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ABSTRACT

We study the cosmological dynamics of Non-Minimal Derivative Coupling

(NMDC) scalar field to Einstein tensor. Equation of motions obtained from both

metric and Palatini formalism are investigated. The acceleration conditions for expo-

nential potential are derived. We plotted the phase portraits for GR, metric NMDC
and Palatini NMDC cases. It is shown that Palatini NMDC effect restrict the at-

tractor into the smaller accelartion region. As the e-folding number growing, metric

NMDC model enhance the expansion rate and Palatini NMDC model surpress the

expansion rate.
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CHAPTER 1

INTRODUCTION
1.1 Background and motivation

Physicists believe that our universe is in the accelerated expansion. This view is
strongly supported by astrophysical observations such as, redshift of Supernovae Type
la measurement [, 2, B]. In very early universe, inflation is believed to be happened.
This idea was introduced by Guth [4] and supported by recent observations, e.g.
cosmic microwave background (CMB) anisotropies [5], WMAP [6]. Dynamical scalar
field such as inflaton or quintessence [[], k-essence [§] or by effect of modified gravity
such as scalar-tensor theories [9, [10, 11] is suggested to be responsible with cosmic
inflation at the early universe and late time acceleration expansion.

In order to explain early universe and late-time acceleration, many scalar-
tensor theories has been proposed and studied. Some of these theories has non mini-
mal coupling (NMC) of scalar field to gravity sector such as f(¢, ¢, ¢ v, -..). The ex-
tension of NMC models named as Non-Minimal Derivative Coupling (NMDC) contain
coupling in the form of f(¢, d,¢). We focused on NMDC term in which Einstein tensor
which couples to kinetic part of scalar field as G, ¢**¢* [12, 13, 14, [L5, [L6, 17, 18, 19].
In this thesis, NMDC Cosmology is studied using so-called Palatini formalism. Pala-
tini formalism employ the variation with respect to metric and connection field, which
is treated as independent variables.

We study the cosmological dynamics of Palatini NMDC model with the ex-
ponential potential by plotting the phase portrait of the dynamical systems. Phase

portraits for metric NMDC and GR cases are also plotted as comparison.

1.2 Objectives

¢ Derive acceleration condition of NMDC model both in metric and Palatini

formalism.

o Introduce autonomous systems of the models.



o Present dynamical phase portraits of the models with acceleration region.

1.3 Framework

o FLRW universe
e NMDC model
o metric and Palatini formalism

o Phase portraits

1.4 Unit and notation

Units with c=h=kg =1

[length| = [time| = [L]
[mass| = [energy| = [M]

[energy density: p| = [pressure: p| = {ML_?’} = [L_4]

[9,/] = [dimensionless]

] = L7

[Rlo) = [Ryu] = [R] = [L7%]
(6] = [M]

7] = M)

Vi(g)] = M|

[H] = [M]



Notation
G : Newton’s gravitational constant (G = 6.67 x 10 %cm3g1sec?)
Mp : Reduced Plank mass (Mp = (87G)~Y? = 2.4357 x 1018GeV)
a : Scale factor of the universe (where ay = 1 at the present time)
t : The cosmic time
% : Derivative of x variable with respect to ¢
2’ : Derivative of x variable with respect to N =1Ina
H : Hubble parameter (H = %)
p : Energy density
p : Pressure
w : Equation of state parameter (w = %)
weg - Effective equation of state parameter
R : Ricci scalar
9w © Metric tensor
I'%,. . Connection field
G (g) : Einstein tensor in metric formalism
G,v(I') : Einstein tensor in Palatini formalism
¢ : Scalar field

V(¢) : Scalar field potential



CHAPTER 11

STANDARD MODEL OF COSMOLOGY

2.1 General relativity

Our current understanding of the fundamental gravity interaction is based on Ein-
stein’s Field Equations

Gy = 297

L (2.1)
where G,, = R, — %gWR is called Einsten Tensor. g, is metric tensor. R, is
Riemann tensor. R is Ricci scalar. T}, is stress-energy tensor.

Einstein’s field equation can be derived from the variational principle of

Einstein-Hilbert action
SEH = /d4l’\/ —gR s (22)

where g is determinant of metric g, .

2.2 Friedmann-Lemaitre-Robertson-Walker universe

The solutions of Einstein’s field equation are in the form of metric g,,. One of the
solution is named as Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, which

is consistent with our homogeneous, isotropic and non-static universe.

2

1 — kr?

ds? = —c*dt* + a*(t) +7%(d6* + sin® d¢?) (2:3)

where k is the curvature parameter characterizing types of curvature and taking values
of +1,0,—1.

Energy-momentum tensor for perfect fluid is given by

p
T, = <p + cQ)uHu,, + Guup- (2.4)
Combining ( @ )s ( El] ), and ( @ ), one can obtain
a 4G P
2T 3= 2.5
a 3 ( * 02) (2:5)

which is known as the acceleration equation, and

8TG kc?
H?>= —p— —. 2.6
3 = (2.6)



with Hubble’s parameter H = a/a, dubbed as Friedmann equation.
By taking time-derivative of Friedmann equation ( @ ) and substituting to

the acceleration equation ( @ ), we can derive fluid equation
. a
p+3(p+ %) ~0. (2.7)
a c
2.3 Inflationary universe

Cosmologists suggests inflation theory to solve horizon and flatness problem [4]. In-

flation said to be occured, whenever
a>0, (2.8)

in other words, from ( @ )

P

from this section on, we will employ the notation ¢ = 1. It has been suggested that
inflation was driven by a single scalar field ¢(¢). Named as inflaton field, and its

energy and pressure is given by

po = 358 +V(9) (2.10)
Py = ;edf ~V(9) (2.11)

where V' (¢) is scalar potential and € + 1.
Subtituting ( .10} ) and ( ) to Friedmann equation ( @ ) in the flat
space (k = 0) will obtain the scalar dominated Friedmann equation

787TG
-3

B (;adﬂ +V(¢)) . (2.12)

Klein-Gordon equation as the equation of motion of the scalar field can be obtained

from fluid equation ( @ ) in terms of ( ) and ( )
ep+3Hehp+Vy=0 (2.13)
And the acceleration condition ( @ ) become
ep* <V, (2.14)

named as slow-roll condition, because physically it means that the ¢ change very

slowly.



By the virtue of ( ), Friedman equation ( D.12 ) and Klein-Gordon

equation can be approximated as
H*~—"——V (2.15)

o~ —— (2.16)




CHAPTER III

PALATINI FORMALISM IN GENERAL RELATIVITY

In many textbooks [20, 21, 22|, the common way to derive Einstein field
equation ( El] ) from Einstein-Hilbert action ( @ ), is to do the variational principle
of the action with respect to metric d¢g"”, with the known relation between metric
tensor g,,, and I'},. We refer this way as metric formalism. Another approach is to
vary the action ( @ ) with respect to both metric jg** and o', connection. In other
words, we treat metric and connection as independent variables. Assuming that we
do not know the relation between metric and connection, in order to reveal later after

doing variation. We refer this second approach as Palatini formalism.

3.1 Motivation from classical mechanics : coordinate and momentum

treated as independent variables

In the particle mechanics, in order to find the equation of motion, one can extremize
the integral action

I= /L(m,:‘c,t) dt . (3.1)
Variation 01 = 0 with respect to dx(t) resulting Euler-Lagrange equation
— 2. (3.2)

Moreover, there is another interesting way to do the variation. First we ex-
press the Lagrangian in terms of coordinates and momenta L (z, &,t) = pt—H (p, x, t).
But then, assume we do not know the nature of p and x (i.e. we abandon any relations
such as p = OL/0z). Hence p and = can be savely treated as independent variables,

and vary the action with respect to both variables.

ol = 0 )
— /dt _agj)éx — %];5:5 + ag?;)ép - %12510]
= /dt p@i <CZ) dx — aal;léx—i- (x - 6;;) 517]
- /dt :CZ (pdz) — pox — (96[;5$+ ( - %;1) 54




_ M%/dt[(—p—%}j) 5x+<93—8£> 5p] . (3.3)

For vanishing coefficents of dx and dp respectively, we have

) oH
b= (3:4)
and
. OH

Equations ( @ ) and ( @ ) are known as Hamitonian equations of motion, which is
equivalent to Euler-Lagrange equation ( @ ).

We can see that, even we have treated z and p as independent unknown
variables, the role of x and p can be revealed later as canonical position and canonical
momentum in ( @ ) and ( @ ). More detailed discussion and another example of
motivation of the Palatini approach can be found in MTW book [23].

3.2 Metric approach in general relativity

In the Lagrangian formulation, Einstein field equation ( @ ) can be obtained by

varying the Einstein Hilbert action gravitational action

Se = / dz/—gR . (3.6)

Where g is determinant of metric g, and d*z/=g = dV is volume element. R is
Ricci scalar, defined by
R=g"™R,, . (3.7)

R, is a contraction of Riemann tensor, given by

RW’ = R;\,AI/
= aAle/ - aVF/V\)\ + FiAFZV - Fi\'u ZA ) (38)
where Fﬁy is Christoffel connection, described by
1
F/)l,/ = 7glw(augua + auga,u - 8oguy) . (39)

2
Equation ( @ ) can be obtain by imposing metric compatibility propety of metric,

which is covariant derivative of metric equal to zero

vpg;w =0. (310)



The variation of gravitational action become

550 = / A" [¢" Rod/ =g + V=g Rubg™ + V=99 5 R - (3.11)

With some identities

5g;w = _gupgauaglm (3.12)
1
V=9 = = 5V=99u09" . (3.13)

it is preferable to vary 0.5,/d¢g"”, if one can express the third term of right hand side

equation ( ) in terms of dgH”.
5R“l, - 6R.i\’)‘l’

= O\, — 0,613, + 003, Ty, + 3,007, — 6T, I%, — 7,005, . (3.14)
The connection I'}, is not a tensor, but its variation 6I', is. Therefore we can apply
covariant derivative to 51“%

Vs (0T3,) = 0,01}, + 13,015, — T%,6T5, — 5,00, . (3.15)
Realizing some identical terms in the right hand side of equations ( M ) and (
), we can substitute ( 3.15 ) into ( 3.14 )

R, = V(o)) +T%,00%, — 0,003, + 6T3, I, — 3,015,

= Vi (or3,) =V, (oT3,) - (3.16)

Expression ( B.16 ) is called Palatini identity, named after Italian mathematician
Attilio Palatini. It should be noted that Palatini identity does not direcly imply

the Palatini formalism. Palatini identity is true in any torsion-free manifolds (i.e

I, =T7,) . The third term of equation ( ) as
/ diz/=gg"sR,, = / d'ey/=gg"™ [Va (6T2,) - V., (673,)]
= /d4zc\/—_gva [g’“’(SFZM — g’“’(SFiu}
— / A4/ =gV, V7
=0 (3.17)

where metric compatibility ( M ) have been used in the second line of derivation of

( ). Since 6T}, is a tensor, defining a new vector field V7 is possible

V7 = g"ery, — g"7ory, (3.18)
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and using Stokes’ theorem, integral with respect to volume element of divergence of
the vector field is equal to zero (recalling that [d*z\/—¢g = [dV is volume element
integral). Therefore the third term of ( ) vanished.

Substitute ( ) and ( B.17 ) to ( B.11 )
3o = [de [R= 35080 + V=gRudg"

1
_ / dzv/—g [RW — 5ol

g, (3.19)

varying the gravitational action with respect to 0S¢ /d¢g"” = 0, we obtain the Einstein
field equation in the vacuum

1
Ruy = 59mR =0 (3.20)

Equation ( m ) shown that varying Einstein-Hilbert action can be done only with
respect to dg"”, using the relation between metric and connection ( 3.10 ) or ( @ ).

3.3 Palatini approach in general relativity

Palatini approach, actually was invented by Einstein in 1925. Einstein mistakenly
thought that it was Palatini’s idea. Probably because Palatini’s paper was written
in Italian [24]. In the Palatini approach, any explicit relation between metric and
connection such as metric compatibility ( m ) is not assumed. In another word,
metric and connection are treated as independent variables. From the variation (

), R, is solely depend on I\ the first and second term in ( ) is same with the

pv

metric approach, and the variation of the third term become
/d4x\/—gg””5Rw, = /d4x\/—gg”” {V)\ ((5F{>H) -V, (5F:\\u)}
= /d‘lat:\/—gvt7 [g’“’él“‘;u - g“"éfﬁu]
- / d'zy/=g [(V,g™) 015, — (Vog"") OT3,]
- / d'a/=g[(Vog") 3 — (Vag™)]oTh, . (3.21)

Now the total variation of gravitational action is given by

1
0S¢ = / d*zy/—g KR,W — 29,WR) 09" + (Veg" 65 — Vagh”) 51“3,1} -(3:22)

Variation 6Sg/dg" = 0 will lead to Einstein equation in the vacuum ( ). More-

over variation 6S¢/ (5Fﬁu = 0 lead to another equation. Since the torsion-free manifold
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A

o Vag" = 0 is the only solution of variation [25, 26]. Hence the

is assumed I'), =T

metric compatibility ( 3.10 ) is recovered
Voguw =0 .
And the definition of Christoffel symbol ( @ ) came after that

1 17
Pﬁu = 59“ (augua + auga,u - aoguu) .

The explicit relation between metric and connection can be recovered, by treating

both metric and connection as independent variables.



CHAPTER 1V

NON-MINIMAL DERIVATIVE COUPLING
COSMOLOGY

Cosmological scalar field models might be able to describe inflation and accelerating
expansion of the universe. Motivated from Brans-Dicke models, it is possible to have
a model which has a non minimal coupling (Non-Minimal Coupling) between Ricci
scalar and function of scalar field, f(¢)R [27]. One of the extension of NMC is called
NMDC (Non-Minimal Derivative Coupling) where the function f(¢) not only depend
on the scalar field but also its derivative f(¢, ¢ ). NMDC firstly studied by Amendola
in 1993 [28]. In 2000, Capozziello, Lambiase and Schmidt investigated NMDC in the
form R*¢ ,¢, [29]. They found that de Sitter spacetime as an attractor solution.
NMDC with two separated coupling terms £ and 7 such as in —%ngzS_Qaugzﬁng’“ and
—3nRu ¢ 2p+ ¢, studied by Granda in 2000 [30].

Consider NMDC models with two separated couplings x; and ko such as
k1R, ¢ and koR,,¢H¢Y. Setting K = —2k; = Ko, derivative of the scalar field
coupled to the Einstein tensor kG, ¢*¢” [12, 13, 14, 15, [16, 17]. In this thesis, we
consider NMDC model with the action [12]

R
5= [dwv=g [SWGN egu + KGu]dte” — 2V(6)]. (4.1)

The model is known as subclass of the Horndeski action (with G5 = ¢x/2) [B1]. This
model was studied by Kaewkhao and Gumjudpai [19] using Palatini formalism. A

different class of NMDC model was studied using Palatini formalism before by Luo,

Wu, and Yu [32].

4.1 Metric NMDC cosmology

From the action ( [1] ), the scalar field equation of motion in slow-rolling regime given

as follow [1§]

6 (c—3kH?) +3H¢ (e — 26H — 36H?) + V0
6 (= 36H?) +3H ( — 36H?) + Vy ~ 0, (4.2)
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where approximation during inflationary epoch, |H/H| < |H| < |H?| was used. At
the late-time ¢ ~ 0, the trajectory from ( @ ) is given by

. V¢
~ _ d . 4.3
¢ 3H (e — 3kH?) (4:3)
Consider single scalar field species during inflationary epoch,
P2
€
Ptot = p¢ = ;b + Vv ) (44)
P2
€
Dtot = P = ;b +V, (4.5)
Wrot = Dot = Zﬁ > (46)
Ptot Pé
Hence modified Friedmann equation from ( @ ) read as [1§]
1 [
2 L ¢ 2
H _3M§[2 € 9/@H)+V] . (4.7)
Take its derivative with respect to time, during inflationary epoch we have
. 1 - S ‘9 . .
2HH =~ o e (266 — 9KGSH? — IKG*HH + Vy)
1 - N o .
~ SHIE (c6¢ — 9kGOH? — 9rG*HH + V40) . (4.8)

4.2 Palatini NMDC cosmology

In 2016 Kaewkhao and Gumjudpai studied a NMDC model using Palatini formalism
[19] as

Souaias = 5 [t /ZG{R(D) ~ [egu + 1Gu(D)]6%0” ~ V(o)) (49

where G, (T) = R,,(T") — %R(F), R(T) = g"R,,(T) and Ricci tensor is defined by
connection field Ry, (I') = R}, (I') = O\I'}, — 9,1}, + I'5,I'9, — T2, I'7,. Tilde symbol
implies dependency on connection field (I') without any known explicit relation with
the metric. Action ( @ ) allows two dynamical fields, metric field g and connection
field T', to vary. The modified Klein-Gordon field equation of Palatini NMDC hence
is given by

6 (= (9/2)kH — (15/2)xH?) + 3H¢ (e — 4xH ) + Vg

12
o

(ﬁ(g — (15/2)/<;H2) + 3Hoe + Ve =~ 0. (4.10)
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whereas during inflationary epoch, |[4Hx| < 1; |9xH /2| < 1. At ¢ = 0, the late time

trajectory is given by

Hence we have
H2

~

QOHH ~

12

12

12

o~

. V
¢ = —3—}’2 (4.11)
Hence the Palatini NMDC Friedmann equation is given by [19]
H? Piot 1+§£(1+w )
T o3MR | T2 MR o
1| 3 k?
= 3M2 Prot T = 5 ]\j[bQ (Ptot +pt0t)]
1 3 kg2
= sz |t (pe +p¢)]
1 5¢2 3 ket
~ € 3 4.12
3z |2 T T (412)
1 3K¢?
Y _qu + M2 (po + paﬁ)]
1 3kg?
R _P 2M2 (2¢¢) (ps +pg) + W(qu + p¢)]
1 /fgbqb 3/@@5 ( p¢)
202 _3H AR ORI Ty
1 KGO p? Do
N2 _—(qu +pg) + HLE (po +ps) + N2 (-(% +pg) + 3H)
U [y | 600 ooy 360% (0 oy edd = Vo
N2 __<5¢ )+ HM3 (6) + 203 (=) + g
1 _—&?gﬁQ N KEDSD B 3ekd  KkedP B KOV,
M3 | HMZ ~ 2M2 T 2HMZ  2HMZ
B £0?  3kedPo B ek B A (4.13)
oMZ T AHME T AME  4HMEC '



CHAPTER V

ACCELERATION CONDITIONS IN EXPONENTIAL
POTENTIAL

Previous works [[19, B3] studied the effect of Palatini NMDC in chaotic inflation.
V ~ ¢? and V ~ ¢* cases was considered. V ~ ¢? is likely viable to surpass Planck
2015 constraint, however with positive x would have superluminal speed. In this
thesis, we study the exponential potential V = Vye *¢/Mp,

In the standard GR case, the acceleration condition is given by ( M )
5&2 < V

< Voe_’\‘i)/MP ) (5.1)
5.1 Acceleration condition of metric NMDC

As in ( @ ), acceleration condition require a/a = H 4+ H? > 0, by the virtue of ( @
) and ( @ ) we have

= H+ H?
ch IrpdH B Ik*H V4o cd? 92 H? %4

12

GHMZ ~ G6M2  GMZ | GHMZ | GMZ  G6MZ | 3MZ

¢’ 2 o, 99 (a ) Vo |V
~ —9kH? — 9kH S okH
Y (6 — OnH® — onH) + a2\~ ) T G Tz
ng 2 ¢¢ 2 V,¢ ¢ 4
~ % (c—9xH —9kH 2
M2 (¢ = owH®) + GMZH (¢ = owH?) + GHMZ | 302 (5:2)

where we have used slow-roll approximation ’H ’ < |H?|.
The idea is to find the analog expression with e¢? < V in GR case ( @ ).
In order to do so, we need to write ( @ ) in terms of ¢32 and V only. First we can

substitute the field equation ( @ ) for ¢ into ( @ )

Zg ¢2<5—9/<H2>+ ¢ <_‘/’¢_3H¢(€_3HH2)> (5—9/@H2)

6M3E 6MEH (e — 3kH?)
V0 v
MR
P> ) Vop (e —9xH?) 347 )
~ P (e okH?) - - — 9kH
6M2 (¢ - owt?) GHMZ (= — 3xH?)  GM2 (e - owt?)
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Vo 4
GHMZ 302
¢? ) Vs (e — 9w H?) 1%
=P (e—okH?) — 2P (1 .
3ME (¢ = owH?) GH M2 (c—3ni%)) 32 (5:3)

hence only ¢? term is needed, so ¢ can be approximated using late time trajectory (

hd)

i $? 1%
PO Y (R
" 32 (5 —owH®) + M2
Vs —Vs L e IxH?)
6HM3E \3H (¢ — 3kH?) (e — 3kH?)
¢’ N,V
~ — - 9xH
312 (e Ik ) + 3012
V2 — O H?
+ 2 | EZ9RHT) (5.4)
18H2M§E (e — 3kH?) (e —3kH?)

Slow roll approximation ¢ < V is applied for Friedmann equation ( @ )

eV (5.5)

3MZ
and substitute ( @ ) in into ( @ )

i ¢ JUBVN LV % 1_(5—3/@V/M1%)
a  3M3 M2 ) " 3MZ " 6V(e — kV/MR) (e — kV/MB) )

(5.6)

Given |kV| < | M| to avoid super-Planckian regime. Therefore binomial approxima-

tion is possible, which is (1 + x)* &~ 1 4 az for x < 1 . Hence,

(e — 3“V/MP2>) ~ 2 2
<1 i E——ey > ~ 11— (5 - 3/4;V/MP) (5 + KV/MP>

2 3erV N exkV  3K*V?
Y~ Mg Mg M
~0

1—

Q

2erV
M3

l
—~
ot
J
~—

Equation ( @ ) become

i ¢ VYLV View
3M3 M3 3M3  3M3(e — kKV/MB)

For acceleration condition d/a > 0, we have

$? ( 3/~€V> 1% Viek

32 \© T M2 502 T BM2(z — kV/MZ)
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3V - Viek
— < V|1 ’ . 5.9
=5)7 < (e )
In which for GR case, e¢® < V is recovered by taking x = 0.
Applying exponential potential,

V = Vye M/Mr (5.10)

acceleration condition for exponential potential in metric NMDC cosmology is ob-

tained as follow,

3kVo oA/ Mp | 2 /M RN
< Vpe M/Me [ (5.11
(5 ME ¢ 0¢ +M§(5—/{Vge—/\¢/Mp /M) (5.11)

5.2 Acceleration condition of Palatini NMDC

Same as before, the acceleration conditon for Palatini NMDC cosmology is calculated

from é/a = H + H? > 0, with the help of()and()

- g+
a
. . .. . % O .
&g’ N Bke’p 35@#{ RV
2ME  AHME AN AH M}

£g? 1% 35@@5‘{
ot 3 T 4
6ME  3ME B
—e¢? N 1% 3/€€¢3 [ Vi }
3ME  3ME 4H M3
where terms involving ¢? is neglible. Palatini NMDC Klein-Gordon equation ( )
now can be substituted into ( )

—g¢'>2+ V. 3keg? [( =V —3H¢e \ Vy
3M2 ' 3M2 T AHME |\ e — (15/2)kH? 3e

—e® V() KV, —3¢

3MZ T 3M2 T AHM Kg . (15/2)5}12) - 1]
—e¢? V. kdPV, [—3c — e+ (15/2)kH?
3MZ 302 4HM1§[ c — (15/2)n H? ]

(5.12)

o

_5¢2+ V. KV [4e — (15/2)kH? (5.13)
3MZ T 3M2 T AHME | e — (15/2)wH? '
Approximation for H? = V/(3M3) and H = My ",/V/3 now can be applied,
i e Vo kb \f de — (5/2)KV/M; (5.14)
= 32 e a4 Ve = (5/2)rV/ME | ‘
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In the sub-Planckian range |k| < |M3/V| [19] binomial approximation is allowed,

hence
4e — (5/2)kV /M 5V 5kV
5 de — = et o
~ 0
5keV 10keV 25/12/\%,
B 7 T 7 T 4
~ 44 15KkeV
~~ 2M§ .
Therefore ( p.14 ) read as
a —e¢? 1% KPV,y |3 15keV
o= 7 T 2 s\ |4t 2
a 3Mg  3Mg AMp VV 2M3
—e¢? 1% K¢V, |3 15keV
= 7 T 2 3 vt 2
3Mg  3Mp M3 V 8Mp

12

+ -
3MZ  3M3 MpVV

2V (1- 33KV !

. 15V
8 M3 '

(5.15)

(5.16)

For the late time ¢ &~ 0, the Palatini NMDC Klein-Gordon equation can be written

as
‘ —V
0 = 3He
~ Ve |3
T3 TPV
. —VeMp
ev3V
Hence
—e®> V 3v3K¢PV, g 15keV
-~ 1— 14
3ME  3M3 MpVV 8 M3
N —ggz'>2+ V ([ 33 Vi [~VMy 31 15KV
-~ 3M3  3M3 Mp V'V 3V SM3
N —€¢2+ 1% . fMl%Vé . 15KkeV
~ 3MZ ' 3MZ E 8 M2
A2 3
~ 6¢2+ V2 1 RW{MP‘/,(;S} 1+15/£52V
3MZ ' 3ME eMpl V 8 M2

12

—eg? %4 k Vg 3
3M2 + 73M2 (1 + EE{\/QE\/,GR} [1 +

15keV
8MP2, ’

we have used the definition of slow-roll parameter ey gr,

M
€V.GR =— —&

2

V@)Q
ay

(5.17)

(5.18)

(5.19)
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Now the acceleration condition for Palatini NMDC cosmology is given by

0 < a4
a’ .
—e¢p? V k Vg 3 15keV
— 1+ —-= 2 1+ —
ey +3M§,< + 2ap 1V 2even} [ Y7 D
‘9 k Vg 3 15keV
5¢ < V<]-+€]\4P{\/2€V,GR} [1+8W) . (520)

It should be noticed that in the ( ), GR case £¢? < V can be recovered by taking
k= 0.

For exponential potential, we have

VvV = ‘/Oe*)‘d)/MP

AV,
Ve = —7M56_A¢/MP
MpV 4
\/2€vgr = v
= ). (5.21)

The acceleration condition for exponential potential in Palatini NMDC now read as

. ) Y 15ke . _
O (1 + Mll " WMPD | (5.22)



CHAPTER VI

COSMOLOGICAL DYNAMICS FOR NMDC FIELDS

6.1 Dynamical system in a nutshell

Mostly the dynamics of physical world around us can be described by some differential
equations. Dynamical system is a powerful mathematical sucjects to study a set of n

differential equations associated with n dynamical variables,

jfl = f1($1,$2,l'3,...,$n,t)
[1",‘2 = fg(l‘l,l’Q,I‘g,...,xn,t)
l"g == fg(flfl,l'g,xg,...,xn,t)
i’n - fn(ml,fL‘Q,fEE},...,fL‘n,t)’ (61)

if all the functions f does not explicitly depend on time, these equation is called n-
dimensional Autonomous system. However, we can always transform non-autonomous
system to autonomous system by increasing dimensionality. Define new variable

Tpi1 = t, we have

'fl = f1($1,$2,x3,-.-,$n,$n+1)
3'3'2 = fg(x1,$2,$3, ...,mn,$n+1)
3 = fa(z1, 72,73, ..., Tp, Tpg1)
i‘n = fn(xlax27$37“'axnaxn+l>
Gpt1 = 1= fay1. (6.2)

That is the reason why autonomous system is very important subject in the dynamical
system, albeit our nature sometimes appear as explicitly time-dependent differential
equations [34, B5].

Some second order differential equations can be described by a 2-dimensional

autonomous system. For example, consider damped harmonic oscillator equation

mi + bi + kx =0 . (6.3)
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Define new variable y = &, we have

T =y
k b

;o= g . 6.4
Y =y (6.4)

Also define new vector v = (z,y) we can write ( @ ) in the form of matrix
v = Av (6.5)

where

A= <_k0/m _bl/m ) (6.6)

Dynamical system allow us to study the behaviour of the system without
find the exact solution of the differential equations. One can gain a qualitative un-
derstanding by plotting so-called phase portrait. Phase portrait is a collection of phase
flow between x and x.

Any x which satisfy Xy = 0 is called fixed points. The qualitative behaviour
of the phase portrait can be examined by looking how may fixed points are there and

how is the characteristic of the fixed points.

6.2 Autonomous system for metric NMDC model

For metric NMDC model, the system is governed by Klein-Gordon equation ( @ )
and Friedmann equation ( @ ),

6 (e = 3KH?) +3H (e — 36H) + Vs~ 0,

H? ! [ng (5—9/§H2)+V] )

T 3ME | 2
Defining a new variable ¢ = ¢ with some approximations, a 3-dimensional au-

tonomous system can be described as follows

¢ = 1 (6.7)
. —Vy — 3H(e — 3 H?
= : 8—3/'({6]‘12 — (68)
v
6]\ij (6.9)

Consistently, we can recover the GR case by taking x = 0.
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6.3 Autonomous system for Palatini NMDC cosmology

In the Palatini NMDC model, Klein-Gordon equation ( M ) and Friedmann
equation( ) is described by

6 (s — (15/2)kH?) +3Hge +V, ~ 0,

1 [eg? 3 ket
~ —+V+=
Y [ > TV |

H2

A 3-dimensional autonomous system can be defined

¢ = ¥ (6.10)
; —V¢ - 3H¢8
= (I5)2)n I (6.11)
1%
6]\ij . (6.12)

It should be noticed also that GR case can be recovered by taking x = 0.



CHAPTER VII

RESULTS AND DISCUSSION

In this chapter we try to investigate qualitatively the dynamics of the field ¢ according
to two NMDC models : metric and Palatini, compared to the standard GR model.
In doing such, we plot the phase portrait between 1) = ¢ over ¢. In another word we
try to examine the qualitative difference between equations ( @ ) and ( ).
Earlier studies with chaotic potential [19, B3] with postive k resulting the
superluminal speed, albeit it can surpass Planck 2015 constraint. Therefore in this

work we use negative k.

7.1 Phase portrait for standard GR

In the GR case, the dynamics of the field is governed by Klein-Gordon equation (
) written in the autonomous form,
o = v
b —Vy —3eHy
€
where ) = ¢. And the acceleration expansion region in exponential potential is

determined by acceleration condition, has been derived in ( lB:l! )
£¢? < Vye M/Me

Setting and scaling e = 1, Mp = 1, V = 0.1 and A\ = 1, the phase portrait
for GR case is shown in figure m, the shaded area is accelerated region, and the red
line is trajectory from a random starting point. Figure m showed that there is only

an attractor solution inside the acceleration region.
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Figure 1 Phase portrait for exponential potential in standard general rel-
ativity with acceleration region

7.2 Phase portrait for metric NMDC model

In the metric NMDC model, the modified Klein-Gordon equation ( @ ) written in
the autonomous for, as in ( @ ) and ( @ )
¢ = 9
—Vy — 3Hy(e — 3xH?)
e —3kH? ’

with the acceleration for exponential potential has been derived in ( )

erAZVpe Ao/ Mp
M3(e — kVpero/Mp [ V[3)

(5 _ 3/1‘;6 e—)\qS/Mp) $2 < %e—)\tb/Mp (1 +
MP

We use the same setting and scaling with GR case, e =1, Mp =1,V =0.1
and A = 1. We use negative k, which is Kk = —1. Phase portrait for metric case
is shown in figure E, we can see that metric NMDC give the narrower accelerator,

meanwhile the attractor is still in the acceleration region.
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V(@)=Voe M Vo = 0.1k = ~05 e = 1. Mp=1"A=1"
Figure 2 Phase portrait for exponential potential in metric NMDC with

acceleration region

7.3 Phase portrait to Palatini NMDC model
For Palatini NMDC case, the autonomous system is given in the ( 5.10 ) and ( )

= ¥
—V, — 3Hye

¢
¥ e— (15/2)kH?’

and the acceleration region, given in ( )

: B kAL 15Kke . _
£d? < Voe A/Mp <1+ eMﬁll Sy Voe WMPD .

Usinge =1, Mp =1,V =0.1, A =1 and kK = —1, we plot the phase portrait,
as in figure B We can see the acceleration region appeared to have boundaries, and

the attractor is pulled into the smaller acceleration region.
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l

_Ao
V(¢)=Voe ™ Vo =01k =-05,e=1" My=1"A=1

Figure 3 Phase portrait for exponential potential in Palatini NMDC with
acceleration region

7.4 Evolution of H over e-folding number N

For three cases, we plot the evolution of H as the e-folding number N growing. It
can be seen from Fig. H that metric NMDC effect enhances expansion rate compared
to the GR case, meanwhile the Palatini NMDC effect surpresses the expansion rate

compared to the GR case.

H(N)
0.28
0.26
0.24 —— Palatini NMDC
metric NMDC
0.22
— GR

0.20
0.18

‘ ‘ N

10 20 30 40 50

Figure 4 H is plotted against N for GR, metric NMDC and Palatini
NMDC cases.



CHAPTER VIII

CONCLUSION

In this thesis we study the dynamics of scalar field in a cosmological model which
has non-minimal derivative coupling (NMDC) terms between field and curvature.
An NMDC model studied from two different approaches, metric and Palatini which
resulting different equation of motions. For exponential potential, the acceleration
condition is derived, and the dynamics of the fields is studied qualitatively by plotting
the phase portrait for different cases. Three cases only has one attractor and metric
NMDC give narrower acceleration region compared to the GR case. Palatini NMDC
effect restrict the attractor into the even smaller region compared to GR and metric
NMDC cases. As the e-folding number growing, figure @ shown that H is enhanced
by metric NMDC effect and surpressed by Palatini NMDC effect. Full dynamical

analysis is awaiting in the future study.
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