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Abstract

This thesis present the features of loop quantum gravity in the cosmological set-
ting so called loop quantum cosmology. We have shown the quantization of the flat,
homogeneous and isotropic FRW spacetime via the loop representation using the clas-
sical approximation of the Hamiltonian constraint. This procedure gives the effective
Friedmann equation. The loop quantum-geometrical correction in the effective Fried-
mann equation can avoid the Big Rip singularity from the phantom field dark energy

background in this scenario.
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Chapter 1

Introduction

1.1 Background

Recently, present accelerating expansion of the universe has been confirmed with ob-
servations via cosmic microwave background anisotropies [1, 2], large scale galaxy
surveys [3] and type IA supernovae [4, 5]. However, the problem is that the accel-
eration can not be understood in the regime of standard cosmology. This motivates
many groups of cosmologists to find out the answers. Proposals to explain this accel-
eration made till today could be, in general, categorized into three ways of approach
[6]. In the first approach, in order to achieve acceleration, we need some form of
scalar fluid so called dark energy with equation of state P = wp where w < —1/3.
Various types of models in this category have been proposed and classified (for a
recent review see Ref. [7, 8]). The other two ways are that accelerating expansion is
an effect of backreaction of cosmological perturbations [10] or late acceleration is an
effect of modification in action of general relativity. This modified gravity approach
includes braneworld models (for review, see [11]). Till today there has not yet been
truly satisfied explanation of the present acceleration expansion.

Considering dark energy models, precise observational data analysis (combining
CMB, Hubble Space Telescope, type Ia Supernovae and 2dF datasets) allows equation
of state P = wp with constant w value between -1.38 and -0.82 at the 95 % of
confidence level [12]. The interpretation of various data bring about a suggestion
that dark energy should be in the form of phantom field-a fluid with w < —1 which

violates dominant energy condition, p > |P|, rather than quintessence field [13]. The



phantom equation of state P < —p can be attained by negative kinetic energy term
of the phantom field. However there are some types of braneworld model [14] as well
as Brans-Dicke scalar-tensor theory that can also yield phantom energy [17]. There
has been investigation on dynamical properties of the phantom field in the standard
FRW background with exponential and inverse-power law potentials by [20, 21] and
with other forms of potentials by [22, 23]. These studies describes fate of the phantom
dominated universe with different steepness of the potentials.

A problem for phantom field dark energy in standard Friedmann-Robertson-
Walker (FRW) cosmology is that it leads to singularity. Fluid with w less than
-1 can end up with future singularity so called the Big Rip [24] which is of type I
singularity according to classification by [26, 27]. The Big Rip singularity corresponds
to a — 00, p — o0 and |p| — oo at finite time ¢ — ¢, in future. Choosing particular
class of potential for phantom field enables us to avoid future singularity. However,
the avoidance does not cover general classes of potential [22]. In addition, alternative
model in which two scalar fields appear with inverse power-law and exponential po-
tentials can also avoid the Big Rip singularity [28]. Nevertheless, nature of the scalar
field is still an open question.

In this thesis, a fundamental background theory in which we are interested is
Loop Quantum Gravity (LQG). This theory is a non-perturbative type of quanti-
zation of gravity and is background-independent [29, 30]. It has been applied in
cosmological context as seen in various literatures where it is known as Loop Quan-
tum Cosmology (LQC) (for review, see Ref. [32]). Effective loop quantum modifies
standard Friedmann equation by adding a correction term —p?/pj. into the equation
(33, 34, 35, 31, 36]. When this term becomes dominant, the universe begins to bounce
and then expands backwards. A merit of LQG is the resolution of singularity problem
in various situations [37, 30, 33, 38]. Nice feature of LQC is avoidance of the future
singularity from the correction quadratic term —p?/p. in the modified Friedmann
equation of LQC [39] as well as the singularity avoidance at semi-classical regime
[40]. The early-universe inflation has been also studied in the context of LQC at
semi-classical limit [41, 42, 36, 43, 44, 45, 47|. Investigation of phantom field dynam-
ics and its late time behavior in the loop quantum cosmological context could reveal

some interesting features of the model.



1.2 Objectives

We wish to study the cosmological dynamics of the phantom field dark in the LQC
energy background. Such model of dark energy in standard cosmology can produce
future singularity so-called the Big Rip singularity at the late time. Our hypothesis,
is the Big Rip singularity can be avoided by the quantum-geometrical effect from

LQC.

1.3 Frameworks

e To study acceleration of the universe via the scalar field model of dark energy.
e To explain the Big Rip singularity in the standard model of the universe.
e To obtain the effective Friedmann equation from LQC.

e To use the dynamical system for doing analysis dynamics of the phantom field

dark energy in LQC background.

e To understand the nature of singularity and dark energy in context of LQC.

1.4 Expected Use
e To obtain the effective friedmann equation from LQC.
e To avoid the Big Rip singularity from the LQC effect.

e A derived-in-detailed report for those who interest with thoroughly calculation
from the 3 + 1 ADM formulation, the Ashtekar variables and the LQC.

1.5 Tools

e Text books in physics and mathematics.
e A high efficiency personal computer.

o Software e.g. KTEX, WinEdit , Mathematica and Photoshop.



1.6 Procedure

e Studying basic theory of the LQG.

e Studying quantization of the Friedmann-Robertson-Walker (FRW) spacetime.
e Extracting the effective Friedmann equation from the LQC.

e Studying dynamical system in cosmology.

e Setting the autonomous system from the effective Friedmann equation in the

phantom dark energy background.
e Finding the critical points and demonstrating their stabilities.

e Concluding cosmological consequence from the dynamical system.

1.7 Outcome

e Understanding of basic ideas of LQG, LQC and nature of dark energy.

e Understanding behavior of phantom dynamics under LQC background.



Chapter 2

Related Theory :
Standard and Loop Quantum
Cosmology

2.1 Standard Cosmology and Dark Energy

In the first section of this chapter we will briefly review on the standard model of
cosmology, evidence of the accelerating universe and the scalar field model of dark

energy.

2.1.1 The Standard Model of Cosmology and the Evidence

of the Accelerating Universe

The hot big bang universe

The standard model of cosmology is the hot big bang theory which based on general
relativity [48, 49, 50] (for readable review see [52]). The hot big bang universe is
confirmed by the existence of cosmic microwave background (CMB) radiation [53].
General relativity has strongly suggested the universe must be created from the ex-
plosion of primordial singularity. The cosmological solutions from general relativity

also give the non-static or expanding universe [54]. The cosmological model is based
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52] .

on the cosmological principle i.e. the universe is homogeneous and isotropic (more
detail see [52]) at the very large scale. From such principle it implies the geometrical
line element of the universe,

dr?

T r2d6% 4 r? sin d¢? (2.1)

ds?* = —dt* + a(t)?

where a(t) is the scale factor which implies size of the universe and k is the curvature
parameter, such parameter has values as —1 for open universe, 0 for flat universe, 1
for close universe (see figure 2.1).

Let us start by considering the dynamical equation of the universe. The Einstein

field equation can be written as [49]

1
G = Ry — §g#,,R =8rGT,, (2.2)

where G, is the Einstein tensor, R, is the Ricci tensor, R is the Ricci or curvature
scalar, G is the Newton’s gravitational constant and 7}, is the energy-momentum

tensor. The energy-momentum tensor for the perfect fluid is given by
T = (p+ P)uyu, + Py, (2.3)

6



where p is energy density, P is pressure and u,, is four-velocity.

The FRW line element gives the Ricci tensor and scalar as

Rm::—%% (24)

Ry = (ad+24d® + 2k)d; (2.5)
i a® ok

= -+ =+ —=. 2.

R 6(a+af+ﬁ) (2.6)

The (0,0) component of the Einstein field equation, using above three equations and
equation in (2.3) also, we obtain

8tG k
H=—p+— 2.7
where H = a/a is the Hubble parameter, this parameter mean the rate of expansion
of the universe. For the (i,7) component, we obtain
a A G

GI—T(0+3P). (28)

The equation (2.7) is known as the Friedmann equation describing the dynamics of
the universe. The equation (2.8) is known as the acceleration equation or the sec-
ond Friedmann equation. From the covariant conservation of the energy-momentum

tensor i.e. (V#T1,, =0), we obtain
p+3H(p+P)=0. (2.9)

The Friedmann equation (2.7) can be written as

k
Q-1=— (2.10)

where Q0 = p/p, is the density parameter, p. = 3H?/87G is the critical density. The

density parameter {2 can be determined the geometry of the universe as

k=0 = Q=1
k=-1 = O<1
k=1 = O>1.

The precise cosmological observation of CMB strongly suggested that our universe is
nearly flat [55]. Using equations (2.7), (2.8) and (2.9) to solve the flat-Friedmann



equation k = 0, we obtain

2
H = = (2.11)
3(1+w)t
a = aot?’(liuﬁ (2.12)
p = poa S0+ (2.13)

where ag, pp are the arbitrary constants and w = P/p is the equation of state of the
perfect fluid. For the dust matter has w = 0 and the radiation matter has w = 1/3.

Let us consider the acceleration equation in (2.8). We can use this equation
regardless of the geometry of the universe because this equation does not contain
factor k. When we neglect the small value of the cosmological constant, the equation
of state has value w < —1/3 fluid (the dark energy hypothesis) with P < —p/3. Thus

@ is positive value and the universe is in acceleration.

The Evidence of the Accelerating Universe

In 1998 there were project to study supernovae type la, by two groups of physi-
cists, Supernova Cosmology Project and the High-z Supernova Team. These groups

discovered important results that make physicists alert. These are,

e The redshift spectrum measurement from supernovae type la has higher values
than the redshift predicted in the open universe model (k = —1). This fact

tells us that the expansion of universe is speeding up rather than slowing down.

e The component of the universe measurement found that the CMB results tell us
the universe is flat. Such model must have the total density equal to the critical
density. However the realistic CMB measurement found the total component
of the universe equal to one-third of the critical density. It rise to gives critical
question, why the 2/3 times of the critical density component are missing in
the CMB measurement?

The acceleration expansion of the universe is most directly provided by the supernovae
[a observation and also strongly supported by many astronomical and cosmological
phenomena e.g. CMB measurement, gravitational lensing, redshift galaxy survey
and the large scale structure formation. After discovery these puzzles give doubt
to physicists, and cosmologists. To solve the situation, they need to introduce the

existence of some mystery fluid with negative pressure. The mystery fluid is known
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as dark energy. The dark energy also give new questions, why the universe is
accelerating, expansion? what dark energy actually is, and etc. Next section we will

discuss about the resolutions of these problems.

2.1.2 The Scalar Field Models of Dark Energy

This section we introduce the resolution of the accelerating expansion of the universe.
The most interesting and quite successful explanation of these problems is the dark
energy hypothesis. Here we discuss the cosmological constant and some simple the

scalar field models (the quintessence and the phantom dark energy) .

The Cosmological constant

After the cosmological solutions are obtained by many physicist from general relativity
and the cosmological principle. Such the solutions told us that the universe model
is dynamics. Einstein who is the father of general relativity was not happy with the

dynamic universe models. He added some constant by hand into the Einstein field
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[56).

equation as
1
R, — §g,wR + Agy = 87GT), (2.14)

where the constant A is known as the cosmological constant. The cosmological so-
lution of modified Einstein field equation with adding A gives static universe model.

We can rewrite the above equation as

1
Ryy = 59 = 87G(T,w + Ty (2.15)
where Té\y is given by \
A — _
T/w = PAGuv = 87TGg,u1/ . (216)

We re-interpret the cosmological constant A as the energy density py .

Until Edwin Hubbles discovered the the redshift of the galaxy in 1929, this phe-
nomenon obviously indicates that universe is expanding. Then Einstein must drop
his cosmological constant and said deathless phrase “It’s my greatest blunder!” . The
cosmological constant was ignored by physicist for almost 70 years.

The reborn of the cosmological constant become the first candidate of the dark

10
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of the parameters in an expanding universe from [9].

energy model (vacuum energy) for solving the accelerating universe problem. The
cosmological constant is the simplest model of dark energy, it also provides a best

agreement with astronomical and cosmological observations.

Let us consider the Friedmann equation with & = 0 of the field equation in (2.15),

we obtain

8t
H? = T(P+PA)- (2.17)

We can reduce the energy density and the pressure of both matter and the cosmolog-

ical constant with p — p+ pp and P — P+ P, . We also use the conservation of the
matter-(perfect fluid) in equation (2.9), it is easy to show that

pa+3H(py + Py) =0. (2.18)

Since p, is constant, that implies

,OA:—PA = wp=-—1. (219)

As we know, if the equation of state of any perfect fluid is less than 1/3, such perfect
fluid (here our perfect fluid is the cosmological constant) can drive the acceleration

expansion. The cosmological constant also passes this condition, then the cosmolog-
ical constant can be candidate of dark energy model.

11



Although the cosmological constant is best fitted with the observational data so-
called lambda cold dark matter (ACDM) model, but unfortunately the cosmological
constant causes the theoretical inconsistency problem i.e. the prediction values of the
cosmological constant from quantum field theory are very larger than the observa-
tional values allowed (in level 120 orders of magnitude pa theory/Pa obs ~ 1012%). This

unsolved problem in particle physics is known as the cosmological constant problem.

The Quintessential Dark Energy

The scalar field model becomes the candidate of dark energy model instead the cos-
mological constant because the the cosmological constant has the fine tuning problem
and it also gives the constant equation of state w = —1. While the scalar field model
has the time variation equation of state i.e. w = w(t). The scalar field has a good
motivation on particle physics including string theory. Then the scalar field can be-
have like dark energy in various ways. We will follow Ref. [7].

The quintessence is the ordinary scalar field ¢ , such field is non minimally coupled

to gravity. We begin with the action of the quintessence given by
1
S = /\/—g (—éﬁuqﬁa“qﬁ - V(gb)) d'z, (2.20)

where V(¢) is the potential of the quintessence. In the flat FRW metric, the Klein-

Gorgon equation can be written as?
¢+3Hp+V' =0. (2.21)

The energy-momentum tensor of the quintessence is defined by
2 08

T'Lw == _\/——_9W7 (222)
we obtain .
T/w = u¢au¢ — Guv <§aa¢aa¢ + V(¢)) : (223)

Comparing the above equation with the standard form of energy-momentum tensor
of the perfect fluid in (2.3), we obtain the energy density and the pressure density of

quintessence as

p = T=3F+ V), (2.24)
P = T¢= %& +V(e). (2.25)

'For detail calculation see [15].

12



Using the definition of the energy density and the pressure density of quintessence
substitute into equations (2.7) and (2.8), we obtain

H2—§§z(%f+4d¢0 (2.26)
and B

1o T (R -vie). (2.27)

2

We take time derivative in (2.26) and using (2.21) also, we get
H = —4nG¢*. (2.28)

We can express the the potential V(¢) and field ¢ in terms of H and H as
3H? H
V=—oall+—— 2.29
8rG < * 3H 2) (2.29)

. 1/2
o [ (-i6) o 20

The equation of state of quintessence is defined by

_ 9P -2V(9)
¢ + 2V (¢)

Let us consider the potential of the quintessence, which gives the exact solution (power

we (2.31)

law inflation’s potential), i.e. the exponential potential take form

V(@) = Vo exp (— 16;G ¢>> . (2.32)

Substituting this potential in equation (2.21), (2.26) and (2.28). The solution from
the exponential potential can be written as

a(t) o t¥. (2.33)

The acceleration expansion occurs when p > 1. Thus the quintessence with exponen-
tial potential may provide dark energy. For more details on the several types of the

quintessence potentials see [7].

13



The Phantom Field Dark Energy

The kinetic energy scalar field dark energy is known as the phantom field, was pro-
posed by Ref. [13, 24]. Such fields were motivated from observational constraint
that may be allows equation of state w < —1 with constant w value between -1.38
and -0.82 at the 95 % of confidence level [12], from S-brane construction in string/M
theory [16] and from the scalar-tensor gravity [17]. This model also violated the
null dominated energy condition in classical general relativity. Actually, the phantom
fields were first proposed by Fred Hoyle, he introduced the creation (C)-field to recon-
cile the observational expanding universe with the steady state universe model. The
C-field will create new matter and making universe to be homogeneity [18]. Later the
C-field is extended to the Hoye-Narlikar theory of gravity [19].

The phantom fields are non-minimally coupling with gravity, the action can be

written as .
5= [ v=a (50000 - V(o)) a'a (234)

In the same way as the case of quintessence, we obtain

p = —3F V() (2.35)
P = —%¢&2—V(¢). (2.36)

The equation of state of the phantom fields is given by

P_ ¢ +2V() (2.37)

PP —2V(0)

from this fact we have w < —1 when q.52 < V(¢). Recalling the solution of the energy

w

density in term of scale factor in (2.13) gives

px q3(+w)

When the phantom fields dominated universe at late time the equation of state will
be w < —1. This obviously indicates that the energy density will approach infinite.
The fields of the phantom fields will roll up the potential instead of rolling down like
ordinary scalar field, then the energy of field will diverge (i.e. for the exponential
potential). Such phenomena is known as the Big Rip singularity, that implies that
at the late time everything in the universe must be ripped apart. But if the shape of

potentials of the phantom field have peak of the potential (finite maximum values of

14



the potential) the field will oscillate around the peak, so the energy of phantom field
can not diverge. This is a good strategy was propose by Ref. [25] to avoid the Big
Rip singularity. Unfortunately we do not know what is the actual shape of the dark
energy potential. This mechanism can not generally avoid the Big Rip singularity in

the phantom field dark energy.

2.2 Loop Quantum Cosmology

2.2.1 The Ashtekar Variables in General Relativity

This section we review in the Ashtekar variables. We have shown the 3 +1 ADM
formulation in general relativity at appendix B. The Hamiltonian in general relativity
is based on phase space with the dynamical variables the spatial 3-dimensional metric
¢y and canonical conjugate momentum 7. But the Ashtekar variables is formulated
by the densititized triad E¢ and the su(2) connection A’ [57].2 The su(2) connection
A? and the densititized triad EZ is obtained by canonical transformation of the 3 + 1
ADM formulation. The features of the Ashtekar variables are the standard model
of particle physics cannot written in term of metric tensor [58] and bringing general
relativity closer contact to the gauge theory where the gauge theory is the available
theory to quantization [60]. The Ashtekar variables is understood in the Einstein-
Cartan geometry without matter which equivalence to general relativity (for more
detail see [58]). Such variables also provide the polynomial of the constraints in the
canonical variables.

This section we will follow [60]. Considering the 3-dimensional metric relate to

the triad ef as follow
g™ = ¢ ebé” (2.38)

and for the co-triad €’
Gab = €LE101; . (2.39)
The densitized triad E¢ can be written in the form of co-triad ¢, as

1
Eia = 5 eijke“bceiek (240)

2For conventions in this section and thesis see at appendix.

15



Using equations (2.39) and (2.40), we obtain the relation between the densitized triad

and the 3-dimensional tensor as

. 1 1
EfE”lz = (5 Ez‘jk€abc€i€k> <2 im dfheflehm)

_ (5zm dbeedihgicho on — _(5§_52~L — glam)eteehelebe ye,,

— i (e?e¥heleleien — e el eleke pen;)

_ i (e gy — eV quger) = ; abeedhyy g

— % abe dthbchhg = (13 e gyt qenqang™

— lqlg® (2.41)
we used identities €€ = 8l where §ly = 6157 — 6L67 is generalized Kronecker

delta, efel = (5i , €ai€h = Qab and |q] = (1/3)e ¥ qy ¢ qopqap is determinant of metric
day - We have the relation between the jacobian of g, and ef, using equation (2.38)
r (2.39), we obtain
ab = Giebi
det (qo) = det (el ey)
q = det(e!)det (ey)
q = . (2.42)
Using equations (2.41) and (2.42), then we obtain

E=eel. (2.43)

The densitized triad E{ have carried information in the 3-dimensional hypersurface
> from the 3-dimensional metric g, .
Next we consider the spin connection w’ . The compatible of the spin connection

with the co-triad €, is satisfied by condition
Braehy + wiyen = 0. (2.44)

We can solve above equation and giving the explicit form of the spin connection w?

as (see detail derivation at appendix C.1)
B 2€k (ekecﬁbe + b eka[bec]j e?ecza[bec]k) (2.45)
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for any antisymmetric quantity of two 3d indices 7, j can be represent in one index
via )
v = 5 eijkvjk, v =7 k. (2.46)

From this fact, we can represent the spin connection in term of one index form as

. g 1
wt = —el]keg(a[aﬁ,}k + 562628[061)]1) (247)

a

Certainly the spin connection also preserves information in the 3-dimensional hy-
persurface Y, via the relation between triad, co-triad and 3-dimensional metric i.e.

efebi = ¢® and e’ epi = qap - The extrinsic curvature one-form K is defined by
K' = K" . (2.48)

The su(2) connection A? is defined by a sum of the spin connection and the extrinsic
curvature one-form i.e.
Al =W+ YK (2.49)

where y is the Barbero-Immirzi parameter. Such parameter is play important role in
the level spacing geometric eigenvalues and set by the black hole thermodynamics in
LQG, as x ~ 0.2375. As we seen like the densitized triad Ef, the su(2) connection also
preserve the information of the 3-dimensional hypersurface >; via the spin connection
w! and the extrinsic curvature K in explicitly way.

After we have shown how the Ashtekar variables come from, we can be written the
densitized triad and the su(2) connection in the Poisson bracket like the canonical
dynamical variables (B.33) in 3+ 1 ADM formulation as

{A], B} = 87Gx8016% (2, v) (2.50)

(2

where G is the Newton’s gravitational constant.
Using the Ashtekar variables is the canonical dynamics variables. The gravitational
action of the 3+1 ADM formulation under the Legend transformation, we obtain the

Holst action as [61, 62] (see detail calculation at appendix C.2)

—1 . .
Sar[E, A\, N, N] = // (87rGXEia£tAZ — (NG + N°C, + NCGR)) A3z dt
(2.51)

where \' = A! | the polynomial set of the constraints are given by
G; = D.E! = 0,E! + ¢,;* AL E}, (2.52)
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where D, is the covariant derivative operator compatible with co-triad i.e. Dj,ep; =0,
the constraint G; is known as the Gauss constraint. Such constraint additional arise

from the Ashtekar variables.

1 . 1+ x? :
C, = EYFi — KiG,; 2.53
87TGX i+ ab ( X ) a ( )

the constraint C, is the diffeomorphisms constraint like the 3 + 1 ADM formulation.

foon (eiijfb —(1+ XZ)KfaKg]) (2.54)

o1
GR_167TG\/L_] !

the constraint Cgp is the Hamiltonian constraint like the 34+1 ADM formulation also.

The quantity F’, is the curvature of the su(2) connection is defined by
Fly = 00 Ay + €, ALA} . (2.55)

Thus we can be obtained the total gravitational Hamiltonian in the Ashtekar variables
as
HGR = /(/\le + N“Ca + NCGR)dSZE . (256)

As in the 3 +1 ADM formulation, the total Hamiltonian is a sum of the G;, C,
and Cggr, but the total Hamiltonian in the Ashtekar variables have raising the ad-
ditional constraint i.e. the Gauss constraint G;. This is feature of the Ashtekar
variables when it is used in the canonical theory. The Gauss constraint G; can be
generated the su(2) rotational property of the densitized triad E{ and the connection
A' . The diffeomorphisns constraintt C, can be generated diffeomorphisms along the
3-dimensional hypersurface ¥; . The Hamiltonian constraintt Cqr can be determined
dynamics and generated the time evolution of the 3-dimensional hypersurface 3, .

The Hamiltonian Cqr also separately consider as
Cor=-Cg+Cyp (2.57)

where Cg is known as the Euclidean part, given by

—Cg E¢Ebe” Fh, (2.58)

1
- 167G\/q

and Cy, is known as the Lorentz part, given by

Cp = (1+ x*)Ef EJ KK (2.59)

1
167G/q
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When we quantize the Hamiltonian constraint. The Euclidean part is the first quan-
tized separately to be the operator. The Lorentz part is quantized later by using the
operator of the Euclidean constraint.

The equation of motions of general relativity in the (canonical) Ashtekar variables

are obtained by analogy the 3 +1 ADM formulation’s equation of motion as

N . 5H.
Al = {A! | Hgp} = 8nGy—2 (2.60)
SE?
and
. oH
Ee = {E*, Hgr} = —8nGx 553 , (2.61)

2.2.2 The Isotropic Hamiltonian of the flat FRW spacetime

This section we will construct the form of isotropic the densitized triads and the su(2)
connection for the flat FRW spacetime (k = 0) . This type of solution can be obtained
in the Bianchi I model, we obtain the FRW line element following

ds? = —N2()dt* + a*(t)(dz® + dy? + d2?) (2.62)

where N(t) is lapse function and a(t) is a scale factor. The homogeneous connection

and triads can be decomposed by using the basis one-form and vector fields as [63]
A, = G0,
B} = pi(t) X7 (2.63)

where 6, , X are the one-form and vector fields basis respectively and c;(t), pl(t) are
relating dynamical quantities with the metric. For an isotropic case, the connection
take the form [63]

AL =C(t)0! (2.64)

and the densitized triad take the form

Ef =/ p (t) X! (2.65)

where ¢(t) is the dynamical component of the connection A’ p(t) is the dynamical

component of the densitized triad after symmetry reduction [63], °¢ is determinant
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of the fiducial background metric ® g, = 0% 04,

The 3-dimensional metric g, is given by
Gab = a*(t)04:0; = a*(t) °qap - (2.66)
We will use equation (2.41) to determine the relation between p(t) and a(t) , we obtain
Equbi — \/(—]qab
VPO XIVP O X" = (1)) 55
6 = a5
P = a*(t). (2.67)

The triad oppose to the scale factor. An orientation of the triad can be determined
by the sign of p i.e. p allow both positive and negative values. Here we denote “the
sign of p = sgn(p)” . The triad in term of both p and a using equations (2.43) and
(2.67), we obtain

ed =sgn(p)a ' X7 (2.68)

Let us consider the spin connection w? following the definition in (2.47). The spin
connection is identically vanish in the flat FRW line element due to the basis vector
fields X is orthogonal coordinate (or in flat space). Using the definition of extrinsic

curvature K, in equation (B.24) with FRW metric, we obtain

1 .
Ky = ﬁ(qab—DaNb—DbNa)
= L (L(@2(0)0.8}) — Du(0) - Dy(0)
~ on \a@t\? @b “ b
= N 'aa0,0;. (2.69)

We use above equation and the definition of triad in equation (2.68), the extrinsic

curvature one-form is given by
K, = Kgue”
= N 'aa 00y sen(p)a X"
= sen(p)N tad.. (2.70)

3The fiducial metric for the flat FRW line element is given by QM-GZZ;dxadxb =da? +dy? + dz2.
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we also used identity 6, X% = §7. We directly obtained the su(2) connection A by

using the facts from above as

A = w4+ xK]!
= xsgn(p)N'ad..

(2.71)

We use the homogeneous and isotropic connection in (2.64) and densitized triad in

(2.65) substituting to the gravitational action in (2.51), we obtain

Efi’tAz = Ef(tbabAi+A28atb)
- (dab
— Vgrxee [ = o
\/_qp i a(dt abc)
= 3y/%pc.

(2.72)

For the Gauss constraint will identically vanish due to the basis vector fields X/ is

orthogonal basis in the Bianchi I model i.e.
OB + e, "AIEY = 0,(pX{) + ¢, " CpoI X},
= €,;7cp=0.
The curvature F, can easy calculation, we obtain
Fy = Ia(c 92]) + Eijszf/Vbc
= ¢ jk’éegzef

_ i ~2pj pk
= € ,,c°0,0,.

(2.73)

(2.74)

For the diffeomorphisms constraint, we use the curvature F’, in above equation and

the fact G; = 0 from Gauss constraint, substituting in equation (2.53) we obtain

1 . 1+x%\ 1 g
E'Ft, — K!G, = VOqp6le . c207 6F
87TGX 1+ ab ( Y ) a 87TGX qp ’Lejk,‘c a’b
= Vs xtg g = VL g
8rGy JRTa T T R Gy
0
Vol ~o i
— L9l =.
87rGXpC € ji%
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For the Hamiltonian constraint Cqg The Euclidean part is given by

1

—Cp = Y EYEFY
e 167TGX\/_€ g ab
1 y N I
= V0P X0 p X 0, 0

167TGX\/0_\/~_3

= 0g /P e o, X XL, 0

167 G

— ~~2 isji _ sio§J a ybpgl gm
167TG\/_\/ (6167, — 81.67) X7 X2 6 07

= 16 c 0g\/p &2 (8107, Xaxfegeg"—(s;lajxaxw or)

— ~~2 icj Slem i cislsmy ~~2 r¢icJ z
—16 e 0g /D &% (8}83, 510 — 61.61510T) = o G 0g /D E*(8i6) —

= Vo /P &2 (2.76)

87TG

and the Lorentzian term Cy,, for the fact w’ = 0 and using equation (2.70), we get

1 (1—|—X )
C, = -— 1+ \)EE'K!E K =
L 87TG\/6( +X) ) 7 [a b] 87TG\/_

(1+X2) 0,5 ~vb
- _ X /005 X?
)
x (sgn(p)N~'ablsgn(p)N'a 0] —sgn(p)Nabisgn(p)N'a 67)
1+x

ipiya yb inj va yvb
= 167G \/_\/_ P (sgn(p)*N~2a*)( 0,0, X; Xj — 0,0, X7 X7)

]'+ a b a
Lo i (S )5%—%)
N NN 13 (2.77)

1
gy (3) (L~ K

81
Using above two equation, the total Hamiltonian constraint is given by
30
Corn=—Cp+Cr, = pc’. 2.78
GR g +CL S7Cx? Ve (2.78)

where Q = [ d3z4/%¢ is the fiducial volume.
Using all the constraint values insert to the gravitational action of the homogeneous

and isotopic include the action of matter field Sy, we get

30 . 30
N5, — P FELN ik 9.
Sar|N,p, ¢, matter] /dt {87erpc+ (8’/TGX2\/]_)C >]+SM (2.79)
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Comparing this action with action in classical mechanics, we obtain the total Hamil-

tonian as 20
Hop=N | — pc? )+ H 2.80
GR ( RN Ve ) + Hy (2.80)
and we immediately write the poisson bracket relation between ¢ and p as
8tGyx

{E7ﬁ}:

20 (2.81)

The equations (2.80) and (2.81) are known as the symmetry reduction. The hamil-
tonian in (2.80) and the Poisson bracket in (2.81) are the preparation of the homo-
geneous and isotopic for flat-FRW spacetime to be quantization process.

For simplifying, we can be dropped the fiducial volume factor €2 by changing the new
variables to absorb this factor following

p = Q¥p
c = QY3¢C. (2.82)

Using these variables, we obtain the action as

3 . L, 3
= — N dt . 2.
Scr / <87TGX pete 87TGX2) (2.83)

The Poisson brackets of the untilde ¢ and p becomes

8tGyx

{e.py=—— (2.84)
The Hamiltonian constraint can be written as
c A (2.85)
GR 871G\ 2 p

The relation between the untilde ¢ and p and the FRW metric variables as

bl = 2P
c = ls n(p)Q2q . 2.86
N gn{p

We will use ¢ and p variables at the beginning to quantization. The features of
the untilde ¢ and p variables does not for simply formalisms only, these variables also
invariant under the coordinate gauge freedom when we quantize gravity. That means,
our quantum theory of gravity will be invariant under gauge freedom.

To obtain the Hamiltonian constraint of the scalar field (here we follow above
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Figure 2.5: The notion of holonomy, figure from [58].

procedure step by step), the action of the scalar field in the flat FRW can be written
as

Sy = / V—ga*NQ (f—]\; — V(¢)> dt (2.87)

where V(¢) is the potential energy of the scalar field. Let us define the canonical

conjugate momentum II, of the scalar field as

a’Q) .

Using the Legendre transformation of action in (2.87), we obtain

) 12

= [ |4 — N[ —2 —a3Q dt . 2.

S¢ / { o (2a39 a V(cb))} (2.89)
Thus the Hamiltonian of the scalar field and it constraint can be written as
H?b

H, = N 30 2.

® (2a3Q +a V(qﬁ)) (2.90)
Hi y

= — 2 4 1pP%Q ) 2.91

2.2.3 Isotropic loop quantum cosmology

The Loop Quantized Representation

This section we present the Dirac’s quantization formalisms via Wilson’s loop ap-
proach, known as loop quantization and we will see below “why loop ?”. Dirac

quantization procedures as following [64]
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Figure 2.6: A notion of holonomy and flux as elementary conjugate variables, figure

from [65].

Quantize the Poisson bracket of phase space variables as the commutator in the

kinematical Hilbert space i.e. { , }pg — —i/R[ , ].

Promote the gravitation constraints in (2.52), (2.53), (2.54) to the self-adjoint

operator.

Find the physical Hilbert space i.e characterize the space of the constraint so-

lutions and define the inner product that gives notion of physical probability.

Find a complete set of gauge invariant observables (i.e. loop variables operators)

with commute to the constraints.

This strategy is very successful and powerful in the LQG and LQC as well. Such
approach also gives the background independent in our theory. In our quantization
procedure, the Hamiltonian will be ignored i.e. Hggr ~ 0. This thesis, we especially
treat the quantization of the flat FRW spacetime (k = 0) only and using a classical
approximation to obtain the effective Friedmann equation.

Let us start from the basic configuration variable holonomies (or Wilson’s loop)

of the connection along a given edge
ho(A) = Pexp ( / (w(s)A;w(s))n)ds) (2.92)
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where P denotes a path order of the exponential, ¥* is tangent vector at the edge, and
T = —%ai is a basis of the SU(2) of the Lie algebra, with o; is Pauli spin matrices.

The holonomy of the connection A? = ¢ ¢’ is given by

h(A) = exp < / (’595)(;7].)(15)

= exp(’lcn)

e ore
= Cos ({) + 2sin ({) i (2.93)

where %/ is the oriented edge length. We can re-write it in the untilde variables and

define new parameter p/ = °I/QY? | obtaining

/ /
hi(A) = cos (%C) I+ 2sin (%) i (2.94)

where I is identity matrix in 2 x 2 dimension and ' is the kinematical length of the
square loop as area of the loop is given by minimum eigenvalue of LQG area operator

[35] . The basis momentum variables are fluxes of the triad through a two-surface S
Fs(E) = / cane BST fld"wdb2 (2.95)
s

where f! is a test function. Using the fact at above, the flux of the triad is proportional
to the triad itself
Fg(E) = As (75 p ocp (2.96)

where Ag ; is area of S. We note that both the holonomy and flux variables do
not need a background metric to defined and the flux variable are conjugate variable
to holonomy as we see in figure 2.6. The Poisson bracket of these variable are not
non-zero (we will see below), if the edge of the holonomy intersect to the surface
of the flux. These variables are well defined to promote quantum operator (i.e. a
gauge invariant observables) that created a loop state. From this reason, that is why
we call loop quantization. In LQG (and LQC also), spacetime is formed by loop
state i.e. loop state associate with respect to other loop only without refering to the
background metric. Therefore LQG is background independent (quantum gravity)
theory.

In the homogeneous and isotropy cosmological setting of Dirac’s quantization, we

can construct the algebra function to be represented on the kinematical Hilbert space
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which is defined by holonomy and flux also. The algebra almost periodic function is

constructed from a finite holonomies [30]
e
ra =% 5o (457 (2.97)
J

where j is the finite integer labeling number of edges, ) € R (real) and f; €
C (complex). We note that the almost periodic algebra function depends on ¢ only
but it is not ¢ directly. As we see the almost periodic algebra function, we can rep-
resent all continuous functions from the almost periodic algebra functions, like view
point of a fourier series. We have shown at above the flux of triad is proportional to
itself, therefore we can use p to be algebra function directly. We will construct the

holonomy-flux algebra function via the Poisson bracket as

ot = = (5 (e ()

) e\ Op
_ a_p (Z fj exp (27)> %)
e , e
_ 7r3 X S f i exp (ZJT) (2.98)
j

the Poisson bracket is almost periodic also, that means this algebra is closed. After, we

prepared the classical phase space the holonomy-flux algebra to be represented on the
Hilbert space already which satisfies and passes requirement from Dirac quantization.
The almost periodic algebra function can represent the constitution of an orthonomal
basis in kinematical Hilbert space, by setting
c

fu=exp (z %) . (2.99)
Analogous conventional quantum mechanics, we can write the orthonormal basis state
in bra-ket notation as

exp <@ %) —<du>. (2.100)

Orthonormality of basis states is given by
<plp >= 6. (2.101)
A general state | U > in kinetic Hilbert space can write as

(U >=) "0, |p> . (2.102)
w
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Inner product of a general state becomes

<YV >=>" T, (2.103)
n

where W7 is the complex conjugate of ¥, . From requirement of state kinematical

Hilbert space must have finite norm that gives,

Y T, < oo, (2.104)
I

Next, we will promote f(c) and p to be the operators which satisfy

(NN
(7 ph = 1) 5. (2.105)
The configuration variables (holonomy) f(c), is promoted to be operator as
fle) = cinel? (2.106)

The eigenvalue equation for holonomies operators is given by

fOlp>=p+p > . (2.107)
The conjugate momentum variables (flux) p is also promoted to be operator as

187G xh d

p = — ) 2.108
p T 1o (2.108)
The eigenvalue equation for holonomies operator is given by
N 4G xh i
plp>= T|,u> : (2.109)

where |p > is orthonormal eigenstate in the kinetic Hilbert space and we will demon-
strate its representation the commutator relation by using (2.107) and (2.109), we
get

f(0).p] = ~ZEXhi IR (2.110)
Comparing this result with respect to (2.98), we found that it satisfies quantization
procedure in (2.105) .

This section we have briefly introduced the (first-look) loop quantization in cos-
mological setting (i.e. LQC) and have shown how to construct LQC from classical
theory at the beginning of this theory. We will stop here because LQC is still on
progress to go on and not explicitly complete. For comprehensive reviews, more
details, applications and literatures of LQC see [30, 32, 60, 61, 66] .
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The Effective Friedmann Equation in LQC

LQC naturally gives rise to inflationary phase of the early universe with graceful exit,
however the same mechanism leads to a prediction that present-day acceleration must
be very small [41]. At late time when universe and at large scale, the semi-classical
approximation in LQC formalisms can be used [46]. This section we will derive the
effective Friedmann equation from LQC following [34] which is main material of this
thesis. The classical Hamiltonian constraint of the flat FRW in (2.111) with matter
part is given by

3 2
S B DT 2.111
Car 702 pl +C ( )

The effective Friedman equation can be obtained by using an effective Hamiltonian
with loop quantum modifications [34, 39, 47]:

3 :
Cop = e asin®(y'c) + Cn (2.112)
where k? = 871G . The matter part? of effective Hamiltonian is given by substituting
the equation (2.82) into equation (2.91). we obtain

Con =C —ln—i+ PV (¢) (2.113)
m — LY¢ — 2p3/2 p .
where 11,/ p*/2 = ¢ is obtained by using the the Hamilton’s equation of motion. We

can rewrite above equation in function of energy density of the scalar field as

Cn = p*/* (%d)z + V(¢)) =p"?p. (2.114)

The Hamilton’s equation of motion is

’%QX aceff

p = {pvceff}:_T e

(2.115)

where ¢ and p are respectively conjugate connection and triad satisfying {c,p} =
k?x/3 as we have discussed in chapter 2. These are two variables in the simplified
phase space structure under FRW symmetries [32] and relates the two variables to
scale factor as p = a? and ¢ = ya that we have demonstrated in above. Substituting

the effective Hamiltonian constraint in (2.112) into the Hamilton’s equation of motion

4Considering the matter part constitute the scalar fields only.
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in (2.115) we get

K2y O 3 9 1115 3
. _ _vAY s . I /2
p = 3 5o ( N asin®(p'c) + Tk +p V(qﬁ))
20 . ,, ,
= sin(p'c) cos(pu'c 2.116
T (W'c) cos('c) (2.116)

we use the relation p = 2aa with the above equation, therefore the time derivative of

the scale factor is given by

. L. /
a = — sin(pu'c) cos(pu'c 2.117
T (w'c) cos(p'c) (2.117)

Using the Equations (2.114) and (2.115) with constraint from realization that loop
quantum correction of effective Hamiltonian Ceq is small at large scale, Cog ~ 0
32, 35, 34, 39], i.e.

3 20,7
Ceff = —WGSIH (MC)"‘Cm:O
2,2,/2 2,,2,/2
sin?(i'c) = %cm:% (2.118)
a

Let us consider the minimum eigenvalue of the area operator in LQG is o/ 612) where
612) = Gh and o are the Planck length and the order unity respectively. Comparing
with the area of the loop in the flat FRW geometry i.e. A = p'?|p|, then we get
equality of the minimum eigenvalue of the area operator between LQG and LQC [34]
as

pia? =o'l (2.119)

We can obtain (effective) modified Friedmann equation by using (2.117), (2.118) and
(2.119) as

o2 o— (9)2 _ (1/xp sin(p/c) cos(p'e))®  (1/xp')? sin(p'c)?(1 — sin('c)?)

a

a? p
R pp (L= R Ppp/3) _ &% Xl
3042,u’ 2p 3 P 3'u/2

sl
= 2 ,(1-£ 2.120
5P . ( )

where p. = 3/(a/k*x%(%).
The effective Friedmann equation of LQC rises the correction term p? from the

discrete quantum geometric effect in classical regime. This equation was first derived
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in [34] recently, such equation is more similar to the effective Friedmann equation
in the Randall-Sumdrum (RS II) [67, 68, 69] brane-world cosmology model which is
motivated by M/String theory but in the RS IT model has + sign in p? term. In the
high energy regime i.e. p > pi. the p? term will dominate in this equation and in the
low energy regime i.e. p < p the effective Friedmann equation will reduce to the
Friedmann equation in standard GR. We note that the effective Friedmann equation
in (2.120) gives the bouncing universe in this frame work due to the — sign of the
p? term in the left hand side of this equation, it also identical to the bouncing in
brane-world [14]. The Hubble parameter H? will be equal to 0 when p = pj.. From
this situation the universe will stop expanding when the energy density p grow equal
to the critical energy density p,. and then the universe will turn from the expansion
phase to the collapsing phase and vice versa. Featuring of the bouncing universe from
both LQC and brane-world avoid many singularities in cosmology [33, 37, 38, 39, 14] .
The dualities of the effective Friedmann equation and their cosmological consequences
between LQC and brane-world give impressive signal of the quantum gravity theory.

We will use the effective Friedmann equation inspired by LQC to analyze the
future fate of the universe in the Phantom field DE via the the standard dynamical

system in chapter 4 in this thesis.
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Chapter 3

Methodology:

Dynamical System in Cosmology

This chapter, we will begin brief introduction to the dynamical system in view point
of the first order non-linear differential equation. Later we enter the dynamical system

to the cosmological analysis of the scalar field in the standard cosmology.

3.1 Introduction to the Dynamical System

At the end of the nineteenth century the French mathematician Henri Poincare intro-
duced a new approach to the study of differential equation. Realizing that analytic
solution were unattainable for most nonlinear equation, he focused his efforts on find-
ing descriptive properties of solutions of differential equation. This approach is known
as the qualitative theory of differential equation. For example, in the qualitative the-
ory, one would like to know the limiting behavior of all solution of the equation as
t — 4o00. Does the solution approach a constant, a periodic cycle, infinity, or some-
thing else? There are very important questions, since many phenomena live in their
limiting behavior. In many systems transient solution approach zero so rapidly that
only limiting behavior is observed.

The cornerstone of the Poincare qualitative approach is the phase plane, which
often reveal many important properties of solutions of the differential equation, even

when solution is unknown. The use of the phase plane gives the qualitative theory of
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differential equation a more geometric flavor rather than analytic flavor.

Let us consider the system of two first-order differential equations follow as

& = flz, )
g o= gz, y) (3.1)
where "= d/dt, f and g are continuous function of z and y with continuous first

partial derivative. If function f and g in system (3.1) do not depend explicitly on ¢,
this system is known as the autonomous system. The values of x and y define a point
(x, y) in the phase space, so-called the state vector.

The simplest trajectories are those that settle down to a steady equilibrium. A points

(20, Yo) is known as the critical points or fixed points i.e.

& = f(zo, %) =0
0

vy = g(wo, o) = (3.2)

The critical points are points where the motion of the state vector is at rest.

Next we will study the shapes of the trajectories of the two-dimensional nonlinear
autonomous that we mentioned in (3.1). It is possible to approximate the trajectory
of nonlinear system. Nearly the critical points (xg, yo) with the trajectories of the
linear system. To find the linear system that approximates the nonlinear in (3.1),
make the substitution

r=x9+0x, y=1yo+0y. (3.3)

From the original variables (z, y) to new variables (dx, dy), which gives rise to

d [ ox ox
(5)n(z)

of  of
M = ( b o ) : (3.5)
Ox 0y / (z=m0,y=y0)

This possesses two eigenvalues p; and ps. The general solution for the evolution of

where M is given by

linear perturbations can be written as

(Sﬂ? = C’le’“N + CQG“QN s (36)
oy = Cye!N 4 Cyet?V | (3.7)
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where C4,Cy, C3, Cy are integration constants. Thus the stability around the fixed
points depends upon the nature of the eigenvalues. One generally uses the following

classification [7]:

e (i) Stable node: u; < 0 and pp < 0.

e (ii) Unstable node: py > 0 and pg > 0.

(iii) Saddle point: 1 < 0 and pe > 0 (or gy > 0 and pg < 0).

(iv) Stable spiral: The determinant of the matrix M is negative and the real

parts of 1 and uo are negative.

A fixed point is an attractor in the cases (i) and (iv), but it is not so in the cases
(ii) and (iii).

3.2 Dynamical System in Standard Cosmology

The dynamical system has played important role in cosmology for study the dynamics
of inflaton field (scalar field) and inflation attractor properties at the early time for
the first proposed [70, 71]. Such approach has many features in cosmology such as
it does not emphasize the initial value of the universe at the very early time, having
well physically interpret asymptotical behavior of the universe at both early and late
time, giving a suitable and viable to explain the evolution of expansion history in our
universe and also free from the fine-tuning problem etc.

From the many features of the dynamical system in cosmology as we mention in
above leading many authors use this approach to study the scalar field model of DE
(for the quintessence model at first and see [7] for review and reference in there). The
dynamical system may solve the coincidences problem! via the scaling solution.
This section we will briefly review on the dynamics of the scalar field models of DE
with the exponential potential follow [7, 71] in the flat FRW metric background.

' This problem was posed by the question from observational data, why the cosmological constant
(or DE) and the (dark)-matter fluid are emerge at the same time scale? We will discuss on the

resolution of this problem below.
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3.2.1 Dynamics of Scalar Field in the FRW Cosmology

The Autonomous system and Scaling Solution in Cosmology

Let us recall the Friedmann equation (with the matter), the Klein-Gordon equation

and the acceleration equation in the previous chapter follow as,

= 5 (GF Vo) (35)
¢ = —3HH—V (3.9)
= (@ + 1+ wnlom) (3.10)

where p,, and w,, are the energy density and the equation of state of matter respec-

tively. We will define the new dimensionless parameter as [71]

.
- V6H’ v= V3H
Vv’ vv”

)\ = —W7 FE V’Q (3]_]_)

we will discuss the physical meaning of the variables A and I'" below. Using the system
of equation of the universe that we shown in above (3.8), (3.9) and (3.10), then we

get the autonomous system of equation as

(;i—]a\:[ = =3z + \/76)\192 + ;ZE ((1 — W) 2* 4 (1 4wy (1 — y2)> (3.12)
j—% = —\/;M‘y + ;y (1 —wp)2? + (1 +wp) (1 —y?) (3.13)
% = VX — 1)z (3.14)

where N = da/a is the e-folding number. We also get the constraint equation of the
new variables from the Friedmann equation is
K2pm

S Pm_

2+ % + Vg (3.15)

We can rewrite the equation of state and the energy of the scalar filed in the new

dimensionless variables following

22—
Wo = 2.2 2 (3.16)
Qy = 2°+1°. (3.17)
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The acceleration equation of the universe in the present of the matter can be written
as

2

K
= —g(% + pm + 3(Py + Pn))

/{2

= _E(l—f—?’weff)peﬁ (318)

where Wer = Per/pet = (Pp+ P)/(pe + pm) is equation of state of the effective fluid

(the total energy density and the total pressure of the scalar field and the matter).
From the acceleration equation in (3.18), it easily see that the universe has to the
accelerating expansion (i > 0) when the effective equation of state is wes < —1/3.
Here we will discuss the viable resolution for the coincidence problem via the scal-
ing solution as we mention at above. From many observational data have strongly
indicated our universe have component of dark matter ~ 30% and DE ~ 70 % ap-
proximately. From observations also tell us the current value of the density of the
cosmological constant (or DE) and the density of the matter are the same order
(Pp ~ Pmatter). Now there is a problem so called the coincidence problem. The
density of the DE is subdominant during the radiation and matter dominated eras.
The possible resolution of this problem is giving the energy density of scalar field
DE (quintessence model) mimics the background matter (and radiation) fluid energy
density [77] characterized by
e

= constant . (3.19)
Pmatter

The energy density of scalar field DE also decrease proportion to the energy density
of the background matter fluid dominated eras or otherwise the scalar field DE and

matter density rapidly evolve as

)
 xa. (3.20)

Qmatter

Such cosmological solutions are called scaling solution i.e. the two fluids (both
scalar field DE and ordinary matter) have same scaling with time. Therefore a viable
DE models must be existed the scaling solution. The scaling solution is the attractor
solution, in the sense of the dynamical system.

In this section, we will consider the exponential potential® of the scalar field i.e.

V(g) = Voe ™, (3.21)

2 For comprehensive analysis in other type of potential see [7, 78] .
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Name x Y Existence Stability Qg | V¢
(a) 0 0 All X and ~ Saddle point for 0 < vy < 2 0| -
(b1) 1 0 All X and ~ Unstable node for A < /6 10

Saddle point for \ < V6
(b2) -1 0 All X and ~ Unstable node for A > —v/6 1|2
Saddle point for A < —v/6
(c) \/ig \/ - X N <6 Stable node for A\? < 3 1|2
Saddle point for 3y < A\? < 6
(@) |31 ] /e 0 Stable node for 3y < A2 < 225 | 3 | 4
Stable spiral for A2 > (Sﬁ;

Table 3.1: The properties of the critical points for the autonomous system in Eq. (3.12),
(3.13) and (3.14) .

such potential type has well motivation from many theories e.g. particle physics,
supersymmetry, supergravity, string theory, scalar-tensor gravity and etc. The expo-
nential potential provide a accelerating expansion of the universe with the scale factor
evolve proportion to the power of time (power law inflation) [72]. This potential also
give the exact solution of the Friedmann, the Klein-Gordon and the acceleration equa-
tion (see in more detail in [76]).

The critical (or fixed) points of the autonomous system of equation in (3.12),
(3.13) and (3.14) can be obtained following the definition in (3.2) i.e. dx/dN =
dy/dN = d\/dN = 0. The lists of critical points and its properties were shown in
table (3.1). Here the A = —V '/kV variable play role of the slope of the potential.
For the exponential potential give the A is the constant (dA/dN = 0), this potential
will simply for analysis in our autonomous system i.e. our autonomous system reduce
to 2 variables.

The eigenvalues of linear perturbation each the critical points can be obtained by

using equations (3.4) and (4.23) as

e Point (a):
p=—502-7), p2=57. (3.22)



Point (b1):

M1:3—§)\, po =3(2—7). (3.23)
e Point (h2):
p1:3+? , p2=3(2-—7). (3.24)
e Point (c):
= %(AQ —6), pp=M\—3y. (3.25)
e Point (d):
32-1)

Hi2 = —

8y(A? — 37)
11\/1—m]. (3.26)

Next we will briefly analyze and clarify the properties of the five critical points® was
shown in table 3.1.

From the classification of the eigenvalues that we have discussed at last in previous
section, this shows that the point (a), (bl) and (b2) are not the attractor points
because their eigenvalues are once more than zero and another once more than zero
which shown at the first three equations in (3.26). The points (bl) and (b2) are
called the kinetic dominated solution, this type of solution can be interpreted as the
universe will collapse in this phase. The point (c) is stable node for A < 3~ and
it is a saddle point for 3y < A% < 6 it also give the scalar field dominated universe
(4 = 1). The effective equation of state of this point is given by wes = —1 + A\?/3.
This point also satisfied the acceleration condition i.e. A2 < 2, then the universe
will accelerately expand at the late time and the value of the effective equation of
state may well pass from observations. Thus this point is suitable for the physical
attractor point of this system i.e. all the solutions will approach to the point (c).
Although the point (d) also has a stable node in this case but it is not suitable for
explain the accelerating expansion at the late time because this point is not satisfied
the condition Q4 < 1, when point (d) is saddle point for A* < 3. However the point
(d) have provided the scaling regime before the universe pass to the scalar field (DE)
dominated and accelerated expansion at the late time. To obtain the scaling solution
via the new effective equation of state 7, defined by
py+ Py 202 2

pe Fr(e) PHy (327

3 For detail analysis and calculation see [79] .
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For any critical points on phase plane give the solutions of scale factor evolve with
power of time as

2
a~t?, p=—. (3.28)
374

Next chapter we will perform following this dynamical systematic analysis for the
phantom scalar field DE in the effective LQC background.
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Chapter 4

Results:
The Phantom Field Dynamics in

Loop Quantum Cosmology

4.1 Dynamical Analysis

This section we will derive the cosmological equations in LQC for using in the au-
tonomous system that we will see below. We also define the new dimensionless vari-
ables for analysis the fate of the universe at the late time of the phantom field DE
background in LQC via the dynamical system approach.

Differentiating the equation (2.120) and using the fluid equation (2.9), we obtain

HZ—(ZL? (1—i—f) (4.1)

where M = k=2 = 871G is the Planck mass. We will use such convenient throughout
chapters 4 and 5. The equation (2.120), (2.9) and (4.1), in domination of the phantom
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field, the evolution equations of the flat FRW universe in LQC become

2 1 QSQ p
H” = 3M1:2> <_E+V> (1— Z) (4.2)

12
PR (H) 43
.0 2p
H = T (1_5)' (4.4)

Now we have the key equation for study the dynamics of the phantom field and
analyze the future fate of the universe in context of LQC. We define dimensionless
variables following the style of [71]

¢ VV P

=  Y=——_"  Z= 4.5

V6MpH V3MpH Pe (4:5)
MpV' vV d 1d

A= — I = - = —— 4.6

Vo (Vv dN T Hdt (4.6)

where N = Ina. Using new variables in equation (4.2), we obtain a constraint

equation as

1=(-X*+Y?*)(1-2). (4.7)
Using the equation (4.4) and the new defined variables above, the acceleration con-
dition, )
§:H+H2>o, (4.8)
becomes
Y2>1 s 1= 2) (4.9)
X? (1-22)° '

We will use above condition for check each a critical points that giving the universe

to accelerating expansion.

4.1.1 Autonomous System

We will use the cosmological equation in LQC that we have obtained in previous
section for set up the autonomous system of equation in LQC. We use the new di-
mensionless variables which play important role for analyze the cosmological conse-

quence in context of LQC that we have defined at above. Differential equations of
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new variables with respect to the e-folding number (N = Ina) in our autonomous

system are
dX 3
—— = =3X — /- AY?P-3X?(1-2Z7 4.1
dY 3
— = —/= AXY -3X?Y (1-2Z7 4.11
dz X2 4+Y?
e —V6(I —1)A\2X (4.13)
dN ' ‘
We use exponential potential in the form
V=VWex A o) (4.14)
= Vo €Xp My . .

The potential is known to yield power-law inflation in standard cosmology with canon-
ical scalar field with slow-roll parameter ¢ = 1/2 = 1/p where A = \/2/p and p > 1
[72, 73]. Although the potential has been applied to the quintessence scalar field with
tracking behavior [74], the quintessence field can not dominate the universe due to
constancy of the ratio between densities of matter and quintessence field (see discus-
sion in pages 37-38 of [7]). In case of phantom field in standard cosmology, the stable
node is a scalar-field dominated solution with the equation of state, w = —1 — \?/3
(23, 21, 75]. In our LQC phantom domination context, we begin our analysis from
equation (4.13) where we can see that for the exponential potential, I' = 1. This
yields trivial value of dA/dN and therefore A is a constant which is non-zero other-
wise the potential is flat. Let f = dX/dN,g = dY/dN and h = dZ/dN. We can

find critical points of the autonomous system under condition:

<f7g7h‘)|(XC:Yc’Zc):O' (415>

The critical points of this system are

, -\ [ A2

e Point (a) : (—6, 1+E, 0) (4.16)
A [\

(—6,— 1+E, O) : (4.17)

e Point (b) :



Name | X Y Z | Existence Stability w Acceleration
(@) | 2| J1+2 [o| anx Saddle point | —1—2 |  For all A
for all (ie. A2 > —2)
(b) | =2 |-y/1+% 0] AlX | Saddiepoint | —1—% | Forall A
for all A (ie. A2 > —2)

Table 4.1: Properties of fixed points of phantom field dynamics in LQC background under

the exponential potential Eq.(4.14) .

4.1.2 Fixed points
Let f = dX/dN,g = dY/dN and h = dZ/dN. We can find fixed points of the
autonomous system under condition:

(fr9,h)lxe. v, z9=0. (4.18)

The are two real fixed points of this system: !

_ -A A2
e Point (a): (%’ 1+ i 0> : (4.19)
e Point (b) : (%2, —1/1+ %2, 0) : (4.20)

4.2 Stability Analysis

Suppose that there is a small perturbation X, 0Y and 6Z about the fixed point
(Xe, Yo, Ze), Le.,

X=X.4+0X, Y=Y +0Y, Z=7.+02. (4.21)

!The other two imaginary fixed points (i,0,0) and (—i,0,0) also exist. However they are not

interesting here since we do not consider model that includes complex scalar field.
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Figure 4.1: Three dimensional phase space of X,Y and Z. The saddle points (a)
(-0.40825, 1.0801, 0) and (b) (-0.40825, -1.0801, 0) appear in the figure. A is set to
1. If the initial condition points are under Z = 0 plane (i.e. Z < 0 which is non
physical), Z approaches —oo when X and Y approach 0. The solutions in this region
are marked with red and blue colours. The green lines (class I solution) are in region
Z > 0 but also non physical since they yields imaginary value of H. The only physical
solutions are the black lines (class II solution) above (a) and (b) of which H is real

(see section 4.3.2).

From Eqgs. (4.10), (4.11) and (4.12), neglecting higher order term in the perturbations,

we obtain first-order differential equations:

L[ 0X 5 X
| | =ML (4.22)
57 57

The matrix M defined at a fixed point (X, Y:, Z.) is given by

of of 9f

oxX Y 92

= | 22 9g2 9g
M= | % L 7 . (4.23)

oh  Oh  Oh

ox ov 07 ) (x=x.v=v.z=2.)
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class II solutions
(black lines-physical solutions)

class I

solutions \ .

(green lines) | separatrices
| lyI=Ix]

Y O+

"/

Figure 4.2: Phase space of the kinetic part X and potential part Y (top view). The
saddle points (a) (-0.40825, 1.0801) and (b) (-0.40825, -1.0801) are shown here. The
blue lines and red lines are in the region Z < 0 which is not physical. Green lines are
of class I solutions which yields imaginary H. Only class II solutions shown as black

lines are physical.
We find eigenvalues of the matrix M for each fixed point:

e At point (a):

)\2
ulz)\z, MQZ—)\Q, MgZ—B—E. (424)
e At point (b):
)\2
ulz)\Q, /LQZ—)\Q, ,u3:—3—? (425)

From the two fixed points in TABLE 4.1, we found only two physical fixed points
which are both saddle points. There is no any stable node in the system. Location of

the points depends on only A and exists for all values of X\. Both points correspond to
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the equation of state —1—A\?/3, that is to say, it has phantom equation of state for all
values of A\ # 0. Since there is no any attractor in the system, the phase trajectory is
very sensitive to initial conditions given to the system. At late time, therefore, there

is no singularity.

4.3 Numerical Results

Numerical results from the autonomous set (4.10), (4.11) and (4.12) are presented
in Figs. 4.1 and 4.2 where we set A = 1. Locations of the two saddle points are:
point (a) (X, = —0.40825,Y, = 1.0801, Z. = 0) and point (b) (X, = —0.40825,Y, =
—1.0801, Z. = 0) which match our analytical results. Since there is no any stable node
and the solutions are sensitive to initial conditions, we need to make classification of
solutions and analyze them separately. Note that the condition, Z > 0 must hold
for physical solutions since the density can not be negative, i.e. p > 0, therefore the
physical solutions must be in the region Z > 0. The blue lines and red lines are
solutions in the region Z < 0 hence not physical and will no longer be of our interest.
From now on we consider only the region Z > 0. There are two separatrices satisfying
equation |X| = |Y|. The separatices determine borders of solutions into four regions
of XY plane. In regions with | X| > |Y|, the solutions therein are green lines (hereafter
classified as class I). The other regions with |Y| > | X| contain solutions seen as black

line (classified as class II).

4.3.1 Class I solutions

Consider the Friedmann equation (4.2), the Hubble parameter, H takes real value

1 2
I (—%+V> (1—%) > 0. (4.26)

Divided by 3MZH? on both sides, the expression above becomes

only if

(-X*+Y?)(1-2) > 0. (4.27)

It is clear from (4.27) that, in order to obtain real value of H, class I solutions (green
line) must obey both conditions |X| > |Y| and Z > 1 together. As we consider
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class I solutions (green lines)

N\

62 T\ :
. \ class II solutions
27 (black lines
. / -physical solutions)
] V/ NS
27 '// J K \\' /
] 1
Z 0]
- 2
3
= 6 L | | L

-2 -1 1 2

< O+

Figure 4.3: Phase space of Y and Z. Figure shown explicit classification between
class I and class II solution. All solutions of the blue lines and red lines will converge
to the region Z < 0 which is not physical. Green lines are not physical solutions
when Z > 1. Only class II solutions shown as black lines are physical and physical

solutions are bounded at range 0 < Z < 1.

Z = p/pie with p = —(¢?/2) + V, we can rewritten it as

/)ch
3M2H?

~X?4+ Y2, (4.28)

Imposing | X| > Y| to Eq. (4.28), we obtain Z < 0 instead, hence contradict to
Z > 1. Therefore this class of solutions does not possess any real values of H and

hence not physical solutions.

4.3.2 Class II solutions

As we proceed the same analysis as done for class I, we found that in order for H
to be real, class II solutions must obey both |Y| > |X| and 0 < Z < 1 together. In
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0.17678
0.1

Figure 4.4: Evolution of H with time of a class II solution. Set values are A = 1, pj. =
1.5, Vo = 1 and Mp = 2. The universe undergoes acceleration from the beginning until
reaching turning point at p = p,./2 = 0.75 where H = H,,,, = 0.17678. Beyond this
point, the universe expands with deceleration until halting (H = 0) at p = p = 1.5.
After halting, it undergoes contraction until H bounces. The oscillating in H goes

on forever.

Eq. (4.28), when imposing |Y| > |X|, we obtain Z > 0. Therefore as we combine
both results, it is concluded that class II solutions can possess real H in the region
Y| > |X| and 0 < Z < 1. This implies 0 < p < pp as in the case of standard
non-phantom field in LQC [81]. The class II is therefore only class of physical solu-
tions. We consider another set of autonomous equations from which the evolution of
cosmological variables are conveniently obtained by using numerical approach. In the
new autonomous set, instead of using N [80], which could decrease after bouncing

from LQC effect, we use time as independent variable. We define new variable as
¢ = S. (4.29)

The Egs. (2.21) and (4.4) are therefore rewritten as

H = s [1 2 (—S—2+V(¢))}, (4.30)

OMZ | pe \ 2
S = —3HS+V'. (4.31)

48



/ PE.
2_
1.5 1 P
1]
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Figure 4.5: Time evolution of potential energy density (P.E.), kinetic potential energy
(K.E.) and p = K.E. 4+ P.E. of the field for a class II solution. K.E. is always negative
and, at late time, it goes to —oo while P.E. is always positive. p is maximum when

p = prc = 1.5. Other features are discussed as in Fig. 4.4.

The Eqgs. (4.29), (4.30) and (4.31) form another closed autonomous system. Numer-
ical integrations from the new system yields result plotted in Figs. 4.4 and 4.5 in
which set values are A = 1, pj. = 1.5,V = 1 and Mp = 2. From Eq. (2.120) the slope
of H with respect to p, dH/dp, is flat when p = pi./2 [81]. Another fact is

d2H> -2
— =——— <0, (4.32)
( de p=pic/2 MP Bpi

hence, as p = pi./2, H takes maximum value H,x = \/m. This result is
valid in LQC scenario regardless of types of fluid. We use set parameters given above
in Figs. 44 and 4.5. As p = p/2 = 0.75, H is maximum and Hy., = 0.17678.
When H =0 i.e. p = p = 1.5, the expansion halts. After halting, H turns negative
(contracting of scale factor) after that it bounces forward and backward faster and
faster in time. The fast bounce in H is an effect from the bounce in p as illustrated
in Fig. 4.5 where the red line represents potential energy density V(¢), the green

line represents kinetic energy density —<;32 /2 and the blue line is total energy density
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p. The negative magnitude of kinetic energy density becomes very large as the field
rolling faster and faster up the potential. The exponential potential energy density
increases more and more in positive axis. However magnitude of potential part is

always greater than kinetic part, therefore sum of them, p, is positive. Oscillation of
p affects in H oscillation.
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Chapter 5

Conclusion

A dynamical system of phantom canonical scalar field evolving in background of loop
quantum cosmology is considered and analyzed in this work. Exponential potential is
used in the system. The analytical dynamical analysis of autonomous system renders

two real fixed points ( /\/\/_ V1I+2A2/6,0) )\/\/_ —+/1+A?/6, 0) which are

saddle points corresponding to equation of state, w=—1-—\?/3. (Note that in case
of standard cosmology, this fixed point is Big Rip attractor at (—\/v/6, \/m)
with the same equation of state, w = —1—\?/3 [21].) Due to absence of stable nodes,
the late time behavior depends very much on initial conditions given. Therefore we
do numerical plots to investigate solutions of the system and classify the solutions. A
physical solution must locate in region Z > 0i.e. p > 0. Within this Z > 0 region, we
call solutions satisfying | X| > |Y| and Z > 1 as class L. In order to obtain real value of
H in class I, Z must be negative which, however, contradicts to Z > 1. Then the class
I are non physical. Class II solutions identified by |Y| > |X| and 0 < Z < 1 are the
only physical solutions. The universe with class II solution undergoes acceleration
from the beginning until p = p/2 where H = Hp.x = \/m. After that
the universe decelerates until it stops expansion (H = 0,p = pi.). Accelerating
contraction happens right after halting, however the accelerating contraction does
not go on forever but turn to decelerating contraction. The universe bounces again

and turn to expand accelerately. This oscillation goes on and on forever.
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Appendix A

Conventions

Throughout of this thesis except appendix B. We used the convention following [60] .
Indices notations

The middle of Greek alphabet i.e. p,v,o,... =0, 1, 2, 3 are 4 dimensional
spacetime coordinate indices.

The middle of the upper Latin alphabetie. I,J,K,...=0, 1, 2, 3 are 4 dimen-
sional local Lorentz frame indices.

The beginning of the lower Latin alphabet i.e. a,b,c,... =1, 2, 3 are 3 dimen-
sional spatial coordinate indices.

The middle of the lower Latin alphabet i.e. 7,7,k ,... =1, 2, 3 are 3 dimensional
spatial local Lorentz frame indices.

We also used the signature (—, +, +, +) for g, and 7;; spacetime and local Lorentz
frame metric respectively and setting the velocity of light equal to 1.
Symmetrization and Antisymmetrization of Tensors

For symmetry tensor is defined as
T(ab) = Tap + Tha (A]')
and for antisymmetry tensor is defined as

ﬂab} =T — T - (AQ)

Definition of the curvature tensor !

1 'We use convention following [85] .
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The curvature (Riemann) tensor of the affine connection I', (or Christoffel symbol)

with torsion free i.e. I, =T% . is defined by

o
Vi Viut, =R, ts (A.3)

and given by
pr” - 8[Mrg]p + Fg[u 3],0 (A.4)

where ¢, is vector field on 4-dimensional spacetime coordinate. We also manifest the

curvature tensor of the spin connection as [49]
R,U,Z/IJ = a[uwy]}] + w[u[‘(]wy}lK . (AS)
Multiplying tetrad eﬁ into (A.3) and using identity ¢, = eﬁtl, we get

iR, Jte = RW;ef;eg ty=R,, It (A.6)

Therefore we can express The curvature tensor in other form as

R,] =R, ¢ehel. (A7)

uv I uvp

The curvature F,, ;7 of SU(2) spin connection A’ is defined by

F I 7= a[MAV]IJ + A[uk]AV}IK . (Ag)

7%

The Levi-civita symbol
The Levi-civita symbol e#*#» and €, ,, are total asymmetric density tensor
weight 1 and —1 respectively of n dimensional spacetime. Properties of The Levi-

civita are as follows

1, for even permutation arranging indices
o /i =¢ 1, for odd permutation arranging indices (A.9)

0, for otherwise.

1 1% 1Z
€pro i = Egm v Gy €700 (A.10)

for any non-degeneracy metric tensor g,, , where g is determinant of metric tensor

Guv » and g is defined by

1 V...V
g= det (gl“/) = ﬁ e PLHn (V1 Vn Guivr- Gunvy -
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o Mg, gl g gl (A.11)

Let us examine the properties of the Levi-civita symbol from above in 4 dimensional

spacetime as

— €0123
—€1023

€1123

€pvop

g = det (g.)

ByA
€ op €07

vyA
€ op €7

vo
€ ywop €"

Vo
€ yvop €7P

€0123 - 1
61023 - _1
(1123

1 e
; GuaGvpYoydpr € A

1
11 GG Gorgor €177 €477

5678
A
216067
A
3167
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Appendix B

3+ 1 ADM and Hamiltonian

Formalisms in GR

B.1 The 3+1 ADM Formulation in General Rela-
tivity

The Hamiltonian formulation of GR is very powerful tool applications in frontiers
theoretical physics. For beautiful discussions in this topic see [49] and more easier [84].
Certainly LQC also require the Hamiltonian of FRW for quantization. This section
we will brief review The 3+ 1 ADM formulation following [49]. This formalisms was
formulated by Arnowitt, Deser and Misner [83]. Considering the 4-dimensional global
spacetime (M, g) where M is 4-dimension manifold and ¢ is spacetime metric on M.
We can split 4-dimensional spacetime into the 3-dimensional spatial hepersurfaces
> and foliated by 1 dimensional timelike curve vector field. The ¥, hypersurface
parameterized by a global time function ¢. Let n® is the normal unit vector field? on

the hypersurface ;. We introduce the metric ¢, on each the hypersurface ¥;. This

1 'We use notations and conventions following [49] in appendix B only.
2We impose the dot produce of the normal unit vector field is n,n® = —1. That means n®

perpendicular to every points of spacelike hypersurface and propagate in timelike curve.
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x4+ dx!

Figure B.1: The evolution of the 3-dimensional hypersurface evolve with time (3 + 1
formalisms). The dynamics of spacetime is illustrated by the lapse function N and

the shift vector N, figure from [51].

variable is induce by the spacetime metric g,;, the g4 is given by

Qab = Yab + Nallp (B.1)
and the inverse of g, is given by

¢ = g% 4 nonb. (B.2)

Since the 3-dimensional metric g4, are perpendicular to the normal unit vectior field

n? i.e.
Qabna - (gab + nanb)n“
= np+ (—1)nb =0 (B3)
we also use relations g,,n® = n, and n,n® = —1 in the first line. The lapse function

N of 3;. That meaning of /N is the normal part of the ¥, , given by

N = —t"ng = (n"Vat)~! (B.4)
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where t¢ is vector field® on M and satisfied by t*V,t = 1. We also gives V, is the
covariant derivative on 4-dimensional spacetime which compatible with the g,;, metric

i.e. Vegaw = 0. Next we will introduce the shift vector N, given by
Ny = hapt”. (B.5)

The shift vector is tangential part of the ;. The lapse function N and shift vector
N® represent how to move forward on time of hypersurface ¥; in the manifold.
After we split 4-dimensional spacetime (or manifold) to 3 + 1 (3-space + 1-time)
spacetime. The view of spacetime in ADM formalisms is the time evolution of g4
metric on a fixed 3-dimensional manifold. Thus we can respect the metric g,, on
hypersurface 3;. We will introduce the notion of extrinsic curvature as representing
the bending of hypersursurface ; which embeding in spacetime manifold M. The

extrinsic curvature is defined by
Kab = Vanb (BG)

where the extrinsic curvature K, is symmetric tensor i.e. K = 0. The extrinsic
curvature can rising and lower indices via contraction of g, metric (e.g. K 3 = Quc K bc).
We also express the extrinsic curvature via the time coordinate derivative from the

covariant derivative of any vector field which is normal to hypersurface ¥;.

Kab - qsvcnb

1
= §£nqab. (B7)

From these relations we can reconstruct the 3+ 1 spacetime manifold in GR. Now

we have new manifold which consist three dynamical variables (3, gup, Kap) where X

is the 3-dimensional manifold, ¢, is the metric on ¥ and K, is the symmetric tensor

field on X. We will establish the relation between the 3-dimensional metric ¢, and
it’s covariant derivative compatible D, on hypersurface i.e.

Deay = 424591 Va(ges + neng) =0 (B.8)

since we also used equation (B.3) and V.gay = 0. let T* % is the 4-dimensional

tensor, we can project 4-dimensional tensor on manifold M to the hypersurface .

By using ¢4, metric follow as

ai... ag a1 a di djrpcy... ¢
T bi...by — qu qu qbl "'qbl T di... d; (Bg)

3We can represent the vector field t* is the flow of time throughout the 4-dimension spacetime.
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Let us continually construct the 4-dimensional curvature R%,. by expression of

the 3-dimensional curvature R?, . and the extrinsic curvature K,,. We analogue

C

definition of the 4-dimensional curvature R?,,_ then the 3-dimensional curvature R?,,,
given by
R e = DiaDywe . (B.10)

After use equations (B.3), (B.6), (B.8), (B.9) and (B.10), after simple calculation
but quite lengthly manipulation, we obtain
Rdabc = qzqngQ?Rjefk - KaCKbd + KbCKad : (Bl]')
and
D,K,* — DyK,* = Ryenqy . (B.12)
We so-called equations (B.11) and (B.12) as the Gauss-Codacci relations.
We consider the 4-dimensional Einstein field equation in vacuum case reads

Gy =0 (B.13)

where G, = Rap — % Jap R 1s the Einstein tensor. Contracting the Einstein tensor by

qap and n®, we obtain the initial value constraint in vacuum case as
0 = Gpeg’n® = Ryeq’n® = DyK® — D K} (B.14)

In addition, we have relation between contraction of the 4-dimensional curvature by

3-dimensional metric and contraction of the Einstein tensor by normal unit vector as

Rabcdqacqbd — Rabcd(ﬁ]ac 4 nanc> (gbd + nbnd)
= R+ 2R,nn
= 2G4n"n” (B.15)

we use the identity Rgp.qn®n’n‘n? = 0 from page 78 of [84] at the second line. We

also use the first Gauss-Codacci relation in (B.11) into above equation, we obtain

0 = Gunn®
1 a a

3 (R+ (K2)? — Ky K™) . (B.16)
The equations (B.14) and (B.16) are the initial value constraint equations of general

relativity in the vacuum case.
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B.2 Hamiltonian Formalisms in General Relativ-
ity

As we saw in previous section. We have shown the splitting the 4-dimensional space-
time manifold to the 3-dimensional hypersurface and timelike curve. We have new
view point of spacetime is 3-dimensional surface slicing each a time evolution. This
view point is suitable in the classical mechanics formulation i.e. Hamiltonian for-
malisms. This section we will formulate the Hamiltonian in general relativity.
Before we reconstruct of the Hamiltonian formalisms. We will discuss on the re-
lation between 4-dimensional world volume and 3-dimensional world volume. The
4-dimensional world volume element e, at a fixed time on each hypersurface gives
the relation ®egy. = eqpeqat? on 3, where Peyy, is 3-dimensional world volume. Using

this fact we obtain the weight of Jacobian of ¢4, from gy is

V=9=N/q (B.17)

where ¢ is the spatial (space) component of ¢4, and N is lapse function that we have
defined. We can express the normal unit vector in term of the vector field ¢, lapse

function N and shift vector N¢ as
1

nt = (1" = N°). (B.18)

Using above equation the inverse metric g% has form
g = ¢ — N72(t" — N%)(t* — N?). (B.19)

In the langauge of 3 4+ 1 spacetime, we can write the gravitational Lagrangian in
the expression of function (gu, N, N®) and their time and space derivative. Let us
start from the contraction of the Einstein field equation with normal unit vector n®,
we obtain

R = 2(Gyn®n® — Rynn®) . (B.20)

We recall second constraint equation in (B.16), we have

(R+ (K2 — Ko K™) . (B.21)

N | —

Gnn® =
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Considering the second term in equation (B.20). We use definition of the Riemanian

curvature tensor, we get

a b c a
Rayn'n” = R°,,nn

= —nYV.V.—V.Vy)ne
= (Vn")(Vent) — (Vanf)(Ven®) — Vo (nVen) + Ve (n*Van)
= (K%)? — K, K. (B.22)

b

The last two terms in the third line are divergence term and these terms vanish at
the boundary. Using equations (B.17), (B.20), (B.21) and (B.22). The lagrangian

density of the gravitational action is
Lcr = Nyg(R+ KupK® — K?) (B.23)

The relation between the extrinsic curvature K,, and the time derivative of g, or

G = £1qap 18 given by

1 1
Kab - §£nQab = 5 (ncchab + qacvbnc + chvanc)
1
B W (Nncchab T qacvb(Nnc) + QbCVG(NnC) - QacncvbN - chncvaN)
1
= 55 (VnVeta + 6acVo(N1°) + e Va(N1))
1
= — (£ - £
IN ( tdab nQab)
1
= — (s — DuNy — D,N,) . B.24
o (e v = DolNo) (B.24)

The last two term in the second line will vanish from ggn’ = 0 and using equations
(B.18) and (B.19) in the third line.

Let us consider the canonical conjugate momentum 7% of g, is given by

b 0Lor 0K O0Lar

Oqy,  Oquy OKap
_ a —1 . 8 ab 2
_ (a% (2N) " (g — DulN, DbNa)) ( S NVAR + KK — K ))

= V(K™ —¢"K) (B.25)

we also use equations (B.23) and (B.24) to obtain the canonical conjugate momentum.

Conversely we can write the extrinsic curvature K, in term of the canonical conjugate
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momentum 7% follow as?*

ﬂ_ab — \/a(Kab . qabK)
Qabﬂ-ab - \/aQ(zb(Kab - qabK)
V(K — 3K)

(e

- 5 (B.26)

Using the above equation substitute to the definition of the canonical conjugate mo-

3
I

mentum in equation (B.25), we get

1
7_‘_ab — \/aKab+§qabﬂ_
1 1
K?% = — (W“b— —q“bﬂ) : B.27
VG (B.27)

Following the definition of the Hamiltonian in the classical mechanics. The Hamilto-

nian density in general relativity is given by

Her = 7w — Lor
= 7®(2NKy + DyNy + DyN,) — N\/q(R + K, K® — K?)
2N b ( 1 > b
- Tab — 59abT + DaNb+DbNa
7 5 ( )

Nva (R (= Saar) (= L) - @;ﬂ)?)

N 1
= —N QR + — (ﬂ-abﬂ—ab - —7'('2) + 27TabDaNb
Va NG 5

1 1 b 2N, 7
_ i N(—R+—7ra7r“b——7rQ)—2NDG(—)+DQ( ))
Vi ( q 2¢ e\ Ve NG
(B.28)

The last term in the above equation is also a divergent term which vanishes at the
boundary where Hgor = [Her ®e. Varying the Hamiltonian Hggr with respect to
N and N, gives what follows

1 1
C=-4q (R - 57rab7rab + 2—q7r2> =0 (B.29)

4The canonical conjugate momentum 7, is the symmetric tensor like the extrinsic curvature K

i.e. map = Tpe - The contraction of it is Wabq“b =7l =".
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and

C* = —\ /gDy (”7;) ~0. (B.30)

The first constraint C is known as the Hamiltonian constraint and the second con-
straint C* is known as the diffeomorphisms constraint. We can re-write the Hamilto-

nian formulation of general relativity in the sum of two above constraints as
Hop = /(NC + N,C*) e, (B.31)

Following classical mechanics, the Hamilton’s equation of motion is given by
t={x,Hgr} (B.32)

for any phase space variable . The dynamical variables q,; and 7% are canonically
related by the Poisson’s bracket i.e.

{aw(x) ,7(y)} = 60,050 (x,y) - (B.33)
The Hamilton’s equation of motion of general relativity is given by
. 0H,
Gab = {4a,Har} = 5—25%
T
2N 1
= — (7w — = 2D, N, B.34
\/6(” 2("”7T)+ e (854
and
' 0Hgr
T = {7% H, = —
{ GR} 5Qab

1 1 1
— _N Rab__abR Nab . ab _ ~_2
\/6( 5 >+—2\/(_] q <7Tb7r 57
2N

1
ac,__b ab a b ab Ne
—— | ™7 — =™ | + /q(D*D°N — ¢*°D°D.N
i ( 5 ) Va( )
Ncﬂab

v Vi

The equation of motions in (B.34) and (B.35) is known as the 3+1 ADM formulation
[83] . Such formalism is based on dynamical variables g, and 7. The 3 + 1 ADM

) —2n¢@p N (B.35)

formulation is very powerful to study quantum cosmology and semi-classical theory
of general relativity. The quantization of this formalisms is known as the Wheeler-
DeWitt quantization. Although the Wheeler-DeWitt quantization success to study
quantum cosmology. But non-perturbative of such theory is not realized and difficult

due to complicated form of constraint in equations (B.29) and (B.30).
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Appendix C

Detailed calculation

C.1 Derivation of the Spin Connection

We begin with co-triad (ep;) compatible with respect to the covariant derivative (D,)
on spatial coordinate as

D[aeb]i = 6[aeb]2- + wfaieb]l =0. (Cl)

Multiplying the the cyclic permutation indices i.e. 7, j, k of twice co-triads into

equation (C.1) as follow

e ek(a[aeb]l + w l) =0 (CQ)
(8[aeb L+ w[akeb l) =0 (C?))
ekei(a[aeb + w[ajebl) = 0. (C4)

Adding equation (C.2), (C.3) and subtracting (C.4) together, we get

a b a b a b a b l a b a b,
eterOaeri + € epWiy o) + €€ J0uenk + €€ JWiakCHIL — epe;Oac); — €W, €Nl

a b a b l a b a b l b l
= eje,ﬁ[aeb],» + ejepepiw,; — €] ekealwbl +efe; 8[aebk +ejeieniw, ) — ele’ 1CalWh,
a b a b l b I
— €4€;0er]j — €ReierIW, j — €4e a1y ; =

e?eza[aebh + e?eg’-@[aeb]k — eZefa[aeb]j — 2€fwaik = 0 (C.5)

therefore solution of the spin connection can write in form

2efwa ik = eqe,i@[aeb]i + efebﬁ[aeb}k — eZef(‘?[aeb]j
1
Weik = 3 el (e ekﬁ[aeb]z + ele’ 8[aeb ezefa[aeb}j) (C.6)
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or equivalently to

1 .
Wk = 3 el (e?egﬁ[aef] + e?ebka[aeb]i - e“kefﬁ[aeb]j) ) (C.7)

a

C.2 Derivation of the Holst Action

We perform a detail derivation following the original paper [62]. We begin with the

Holst’s modification of Palatini action as

1
S = —/eeIeJ(R 7 —a*Rr 17)d*x

9 nov uv uv
1 I.J I KLy 74
ol ee e, (R, — 5 € kR, ) d'r (C.8)

where e = det eﬁ = /—g¢ is determinate of tetrad, we used the self-dual identity i.e.
*RWI‘] = %GUKLRWKL and **RW” = —RW”. For simply we set 817G = 1. Let us
define new quantity following as

~ o

R I (©9)

Before we perform the 3 +1 ADM decomposition, we will decompose the co-tetrad

1
6# as

N Nee!
e£:<0 . ) (C.10)

and for the tetrad e/ as

ol — ( N y ) | (C.11)

where N and N¢ are lapse funtion and shift vector as we discussed in appendix B.
For convenient, we will use indices 4 = ¢t and I = 0 as the time component of
the spacetime coordinate and the local Lorentz frame respectively. From above two

equations, we get

=N, el=N%, =0, e =¢ (C.12)
and ) Ao
eézﬁ, eg:—W, ei=0, ef=¢l. (C.13)



The 3+ 1 ADM decomposition of the Holst action can be written as

1 @
S = 5/eele‘](RWU—5e]‘]j;(LRWKL)d4x

1 ~
_ I.J 1J 34
= 3 eee, b, " d'x
_1 (ttﬁoo_i_ttﬁOi_'_ttﬁiO_'_ttﬁij_i_taﬁ(]o
-3 el€oCol'y €0Cil s €i€ol ¢ €€y €0€0L'tq

t ap 0: t ars 0 t arh i a t 1 00
+epei By, ek, +eietha + epeot

a t 0i a tn 40 a t T i a b 00
+egeiby T ey Ut eieiFy T+ egeg by,

i at a
+ ege?fab o + egegﬁab o + egesﬁab ij) d4l‘
ar i a b i 1 a bp i
= /N\/ﬁ(egei E, O 4 etebF, 0+ 56 e?Fij 7y dtd®z

ar 0 b ar 0 1 a b i 3
= Va(elF,, " + N%elF,, " + §Nei e;jF, ) dtd (C.14)
: AN AT ol g JI ol _p 1J
we used antisymmetry tensor of F,, 7 ie. F, 7 = —F, ° and F, "7 = —F, .

Therefore any components of ﬁwu = fWH = 0. We also used e = N,/q as we
discuss in appendix B.

The non vanish component of F ') in (C.14) are given by

ﬁat 0 _ R0 % ¢, "R, JK
= Opawy” + wpjwy JO _ %GJK’O (Oawy R w[aJLwt]LK)
= Ofawy ™ + wigwy * + w[ajiwt] 0 _ % €00 " (O™ + w[QOLwt] )
_ % 0 (3[awt] 50 +w[ajLwt}L0> B %e% i0 (8[awt] Ok _'_w[aOLwt]Lk)
- % ik 0 (a[awt]jk + w[ajLwt]Lk)
= Ogw; ¥ — 0w, " + w,,'w, 90 _ wy; w, 0 — %%k W, 7F + % € 0w, gk
%Ejk: "wy Pwyy %ejk "wy Ty * 4 %Ejk "w, jowaok + % €; “w, jlwaz

(C.15)
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a

2
_ i0 i0 i 40 i o jk i ik
= Oawy " — 0wy, ™ + Wy wy wyj Wy 7T = o €y Doy, T+ 3 Gk Ohw,?
o . . o . . Ie" . . o . .
i 30 _ = i = i 70 = i gl k
5 Gk Wa ™ Who 5 €k Wa " Wbl + 5 Gk Wb Wao + 5 Cik Wy Wal
(C.16)
1y 1) 1) KL
F,7 = Ry~ — 5 KL Ry
— tJ i Kj ij KL KM L
= a[awb] T WarWy T~ §€KL (8[awb] W Wb]M)
Ogwn ™ + w; dw Y+ iw oL ij(@woo—l—w oM 0)
[a%p] [a0 %) [ak %) 5 €00 [aWp] [a b| M
(0% ii % ..
j k0 kM, .0 ij ol oM, 1
5 %o (Otawy ™ + wig M wyar) = 3 ol (Oawy ™ + wie " wyar)
j kl M
5 Cu (8[awb] W, wb]M)
(C.17)
, o
_ T i ] 0 ] kO
a a Q@
J kO 0 1J km 0 L kO ] km 0
T9% Ya W T 5% Yo Wm + o9 %k W Wao + 5 kWb “am
a a Q@ !
J 0l J 0l ] 00 l 1] 0Om l
T 56 Jawy — — 94 Dy, " — oG Wa Yo T 56 Wi Wom
a a
j., 00 1 ij . Om, 1
+ 56 Wy Wey T 3 € Wy Wepm
— v i i k 2] kO ij kO
= Ouw, ' — Oy 7 +wy'w, T —wy'w, - 5 6 Oy + 5 Ohw,
Q@ o «
km ] km 0 J 0l J 0l
- 5 € "We  Whn + 5 € "W Wam — 5 € aWp — — E € abwa
a a
J 0Om iJ 0m l
— 56 Wa Wim + 56 W Wam (C.18)
where we have used the time gauge [62] i.e. €;, " = ¢; " (other terms of Levi-civita
vanish due to their properties that is shown in appendix A) and using antisymmetry
identity of spin connection 1-form i.e. w,’” = —w,”", then any w, " = 0.

66



We will introduce new variables following definition in (C.9) as

41 = wgi+%6ijkwgk (C.19)
Sy wgi_%eijkwgk. (C.20)
and their inverse as
W= %((“Ai +) A1) (C.21)
Wit = %eﬂk((“z‘li _O) 4y (C.22)

Using (C.21) and substitute (C.22) into (C.15), (C.16) and (C.18), we obtain

F,* = =004, +0, (wtio - %Eijk“tjk> * (QZJ - ¢ o A
n (a2a_ 1) €ijkwt 07 (=) gk _ W ) A9 (C.23)
F, " = 0 i] - (0422;— 2 € i H)A{a (HAl’f} - % € i (7)‘4{11 HAIIS]
(@ (j 1) ¢ (Al )l (C.24)
B - 2@4i+1) €, O )AL + 2@{7_1) €, Ol ) Al — (O‘Qa—tl) )41, )4
—<30‘;_ D O A, DAL + 4(0‘2&—?) AL Al (C.25)
Using some identity of densitized triad i.e.
3 e snelel = s esetelelel = el = B (C.26)
and a important identity was shown by [62] i.e.
(DAL = DA — 200! (C.27)
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where w) = § ¢',w/* . Substituting (C.27) into (C.23) (C.24) and (C.25) and plug-
ging these results in the Holst action at (C.14), we obtain

Sk e

az+1) . . . 2_1) . . , ‘
2
, 1) . .
+ Ne? (0[a =) 0= % € i (7)’4{& (*)Al’f] AJ W — 2aw A
2
k (a — 3) i ) 1d (=) Ak
+ 4o w[awb])— o€ jk( )Afa( )Ab]
- jk(< AL )A’zf] — 20w/, )Alg])>
1 2 1) .. 2 —1) ..
a a
<—2) <(’)Afa (’)Ag] — 2o [awb} - 2aw A] + 4a2wfawg]>
a
(3% —1) _ g @)y oy i (=) Al
+ S O, O+ 4 (DAL O] — 200, O 4T )| dta’e

, I 1 A
= / [_ E*(0, (_)AZ) — a(aw® — 5 ezjkwtyk)(aaEf + o %‘k (_)AszZ)
. 1 . 1 o
+ Nog? (a[a Oay+ =, 04, 04 ) +5 NEE! (a €7 (0, DA
+ €5 k(=) fa (_)AZ]) —(1+ a2)e’]k(8[aw§] + € kwfawg]) > ] dtd3z

= [[-aBraO4) ~aaD,E + NE R,

1 iJ a -
*37 ¢, NE'E! (a( VELE (14 ozZ)Rabk) } dtd3z
(C.28)
where (VFi, = 8(7)/41' +ate ;= A] A’lf] and R, = 8awb] + € ]kw[aw{f]. We
neglect any surface mtegral terms e.g. f D,[(w® — < 5 € ]kwt )E“]d x ~ 0. The Lie

derivative £, of the local Lorentz frame indices will be ignored. Using definition of
Ashtekar variable () A! = w! + aK? substitute at R, term in (C.28) and Barbero-

Immirzi parameter given by x = 1/a [62]. After simple manipulation but quite
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tediously, we obtain

1 1 ‘ -
S = / [— —E £, A - Z ODADFE+ N EPOE,?
X X

. 1, \~ 1
o€ NEEY |~ OFf = (14 x7%) (0 O 4f - N

X
gl i Y
(O], O 4] —;K[aKg]))Hdtd?’x

1
2\/6
+ €

1 1.

—— B £, DA — JAID,E® + N°EV GV F
X X

-

1 2= 2
+ ! NECEY | ZOFF — Z(1+ x| x 0 DAL — 0, KF
9 \/a k 7 X b X( ) [ b] [ b]
e " (x A, D4 - KfaKg]) ) ] ] dtd®z
1 1

-

. . 1 ~ . )
S Ee L, Al 2 O Aip Ee 4 Ne ( SEPOF (14 y K DaEg>
X X X

la

1 | ~ S
+-— NE'E! <GZ]’“§ OFF—x(1+x K] Kb]) ] dtd®x

Vi

1 . L ()
- / — P LA, - — AID,E? + N~ BV, 04X e D.E;)

X X X

1 a ij i 1
+5 Jix NE{E? (6% EF— 1+ XZ)K[aKg]) ] dtd’x

1 . .

_ / —~BY LA, ~ ADBE + NCo NCGR] dtd?z (C.29)

we used the by part technique in the 9), K Z} term and neglected any surface terms like
above. These results gives equivalent to the constraints in (2.52), (2.53) and (2.54)
as we seen at chapter 2, if we set 871G =1, O F i = F i and (Al = Al |
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C.3 Determination of the Perturbation Matrix

and their Eigenvalues in Section 4.1.1

In the A\ = constant case. Equations for our autonomous system are reduced to

——f = —-3X - \/>)\Y2—3X3 (1-22)

— =g = XY - 3X%Y (1 -2Z
av 9 \gA SXTY( )

X% +Yy?

Following the definition of the perturbation matrix in (4.23), we obtain
—3—-9X2(1-27,) —/6Y, 6X3
M= | =3V —oxy.(1-22,) —\@AX _3X2(1 - 22.) 6X2Y,

2 2 2 2 2
o7, (s — SR) 2 (e + 25A0) 2 (1+ %)

c c

(C.30)

e The perturbation matrix at point (a) : (—\/ié o4/ 1+ % , 0) is given by

3 W R
M= (—\/§+\/6) Wie2 0 i 2
0 0 z
(C.31)

The cubic equation of the eigenvalues u for point (a) as

3 A2
et 34 3Rl = ) = (= 33 (145 ) =0,
The solutions for eigenvalues 1 are given by

A A2
=5 pp = =X, pzg=—-3—">. (C.32)

e The perturbation matrix at point (b) : (—\/ig ,—/ 1+ %2 , 0> is given by

332 A3
) M6+ N2 —2

(\[ \/_>)\ 142 0 a2 14 2
0 A2
(C.33)
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The cubic equation of the eigenvalues u for point (b) as

(143 + X0 = N2) — (= N) (32 (1 n %) 0.

The solutions for eigenvalues ;1 are given by

A2 A2
=5 pa = —\?, M3=—3—?- (C.34)
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