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Abstract. An alternative way of finding the LTD’s solution with the Born approximation,
is investigated. We use Born approximation in the LTI and in the transformed LTI in form
of Helmholtz equation. General solution are considered as infinite series or Feynman graph.
Slow-roll approximation are explored. Transforming the LTI system into Helmholtz equation,
approximated general solution can be found for any given forms of force with its initial value.

1. Introduction

Oscillations with time-independent properties are known as linear-time invariant (LTI) systems,
e.g. spring and RLC circuits. With external force F(t) (input signal), the DE becomes
inhomogeneous and general solution is sum of complementary y. and particular y, solutions.
For periodic F(t), yp is obtained with Fourier series and for arbitrary F(t), yp, is found with
Green’s function (see [1]). Initial (boundary) conditions (I.C.), F'(to) must be known, since F'(tg)
is embedded in y,. We know Green’s functions of the second-order LTI and the initial F'(¢o)
can be setup. This enables us to find y, for an arbitrary F'(¢). In quantum mechanics, particle
scattered by a potential is described with Schrédinger equation in form of Helmholtz equation.
In LTT, there is a damping term which absences in Helmholtz equation. Both LTT and Helmholtz
equations are second-order linear DE with source term. In the Helmholtz equation, the source
term Q(r) = V(r)y(r) where 1(r) is the general solution. Hence Q(r) is non-designable, unlike
F(t) of the LTI system, which can be setup. Solving Helmholtz equation is non-trivial since
general solution v (r) has ¢(rp) in itself (see e.g. [2] or [3]). We use Born approximation to
find particular solution perturbatively. Under the approximation, we do not need to know form
of ¢¥(r). We can approximate 1.(r) =~ ¥ (r) at boundary, for ¥.(r) is not much altered by the
source. We will explore this possibility in the LTI system.

2. Linear-Time Invariant system .
Equation of motion can be viewed as Ly(t) = JF(t), with principle of superposition,

L {Zf\il ciyi(t)] = YN ¢ Fi(t), for N solutions. Any solution y(t) and inhomogeneous part

F(t) can be expressed as y(t) = SN | ciyi(t) , and F(t) = 2N | ¢;F;(t) . The second-order system
is [d2/dt? + (a1 /az)d/dt + (ap/a2)]y(t) = F(t)/az = F(t), where ag, a1, as are time-independent
properties. aj/as = 28 and ag/az = wj. Detail discussions referred to textbooks e.g. [4], [5]
and [6]. The system is hence

d?y

dy
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This system has general solution, y(t) = wy.(t) + yp(t). The complementary solution y.

is a solution of homogeneous system (F'(f) = 0) and the particular solution (yp(t)) is
of the inhomogeneous case (non-zero F(t)). As well-known that for harmonic function,
F(t) = Fycos(wt — ¢), the particular solution, which is of steady-state, is yp(t) =

Fo[(wd — w?)? + 4w? 32712 cos(wt — ¢ — €), with & = arctan [2wS/(wd — w?)] and ¢ is the initial
phase. For any periodic functions F'(t), Fourier series method can help finding y,(t) but for
arbitrary F'(t), Green’s function method is applicable. When F'(¢) is Dirac’s delta function 6(¢)
as [(d?/dt?) + 26(d/dt) + wd]G(t) = 6(t), the general solution y(t) is G(¢). Hence arbitrary
force function is summation of impulse forces. The y,(t) of an arbitrary F(t) is therefore,
yp(t) = ' G(t — to)F(to) dto, and the Green’s function for the LTT system is,

1
G(t —to) = —e PE%) gin [wq(t — tg)], for t >ty otherwise zero. (2)
wq
Here wq = (Wi — %)'/? (see e.g. [7]). This method is valid for any second-order LTT systems in
form of (1).

3. Time-independent Schrédinger Equation: Helmholtz equation

3.1. Helmholtz equation

The Schrédinger equation, —[h2/(2m)]V24(r)+V (r)y(r) = E(r), of non-relativistic quantum
mechanics, with spatial-dependent wave function, ¥ = 1 (r), can be expressed as Helmholtz
equation (see, e.g. [1], [2] or [3])

2m
h2
with k> = 2mFE/h%. The LTI system with 8 = 0 has similar to (3) but with spatial
dependency instead of temporal dependency. If there is a response solution G(r) to delta
function §3(r) such that (V2 + k?) G(r) = §(r) , hence for an arbitrary inhomogeneous “source”
Q(r), the particular solution is ¢p(r) = [T G(r — ro)Q(ro)d®rg. Green’s function of the
equation (V2 +k2?)G(r) = §3(r), is well known, G(r) = —e*"/(47r). When inhomogenous
part is absence, i.e. V(r) = 0, the Green’s function is Go(r), hence (V2 + k?)Go(r) = 0.
Adding these two equations, we have (V2 + k?)[G(r) + Go(r)] = 6%(r). One can find 9.(r)
and ¢(r) = 1c(r) + ¢p(r) of the system. The general solution of Eq. (3) is hence 9(r) =
Ye(r) + [=m/(2mh?)] [* . (eFIr=Tol /lr — o] )V (ro)e)(ro) drg . This is the integral form of the
Schrodinger equation. 1).(r) is a plane wave ¢y(r) of an incoming particle to a massive point
of scattering at r = ro with scattering potential V' (rg). After scattering, 1, (t) is a “response”
wave function at far distance from the scattering point.

(V248 p(r) = Z3V)9(r) = Qr), (3)

3.2. Born Approximation in quantum mechanics

Yp(t) can be analyzed perturbatively with well-known Born approximation (see e.g. [2] and
3]). Let g(r) = —[m/(2rh?)](e’*" /r), Therefore ¥(r) = to(r) + [* g(r,10)V (ro)1(ro) d°rp,
where g(r,rg) = g(r — rg). At rp the incoming plane wave is approximately not much
affected by the potential, ie. 1(rg) = wo(rg), hence it is approximated that ¥(r) =
Yo(r) + /T g(r,10)V (r0)bo(ro) d®rg. Considering to(rg) as a scattered wave from rgp with
incoming wave tgo(ro), hence 1o (ro) = Yoo(ro) + 7% g(ro,roo)V (roo)vo(reo) d*roo . The plane
wave was scattered once at rog by V(rgp) before arriving at rg. Using this expression of 1y (r¢)
in ¥(r), we obtain ¢ (r) as ¥(r) = o(r) + [* g(r,r0)V (ro)thoo(ro)d®rg + third term. Under
Born approximation, ¥go(rg) = 1g(rp), hence at second order,

v = v + [ glrro)V (o)) dro
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—i—/_roo /_r:o {g(r,ro)V(ro)} {g(ro,rgo)V(rOO)]%(roo) dProg drp . (@)

1o(r) is a plane wave. The second term implies 1y scattered at ro. The third term represents
incoming plane wave vy scattered twice, at rop and later at rg. This makes infinite Born series
- the Feynman graphs.

4. Born approximation for LTI system: estimated Helmholtz equation

Considering F(t) as a product of function f(¢) and general solution y(t), F(t) = f(t)y(t). The
f(t) will have the same role as V (r) in quantum mechanics, i.e. f(t) represents external influence
on the LTI system in similar manner as V' (r) in scattering problem. One can view that F(¢) is
a displacement y(t) modulated with f(¢). The LTI system hence is rewritten as Schrodinger-
like equation but with an extra term —23(dy/dt). This is, —(d?y/dt?) — 28(dy/dt) + fy =
wdy . Analogous quantities are, —(d%y/dt?) < —[h%/(2m)]V24(r), f(t)y(t) < V(r)(r) and
wdy(t) & E(r). In the limit of 3 — 0, the LTI and Schrédinger equations (as Helmholtz
equation) are estimably analogous. At time ¢ > ¢, system is under influence of F'(t). General
solution is hence y(t) = yo(t) + [, G(t,t0) f(to)y(to)dto, where y.(t) renamed to yo(t). Born
approximation for the LTT case is y(tg) = yo(to) , implying that at time ¢ = ¢y the complementary
solution is not much altered. To second order, the Born series for LTI system is

yt) ~ wolt +/ Gt t0) f (to) o (to) It

+/ /to (t,to)f )} [G(to,too)f(too)}yo(too) dtgo dto (5)

The Feynman graphs are a series of straight line in Fig. 1. Consider harmonic driving force,
F = Fye™*, the y. and yp are known. When it is homogenous (F' = 0), complementary solution
is yo(t) = AePt | where p = —f + (8% — w3)/?. Born approximation is y(tg) ~ yo(to). Damping
needs to be small to estimate LTI as Helmholtz equation. Hence it works only for light damping,
B < wp, i.e. p= —f+iwg, choosing, wq = (Wi —B2)/2. yo(t) = Ae PHiwat where A = exp (¢o).
With Born approximation, f(to) = F(to)/y(to) = F(to)/yo(to) = (Fy/A)elto ¢lw=wa)to  Hence
the solution is Born series, approximated to second order,

y(t) =~ yo(t +/ ( ) tt0>{sin[wd(t—to)]eiwto}dto (6)

t .
+ / / ’ 1 <O> 67ﬁ(t7t07t00){ sin [wd(t - to)] sin [wd (to - t()())] 61[(w7wd)t0+wt00] }dtoodto, .
—00 J—00 wq

First order shows transient “beats”. Higher terms represent more complex modes with less
contributions.

5. Born and slow-roll approximations in LTI system

For the system in Eq. (1) under harmonic driving force, complementary solution is yo(t) = AePt.
If the LTI system initially moves very slow under very small initial magnitude of force. At tg,
the complementary solution is not much altered, hence Born approximation, y(t9) ~ yo(to)
is valid. Applying slow-roll approximation, (t9) ~ 0 to the LTI system in Eq. (1), hence
2BAeP0p + w AePlo x Fyet | given a condition w? + 2 ~ (Fy/A)e' | which depends much
on the initial phase A = e?. For light damping case, w?l = w2 — (3% hence the initial time for
both approximations to be valid is tg ~ 7! In (AwS/FO) . If the damping is critical, wy = S, i.e.
wq = 0, hence tg =~ B~ 1n (AB3/Fp) . For heavy damping 8 > wy, therefore wq = i(8% — wd)'/2.
Using w3 + 32 ~ (Fy/A)ePh | we obtain the same ty as of light damping case.
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6. Transformation of the LTI system to the Helmholtz equation

LTI system, e.g. series RLC, has been found that, under a transformation, i(t) = I(t) e *#/2L =
I(t)e P, can be transformed into the Helmholtz equation. As a result, Fourier and Laplace
transforms can be applied to derive transient solution with a setup initial conditions (Sumichrast
(2012) [8]). Considering LTI system (1), under transformation y = ge 7, the Eq. (1)
becomes 1-dim. Helmholtz equation, [(d?/dt?)+w3] § = F(t) = f(t)j(t) where w} =
wd — 2. Unlike Sec. 4, here the Schrodinger-like expression of the LTI does not contain
damping term, —(d?§/dt?) + f(t)§(t) = w3y. Green’s function of the system is solution

of [(d2/dt?) + W3G(t) = 6(t), and it is G(t,tg) = —ie™a(=%)/(2w,). Hence the general
solution is §(t) = u(t) + [*. G(t,t0) f(to)§(to)dto . With harmonic driving force F(t) = Fpe™t,
complementary solution is §o(t) = Be™dt. From F(t) = f(t)j(t), using Born approximation

G(to) ~ 1o (to), hence F(tg) ~ f(to)ijo(to) and f(tg) = (Fy/B)e!@~«d  The Born series for the
LTT system under harmonic driving force is written at second order as

_ _ b FON T g (t—to) it
gt) =~ go(t) + /_00(2% > [ etealt—to)tivto] g,

t to /i 2/ iwq (t—to—too) ,iw(to+too)
+/—oo /—oo < 2wq > (B> {6 ‘ € } dtgo dig . (7)

One only needs to know F(t) and its initial value, then find f(to) and approximate §(to) & §o(to).

W) = + + :
@ n(t) ] St) 1G(1- 1) W(ta) | fitw) Gt tw) fit) | G(t-1)

0

Figure 1. Feynman graphs for Born series of a second order LTI system

7. Conclusion

Transforming LTI to Helmholtz equation enables us to use Born approximation of finding general
solution in the Helmholtz case, in LTI case. Born condition is that initial value of force is known
and is not large so that y. at beginning is not much altered. Initial time for the validity of Born
and slow-roll approximations is derived. Directly applying Born approximation to LTT system,
it is valid only for light damping limit. Transforming LTI system into Helmholtz form before
applying Born approximation can avoid the limit. If any F(t) and F(tg) are given, general
solution can be found with Born approximation.
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