3, ..., xn, xn+1)

ẋ2 = f2(x1, x2, x3, ..., xn, xn+1)

ẋ3 = f3(x1, x2, x3, ..., xn, xn+1)

· · ·

ẋn = fn(x1, x2, x3, ..., xn, xn+1)

ẋn+1 = 1 ≡ fn+1 . (6.2)

That is the reason why autonomous system is very important subject in the dynamical
system, albeit our nature sometimes appear as explicitly time-dependent differential
equations [34, 35].

Some second order differential equations can be described by a 2-dimensional
autonomous system. For example, consider damped harmonic oscillator equation

mẍ+ bẋ+ kx = 0 . (6.3)
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Define new variable y ≡ ẋ, we have

ẋ = y

ẏ = − k

m
x− b

m
y . (6.4)

Also define new vector v = (x, y) we can write ( 6.4 ) in the form of matrix

v̇ = Av (6.5)

where

A =
(

0 1
−k/m −b/m

)
(6.6)

.
Dynamical system allow us to study the behaviour of the system without

find the exact solution of the differential equations. One can gain a qualitative un-
derstanding by plotting so-called phase portrait. Phase portrait is a collection of phase
flow between ẋ and x.

Any x0 which satisfy ẋ0 = 0 is called fixed points. The qualitative behaviour
of the phase portrait can be examined by looking how may fixed points are there and
how is the characteristic of the fixed points.

6.2 Autonomous system for metric NMDC model

For metric NMDC model, the system is governed by Klein-Gordon equation ( 4.2 )
and Friedmann equation ( 4.7 ),

ϕ̈
(
ε− 3κH2

)
+ 3Hϕ̇

(
ε− 3κH2

)
+ V,ϕ ≃ 0 ,

H2 ≃ 1
3M2

P

[
ϕ̇2

2
(
ε− 9κH2

)
+ V

]
.

Defining a new variable ψ ≡ ϕ̇ with some approximations, a 3-dimensional au-
tonomous system can be described as follows

ϕ̇ = ψ (6.7)

ψ̇ ≃ −V,ϕ − 3Hψ(ε− 3κH2)
ε− 3κH2 (6.8)

Ḣ ≃ V,ϕψ

6M2
P
H

(6.9)

Consistently, we can recover the GR case by taking κ = 0.
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6.3 Autonomous system for Palatini NMDC cosmology

In the Palatini NMDC model, Klein-Gordon equation ( 4.10 ) and Friedmann
equation( 4.12 ) is described by

ϕ̈
(
ε− (15/2)κH2

)
+ 3Hϕ̇ε+ V,ϕ ≃ 0 ,

H2 ≃ 1
3M2

P

[
εϕ̇2

2
+ V + 3

2
κεϕ̇4

M2
P

]
,

A 3-dimensional autonomous system can be defined

ϕ̇ = ψ (6.10)

ψ̇ ≃ −Vϕ − 3Hψε
ε− (15/2)κH2 (6.11)

Ḣ ≃ V,ϕψ

6M2
P
H

. (6.12)

It should be noticed also that GR case can be recovered by taking κ = 0.



CHAPTER VII

RESULTS AND DISCUSSION

In this chapter we try to investigate qualitatively the dynamics of the field ϕ according
to two NMDC models : metric and Palatini, compared to the standard GR model.
In doing such, we plot the phase portrait between ψ = ϕ̇ over ϕ. In another word we
try to examine the qualitative difference between equations ( 6.8 ) and ( 6.11 ).

Earlier studies with chaotic potential [19, 33] with postive κ resulting the
superluminal speed, albeit it can surpass Planck 2015 constraint. Therefore in this
work we use negative κ.

7.1 Phase portrait for standard GR

In the GR case, the dynamics of the field is governed by Klein-Gordon equation (
2.13 ) written in the autonomous form,

ϕ̇ = ψ

ψ̇ ≃ −V,ϕ − 3εHψ
ε

where ψ̇ ≡ ϕ̈. And the acceleration expansion region in exponential potential is
determined by acceleration condition, has been derived in ( 5.1 )

εϕ̇2 < V0e
−λϕ/MP .

Setting and scaling ε = 1, MP = 1, V = 0.1 and λ = 1, the phase portrait
for GR case is shown in figure 1, the shaded area is accelerated region, and the red
line is trajectory from a random starting point. Figure 1 showed that there is only
an attractor solution inside the acceleration region.
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Figure 1 Phase portrait for exponential potential in standard general rel-
ativity with acceleration region

7.2 Phase portrait for metric NMDC model

In the metric NMDC model, the modified Klein-Gordon equation ( 4.2 ) written in
the autonomous for, as in ( 6.7 ) and ( 6.8 )

ϕ̇ = ψ

ψ̇ ≃ −V,ϕ − 3Hψ(ε− 3κH2)
ε− 3κH2 ,

with the acceleration for exponential potential has been derived in ( 5.11 )(
ε− 3κV0

M2
P
e−λϕ/MP

)
ϕ̇2 < V0e

−λϕ/MP

(
1 + εκλ2V0e

−λϕ/MP

M2
P(ε− κV0e−λϕ/MP/M2

P)

)
.

We use the same setting and scaling with GR case, ε = 1, MP = 1, V = 0.1

and λ = 1. We use negative κ, which is κ = −1. Phase portrait for metric case
is shown in figure 2, we can see that metric NMDC give the narrower accelerator,
meanwhile the attractor is still in the acceleration region.
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Figure 2 Phase portrait for exponential potential in metric NMDC with
acceleration region

7.3 Phase portrait to Palatini NMDC model

For Palatini NMDC case, the autonomous system is given in the ( 6.10 ) and ( 6.11 )

ϕ̇ = ψ

ψ̇ ≃ −Vϕ − 3Hψε
ε− (15/2)κH2 ,

and the acceleration region, given in ( 5.22 )

εϕ̇2 < V0e
−λϕ/MP

(
1 + κ

ε

λ4

M2
P

[
1 + 15κε

8M2
P
V0e

−λϕ/MP

])
.

Usingε = 1, MP = 1, V = 0.1, λ = 1 and κ = −1, we plot the phase portrait,
as in figure 3. We can see the acceleration region appeared to have boundaries, and
the attractor is pulled into the smaller acceleration region.
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Figure 3 Phase portrait for exponential potential in Palatini NMDC with
acceleration region

7.4 Evolution of H over e-folding number N

For three cases, we plot the evolution of H as the e-folding number N growing. It
can be seen from Fig. 4 that metric NMDC effect enhances expansion rate compared
to the GR case, meanwhile the Palatini NMDC effect surpresses the expansion rate
compared to the GR case.

Figure 4 H is plotted against N for GR, metric NMDC and Palatini
NMDC cases.



CHAPTER VIII

CONCLUSION

In this thesis we study the dynamics of scalar field in a cosmological model which
has non-minimal derivative coupling (NMDC) terms between field and curvature.
An NMDC model studied from two different approaches, metric and Palatini which
resulting different equation of motions. For exponential potential, the acceleration
condition is derived, and the dynamics of the fields is studied qualitatively by plotting
the phase portrait for different cases. Three cases only has one attractor and metric
NMDC give narrower acceleration region compared to the GR case. Palatini NMDC
effect restrict the attractor into the even smaller region compared to GR and metric
NMDC cases. As the e-folding number growing, figure 4 shown that H is enhanced
by metric NMDC effect and surpressed by Palatini NMDC effect. Full dynamical
analysis is awaiting in the future study.
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