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ABSTRACT

In this thesis, we study some features of the non-gaussianity in the multi-
field inflationary model with the curvature in the field space. Using the AN formal-
ism, we compute bispectrum and also non-gaussianity parameter in the squeezed
limit. For this inflationary model, we have found that the curvature in the field
space can affect both the shape and amplitude of the non-gaussianity parameter.
The amplitude of the backward non-gaussianity parameter can be enhanced by
the magnitude of the curvature in the field space. Furthermore, shape of the non-
gaussianity parameter can be largely effected by the curvature in field space for
some ranges of parameters. Hence, the future observations of the squeezed bis-
pectrum can put tight constrain on the curvature in the field space of multi-field

inflationary models.



CHAPTER 1

INTRODUCTIONS

1.1 Background and motivation

Looking as a perspective, nowadays, our universe is very smooth globally,
i.e. homogeneous and isotropic on the scales larger than a few hundred mega-
parsecs. However, on smaller scales, some inhomogeneities and anisotropies, for
example, the solar system, the galactic structures, etc, are observed. In the stan-
dard cosmology, the non-smoothness in the observable universe is a consequence of
the small inhomogeneity and anisotropy in the early universe which can be viewed
as perturbations around the smoothness. According to the Hubble law, the present
universe is expanding. Inversely, as the further and further time away from the
present, the universe in the history has to be smaller and smaller than the size
observed nowadays. Based on this idea, some interesting troubles come out. Be-
cause, to obtain the homogeneous and isotropic universe as observed today, we need
some mechanisms for providing suitable initial conditions. Even if one computes
the dynamics of the universe by adding up every recognized medium, i.e. matter
and radiation, into the Einstein field equation, it is not enough to explain why the
observed universe is spatially flat and why the observed universe homogeneous as
well as isotropic on large scales. these two problems are called, respectively, flat-
ness and horizon problems implying the insolvency of the hot big bang model. To
solved these problems, inflation, the epoch in which the universe rapidly expand

with the acceleration, is proposed. Not only solving these two problems, but inho-



mogeneities and anisotropies observed at the present can be explained as an effect
of the quantum fluctuation of the inflaton field. The brief scenario is that, when
the wavelength becomes longer than the Hubble radius, the quantum fluctuation
of the inflaton will induce the classical perturbations, e.g. metric perturbations
and density perturbations, in the universe on large scales during inflation. The
classical perturbations will then be the seed of inhomogeneities and anisotropies in
the late-time universe when its wavelength is again smaller than the Hubble radius

after reheating.

The data from the observations indicates that the hot big bang model
with the inflation is the most reliable model at this moment. Then, one can study
the primordial universe and its consequent effect on the observable universe via
the quantities being able to indicate physical properties of the whole observable
universe, i.e. smooth and perturbed parts. These quantities are n-point correla-
tion functions which are ensemble averages of the n times product of considered
quantities. In cosmology, the mean average which is ensemble average of a single
quantity can be used to describe the smooth part of the observable universe, while
the variance can be indicated as the two-point correlation function of the pertur-
bations around the mean. In Gaussian case, it is enough to use only just mean and
variance to describe the statistical properties of the perturbations, because every
odd-point correlation functions vanish, and every even-point correlation function

can be written in terms of the two-point correlation function.

By definition, the ensemble average is the average over numerous samples,

however, practically, there is only one universe which we can observe, hence, to mea-



sure the n-point correlation function of any quantities in the observed universe, one
has to use the ergodic hypothesis yielding the equivalence between ensemble and
spatial averages. Since the n-point correlation function in the early universe of any
physical quantity can be related to the present physical quantity. Furthermore,
different inflationary models yield different predicted n-point correlation functions,
then, we can use this fact to constrain inflationary models using the observation.
For instance, so far, one knows that the universe is nearly smooth on large scales,
and the evidence from observations indicates that odd-point correlation functions
used to measure the non-Gaussianity approximately vanish. Hence, via this fact,
one is allowed to rule out some models which yield high non-Gaussianities. Instead
of n-point correlation functions, the prediction from a given inflationary model is
more convenient to be presented in form of spectra which are Fourier transforma-
tions of n-point correlation functions, i.e. power spectrum and bispectrum corre-
spond to two point and three-point correlation functions respectively. Using the
cosmological perturbation theory, one can compute primordial perturbations for a
particular inflationary model, and also one can relate the primordial perturbations
with homogeneity and isotropy observed nowadays. However, in practice, for some
complicated inflationary models, one may meet troubles from solving the evolution
equation of perturbations directly. Fortunately, to avoid the difficulty, one is able
to use an easier method which is called AN formalism. Using this method, one
can compute evolutions of perturbations on large scales during inflation without
solving full evolution equations for perturbations, and we will discuss the essential

idea of the AN formalism later more in reviews of the literature.



Recently, theoretical investigations on the squeezed bispectrum have got
a lot of attention, because it is possible to obtain more accurate data about the
highly squeezed bispectrum in near future. The squeezed bispectrum is the spec-
trum in the case where one of the wave numbers of the perturbation is smaller than
others. Nevertheless, it is hard to compute the highly squeezed mode of the bispec-
trum for general models, e.g. multi-field inflationary models, using the standard

perturbation theory. However, it is easier to compute it via the AN formalism.

The technique for computing the highly squeezed bispectrum for multi-field
inflation via the AN have been recently proposed[I], 2]. The investigations in those
works are restricted for the flat field space. For curved field space, the equilateral
bispectrum can also be computed using the AN formalism[3]. Definitions of the
squeezed and equilateral bispectrum will be stated clearly in the review of the
literature. In our research, the main target is to compute the squeezed bispectrum

in the inflationary model with arbitrary curvature in the field space.

1.2 Objectives

e To compute the highly squeezed bispectrum for the inflationary model with

the curvature in the field space.

e To investigate the influences of the curvature in the field space on the features

of the squeezed bispectrum.



1.3 Frameworks

e Chapter

We mention about introductions including the background and motiva-
tion which give the brief overview of this thesis, objectives, and frame-

works.

e Chapter

We will explain why we do need inflation. Also, the dynamics of each
physical variable during inflation as well as some interesting models of

inflation will be introduced in this chapter.

e Chapter

The quantities called spectra and a useful method called AN formal-
ism which are used both for study the dynamics of the perturbation in

inflatons on large scales during inflation, will be defined.

e Chapter [

We will show the effects of the curvature in the field space on the non-

gaussianity parameter, and the ways to compute them.

e Chapter

The conclusions of this thesis will be mentioned.



CHAPTER 1II

INFLATION

2.1 Standard big bang model

Based on the cosmological principle which states that the universe is ho-
mogeneous and isotropic on large scales, the metric for the standard big-bang

cosmology takes the form of the Friedmann-Robertson-Walker (FLRW) metric:

—a~2(t) 0 0 0
0 1-KrH)=t 0 0
go=c)| o TR0 0 ey
0 0 0 r?sin’(0)

where coordinates for this metric are ¢, r, 0, and ¢, t is the cosmic time, and a(t) is
the scale factor. The factor K, which can be —1, 0 and 1, is the factor yielding the
open, flat, and closed universes respectively. In the standard big-bang cosmology,
the Friedmann and continuity equations used for describing the cosmic dynamics

are given by, respectively

8 K
2o - —— 2.2
32’ 20 (2.2)
fo + 3H(po +p) =0, (2.3)

where a dot denotes the derivative with respect to time, m, =1/ VG is the Planck
mass, p is the total energy density of the universe, p is the total pressure, and the
subscript « runs over r,m, andd representing radition, matter, and dark energy

respectively. The Hubble parameter is defined as H = a/a. The combination of



and [2.3) yields the acceleration equation

47

=3 3(p+3p). (2.4)

p

Q|

To quantify the contribution of the matter to dynamics of the universe, the new

quantity called density parameter, €2, is defined via as

Q=1+ (2.5)

H2q?’

where Q = 8mp/3H*m2. Also from the standard big-bang cosmology, dynamics
of the universe is governed by the contained energy and matter. The role of each
matter or energy component on dynamics of the universe can be determined for
the epoch which each of them is dominant. For instance, during the radiation
dominated epoch, main contributions to the total energy density come from the
radition so that p on the right-hand side of the equation ({2.2)) is approximately
the radiation energy density p,. For radiation, the pressure p, is related to p.
by p. = p./3. Then, the equation can be integrated and yield p, oc a™* .
Substituting the relation between p, and a into the equation , one obtains

a o t'/2. Applying the previous method to the matter dominated universe and

using p,, = 0 for matter, a o< t?/3 is obtained.

2.2 Problems and solutions
2.2.1 Flatness problem

The density parameter can be calculated back to the past until the Planck



era is reached via the relation

Q,—1  Hia
QQ—]_ N Hgal%

(2.6)

where the subscript p indicates the Planck time, and the subscript 0 refers to the
present time. This equation is derived from The ratio of scale factors is
computed by using the relation a oc T~! where T is the cosmic temperature or,
equivalently, the temperature of the radiation in the universe. Using T}, ~ 10! GeV
and Ty ~ 2.7 K ~ 107" GeV, ag/a, =. The ratio of Hubble parameters is
approximated to be HZ/ Hg ~ po/p, because of the spatially-flat property. Since
energy densities of the universe at the present and the Planck time are 10747 GeV/*
and 107¢ GeV* respectively, Q, — 1 is of the order of 107 compared with Qy — 1.
In order to have the spatially-flat universe at the present, i.e., 2—1 = 0, the energy
density of the early universe is almost, very nearly, but not quite 1. Because of this
unnaturally fine-tuned initial value of the energy parameter of the matter to have

the flat universe, this is so called the flatness problem.

2.2.2 Horizon problem

In cosmology, the size of the observed universe at the present is of the
order of the physical horizon scale [y, which can be estimated as [y ~ cty, where ¢
is the speed of light, and t; is the present time. Since the physical length scales
expand via the increase of the scale factor, the magnitude of [y can be computed

backward to an arbitrary time ¢; as follows: multiplying [y by the ratio a;/ao, the



magnitude of [y at ¢; becomes

a.
l; ~ cty—. 2.
7 & an ( 7)

On the other hand, Computing the magnitude of the size of the causal region at ¢;

by relation [ = ct;, and comparing this magnitude with [;, one obtains

li a 1 a;to _a; Hi T <Pi)1/2 (2.8)

— = —C _— = — ~N T

I ay “cty aot; agHoy T; \ po
To derive the above equation, we use the following: the condition p + p > 0 which
gives H ~ t~! the relation a = T."!, and the approximation H?/HZ ~ p;/po. Let

T

t; be the Planck time, ¢,, the above ratio becomes

b To (ﬁ)m. (2.9)
! T, \ po

Using the same numerical values as [2.2.1} this ratio finally becomes

[

Tp ~ 107, (2.10)
This indicates that the size of the observable universe is extreemly larger than
the causal scale in the early universe, leading to the question how our universe

which consists of a numerous causally disconnected regions can be so smooth,

homogeneous and isotropic, on large scales nowadays.

2.2.3 Initial perturbation problem

Even though the observed universe is homogeneous and isotropic on large
scales, there are some inhomogeneities and anisotropies, e.g., galaxies, clusters of
galaxies, and etc., contained inside as well. To explain the existence of these inho-

mogeneities and anisotropies, small initial inhomogeneities and anisotropies in the



early universe are required. We need some mechanisms to generate small initial in-
homogeneities and anisotropies in the early universe. Nevertheless, a natural mech-
anism cannot be constructed in the standard big bang model. One of the problem
is that the big bang can create a huge amout of inhomogeneities and anisotropies
which are inconsistent with the observed inhomogeneities and anisotropies at the

present.

2.2.4 Solutions

In previous sections, disadvantages of the standard big bang model have
been mentioned. Now, let us mention about the way to solve those problems. The
ratio on the right-hand side of will be changed as well as a;H;/agHy, i.e., the
comoving Hubble radius ratio. Nevertheless, the order of this ratio can be replaced
by d;/dg because of the definition of the Hubble parameter. Using the idea of this
epoch with this ratio, not only just more or much more than unity, to have this
ratio in the order of unity is possible, because, applying the acceleration from the
repulsive force, i.e., @ > 0, it is possible to have d; /dy = 1. Obviously, a; and ag have
been assumed to be used in and out of the special epoch respectively. Physically,
based on this idea, the size of the observed universe at t; and the particle horizon at
t; can be in the same order. It means that the smooth universe can be described as
a small smooth region having rapidly expanded enough in the special epoch before
becoming the observed universe today. In addition, this small region is actually
contained inside the bigger one whose smoothness is ignored since it is larger than
our observed universe by the way. Now, the problem has been solved. For

the problem [2.2.1], the solution can be recovered as well by recalling the equation



(2.5) and using H = a/a. Hence, we obtain

(Q—-1)a* =K. (2.11)

Using the above equation, since K is constant, the dynamic of €2 is contributed by
the dynamic of a. Namely, since @ > 0 in the special epoch, @ increases as well.
Then, in this epoch, @ — 1 while ¢ is increasing. This solves the problem [2.2.]
because, in this epoch, the density parameter is naturally fine tuned by the increas-
ing of @ automatically. Finally, for the solution of the problem [2.2.3] the key point
is the decreasing of the comoving Hubble radius, (aH)™!, and the concentration
of radiation and matter of the universe. Because of the concentration of radiation
and matter in this epoch, physics can be described by quantum field theory. Since,
in this epoch, the quantum fluctuation plays an important role, then let us con-
sider its behavior. Considering the wavelength of a fluctuation, A, inside the small
region whose size is L in the acceleration epoch, it is found that there is no any
substance, e.g., radiation, matter, or etc, occurs because of the propagation of the
fluctuation. Hence, the universe is still completely smooth. Nevertheless, via the
evolution of a, it can be shown that the universe is not always smooth. Since A x a,
the comoving wavelength, A\. = \/a, remains constant while L ~ (aH)™' = ¢!
rapidly decreases, then, after the smooth observed universe evolves for a while,
there is a period that A\, > L exists. In this period, the fluctuation cannot prop-
agate anymore. On the other hand, it is frozen inside and outside the smooth
observed universe and becomes a classical substance. In addition, there are various

quantities of the substance outside the observable universe, but, for the inside, the

quantity is the same. The quantity of the substance inside evolves via a as the ob-



servable universe evolves. Hence, the observable universe is still smooth. However,
by the way, this period is going to disappear because the universe evolves eventually
into the deceleration epoch, and, finally, the wavelength of the fluctuation is again
smaller than the observable universe. After it gets into the observable universe,
there are so many little different quantities of the classical substance get into the
observable universe as well. By small differences between each quantities of the
classical substance, initial homogeneity and isotropy of the observable universe are
caused. Hence, the existence of the acceleration epoch can yield the solution for
the problem [2.2.3] Since the universe rapidly expands in this epoch, It is called
inflation. However, to have inflation is not enough to have our observable universe
at the present. Because, in inflation, the expansion is supposed to be contributed
by the inflatons as long as possible until the universe reaches the initial state of
our observable universe at the end of inflation. Then, —H /H is required to be so
smaller than unity to keep the universe expands throughout inflation, and, to stop
inflation at the end to let the deceleration epoch starts, —H /H is required to be
of the order of unity as well. This condition is called the slow-roll condition, and

—H/H is defined to be the slow-roll parameter.

2.3 Inflationary dynamics

As discussed in the introduction, one can start with an action which de-

scribes the dynamics of many inflatons,

S = /d4x\/—_g (%R + P(X, ¢I)) (2.12)



with
1
X = _EGUvaV%J, (2.13)

where 87G has been set to be 1 for simplicity. Throughout this paper, the sum-
mation convention will be used on the Greek and Latin indices both. The energy-

momentum tensor derived from ([2.12)), takes the form
TH = P g + Px Gry VH6! V"5 (2.14)

where P x is the partial derivative of P with respect to X. The dynamics of the
inflatons are governed by the equation of motion which can be obtained by varying

this action with respect to the inflatons, and it takes the form
1
Vu(PxGpyVhe') — §RX(VM¢K)(VM¢L)8IGKL +P;=0, (2.15)
where Gy is the field space metric, and P; = dP/d¢’.

2.3.1 Background evolution

In a spatially flat FLRW (Friedmann-Lemaitre-Robertson-Walker) space-

time, the line element takes the form
ds® = —dt* + a*6;;dz"da’. (2.16)
The energy-momentum tensor reduces to that of a perfect fluid with energy density
p=2XPx—P, (2.17)

P the pressure, and the inflatons are homogeneous. Hence, the Friedmann equa-



tions can be written in the form
5 1
H :§(ZXRX—P), (2.18)

and

H=-XPyx. (2.19)

Actually, the second equation is the other form of the equation (2.4). The equations

of motion (2.15]) for the scalar fields reduce to
T I T K Px\ o 1
¢+ T ¢’ + | 3H+ == | ¢' — —G""P,; =0, (2.20)
Px Px ’

where ', denotes the Christoffel symbol associated with G;. The equation (£2.20))

can also be written in the shorter form as

) P . 1
D' + | 3H + =2 | ¢ — —GP, =0, (2.21)
Px Px ’
where
D' = ¢ + Ty’ (2.22)

2.3.2 Perturbed evolution

Referring to the theory of linear cosmological perturbations, the scalarly

perturbed FLRW metric is written as

where n = [ dt/a. Since, in the equation (2.23)), there are two gauge degrees of

freedom, these metric perturbations can be combined to yield the gauge-invariant



potentials which are the Bardeen’s potentials, defined by

dr,, .
¢ = A_E a’(E — B/a)| , (2.24)
U = ¢+d®H(E - B/a). (2.25)

In addition, because of the local covariant property of Einstein theory, the infinitesimal-
coordinate transformation, 7# = z* + £", where z* four coordinates, and &* are
small vectors transforming x* to Z#, can be used to get rid of the excessive variables

via the tensor transformation, i.e.,

[ Oz 0x”
g,w/<$<) = @@ga[g. (226)

Since, there are several coordinates used generally, here, some examples of the

gauge and its dynamical variables are shown. For the conformal Newtonian gauge,
A,=A—-H(EF —B)—E'"+ B, ¢,=¢v+H(E — B), (2.27)

where " denotes the derivative with respect to n, and H = a’/a, and the subscript,
n, denotes that of the conformal Newtonian gauge, but none of any subscript stands

for that of an arbitrary gauge. For the uniform curvature gauge,

_ YN p_p ¥
AC_A+¢+(H>,BC—B o (2.28)

where the subscript, ¢, denotes that of the uniform curvature gauge. For the

uniform density gauge,

5o (6p\ 5
Ag=A—H2L <—_/,)> by =+ HL, (2.29)
7 \p p

where dp and p are the perturbed and background energy densities, and the sub-



script, d, denotes that of the uniform density gauge. For the comoving gauge,

Apn=A—H@w+B)+v + B, ¥, =19 —H(v+ B), (2.30)

where v is a scalar whose gradient becomes the curl-free part of the spatial velocity

of the perfect fluid, and the subscript, m, denotes that of the comoving gauge [7, g].

The useful gauge choices for study the cosmological perturbations during
inflation are uniform density and comoving gauge The field perturbations at hori-
zon crossing can be computed using the uniform-curvature gauge, and, from the
linear cosmological perturbation theory, the curvature perturbations are conserved
in the comoving gauge, Vvuigs = 0, on large scales, if there is no any entropy
perturbation. Also, from the linear cosmological perturbation theory, the curva-
ture perturbation in comoving and uniform-density gauges are equivalent on large
scales, i.e. Vs, = W, . _o. Then, the constancy of curvature perturbations
in comoving and uniform-density gauges on large scales is supported by the van-
ishing of entropy perturbations suggested by the observation. Hence, the most
convenient choices of gauge for studying perturbations during inflation are the co-
moving gauges, the uniform-curvature gauge, and the uniform-density gauge. In
fact, to complete the computation for explanation of perturbations via the standard
cosmological perturbation, the initial curvature perturbations at the beginning of
radiation, i.e. after inflation, are needed. Hence, the constancy of curvature per-
turbations on large scales allows us to compute its initial condition during radiation
without considering the evolution at the conjunction between inflation and radi-

ation. To get the evolutions of perturbations, one can obtain the equations of



motion of perturbations by perturbing the equation (2.21) and replacing the back-
ground FLRW metric by the metric As mentioned that eventually the gauge
degrees of freedom has to be destroyed, It is convenient to destroy them by using

the uniform curvature gauge. Via the Fourier transformation, we obtain

1D
a3 dt

D¢y DG

= T — Rl 600, + 00 + V7406, =

CL3 ia 1b c
(500 ) oo
(2.31)

where k is the comoving wavenumber, and R%.; = I'%qgc — 'bca + [l e —
4. Under the slow-roll conditions, the equation (2.31) approximately be-

comes

Dig;

H
3 dt

— R%a@"@°0GL + V4608 = 3¢ i 0 (2.32)
[5].
2.3.3 Inflationary models

2.3.3.1 Quadratic model.

Here is one of the standard models of the inflaton, called the quadratic

model. The potential of this model takes the form

V(g) = gmis, (233

where m,, is the mass of ¢, and P = %8M¢8“¢ — V(¢). Applying this potential to

equation ([2.12))-(2.22)) under the slow-roll conditions, one obtains evolution equa-



tion for the background universe as follows

1 1

H? ~ gV(¢>) = 6m¢q§2, (2.34)
¢ ~ —;/—’H¢ = % (2.35)

Actually, equation (2.34) and (2.35) are inflationary Friedmann and continuity
equations respectively. The slow-roll parameter, ¢ = —H /H, can also approxi-

mately take the other form as

_ Ve

=570 (2.36)

€
By using this potential, the extra slow-roll parameter can also be defined as
v
n= ‘ﬂ < L (2.37)
V
This new parameter is used to maintain the condition that ¢ < 1 during inflation.

2.3.3.2 Double quadratic model.

Let us, now, consider the other inflationary model. In stead of having only
one scalar field in the model as the previous, this model is modified to drive the
universe by two scalar fields, ¢ and x. For this model, using V' (¢, x) = %mq@? +
%mXXQ , P = X(gﬁ, X) — V (¢, x), and the slow-roll conditions, we can also have the

Friedmann and continuity equations respectively as

1 1
H? ~ §V(q§, X) = § (med” + myx?) (2.38)
. Ve 2
~ 22 2.
) Vi 2
~ X 2 2.4
X Ty (2.40)



For the slow-roll parameters, they both are computed to be € = ¢, + €,, and

1V,

€ = 57, (241)
v
= (2.42)

where the index, I, runs for ¢ and y respectively.



CHAPTER III

SPECTRA OF THE PERTURBATION & AN
FORMALISM

3.1 Power spectrum & bispectrum

The theoretical prediction of the cosmological model can be connected to
observational data by using the n-point correlation functions. The n-point correla-
tion function of the quantity ¢ in real spaces can be written as ([]\_, &,) where &,
is the value of £ at the position x;, and () is the ensemble averages of 0. Using
the definition of the Fourier transformations of the two-point correlation function
and the homogeneity and isotropy of statistic, the power spectrum, Py, is defined
as

oo

<gklgk2> = / d’ryd’zy exp(—i(ky - X1 + Ko - X3)) (Exy bxy)

—0o0

= /OO d*z1d° Rexp(—i(k; + ka) - X1) exp(—iks - R) (€oéR)

o0

— / " Py exp(—ifk + k) - 1) / " P Rexp(—ik, - R) {€otr)

o0 —0o0

= (27)%0® (k; + ky) / h d*Rexp(—iky - R) (€o€R)

—0o0

= (21)° 6% (ki + ko) P, (3.1)

where R is the distant between two points, i.e. the magnitude of R. Due to statis-
tical homogeneity and isotropy, one can set x; in two-point correlation function to

be 0 without lost of generality. In the above equation, we have defined

Py, = /_OO d*Rexp(—iks - R) (£o&r) - (3.2)

o0



Hence, Py can be transformed back to be (£,&gr) by

(&o€R) = (2m) 73 / N BPke™ B P, = (27)7? / h dwdkk?e™ R P, (3.3)

—00 0
where k£ and R is the magnitude of k and R respectively, and w is the solid angle
around R. From equation (3.3), the dimensionless power spectrum, Py, can be

defined by setting R = 0 and using [ dw = 47 as

P = (2 k3P (3.4)

Likewise, the bispectrum, B, or a spectrum of an arbitrary order, .S,, where

n is the order, can be defined as

<Hg(ki)> = (21)° 6® (Z kl-) S, (3.5)

hence, by definition, one can see that P = S, and B = S3. The property of
delta function, 6 (377 k;), confirms that the summation of wave vectors, k;,
have to vanish, i.e. the combination of wave vectors forms a polygon. In the
case of the power spectrum, the configuration of wave vectors is forced to be one
pattern which is the configuration of two opposite vectors with the same magnitude,
ie. Py, = Pi,. However, in the case of the bispectrum, there are infinite possible
configurations, but important features of non-Gaussianity can be represented by the
following configurations: the first is called equilateral bispectrum with the property
ki1 = ko = k3, the second is the squeezed bispectrum which is k1 = k3 > k3. One

can consider this type as an isosceles.

As it was mentioned, non-Gaussianity of the curvature perturbations can



be investigated by computing the three-point correlation function. For the local

shape, the bispectrum can be computed using the local ansatz, i.e.
3
U, = G+ - V(G = (7)) (3.6)

where W, is the curvature perturbations, and G, is a Gaussian field. For the
Gaussian case, fi%%% vanishes, i.e. ¥, = G,. One is leaded to the fact that, for
the Gaussian curvature perturbations, three-point correlation functions vanish, i.e.
(¥, ¥,,¥,,) = 0. Hence, also for Gaussian curvature perturbations, By (k1, k2, k3)

vanishes. Using the local ansatz and Wick’s theorem, f{ which is called the

non-Gaussianity parameter, can be computed as

3 By (k1, k2, ks)

IV = S B o Pe ) T Pelha) Pa (k) - P i Balia))” 7

It can be seen that fi% quantifies a size of non-Gaussianity. For squeezed modes,

the above equation can be reduced to

§ local B‘I’(khkS)

57N T 4Py (k) Py (k)

ke >k (3.8)

where k1 ~ ko = kg, k3 = k; and k; and k, denote wave vectors of long and short
wavelengths respectively, so that ks > k;. From the above equation, the coupling
term, Py(ks)Py(ks), in equation (3.7)), is ignored because it is proportional to
k7 while others are proportional to k;%k;®. During inflation, the dimensionless

power spectrum is found to near be scale-invariant. The deviation from being

scale-invariant is characterized by the spectral index, ng, as

d 10g(73\y)
dloghk

n, =14+



Using the local ansatz with the squeezed mode, ie. G, = G; + Gg(x) where
subscripts, [ and s, directly mean long and short wavelengths respectively, the

curvature perturbation can be written as

W, = (Gt Gul@) + S (Gt Ga@)? — (G o+ Gu(@)?))

=G+ %fﬁ&’i“l(G? —(G})) + Gs(z) + gffé’i“l(Gi(x) +2G,G(z)).  (3.10)

Neglecting the second order, curvature perturbations for the short-wavelength

mode, Vg, is then of the order

Uy (z) ~ <1 + gf};’gal(;l> Gy(z). (3.11)

As one can see from the above equation, GG; on the R.H.S shows the modulation of
the long-wavelength on short wavelengths when short wavelengths are crossing the
horizon. This modulation causes the non-Gaussianity in curvature perturbations.

However, the detail about the modulation will be explained further in section (4.2]).

3.2 AN formalism

To describe the dynamics of the scales factor, one can use numbers of e-
folding , N. By definition, the numbers of e-folding is N = log (a(ts)/a(t1)). From
this definition the numbers of e-folding can also takes the form as N = ttf dtH.
In uniform-density gauge, dp = 0, or uniform-curvature gauge, ¥ = 0, in which

vanishing of Ej,—o or Ey—g is required,

the leftover spatial part of ds? given in equation (2.23)) is a®(¢)0;;2¥;,—0

and a*(t)d;; consecutively. This motivates us to describe curvature perturbations



in these two gauges by introducing a new scale factor, a, which depend on both

spatial coordinates and time coordinate via this definition
a(z,t) = exp(V(z,t))a(t) = (14 V(z,t))a(t). (3.12)

Likewise, as the background metric, one can also define a new Hubble parameter,
H , as H = fi/fi. Since ¥ = 0 in the uniform-curvature gauge, one can easily see

that

~ Gy : ~ Uy
Hspoo = == — H+ V5,9, Hyoo= —2 =H (3.13)
5p=0 ag=0

where H is the background Hubble parameter. Here, one can define the numbers
of e-folding in both to gauges by using the same definition from the background
as N(x, to,t) = log (a(z,t)/a(z,ty)). Because one can independently fix the gauge,
it is possible to choose uniform-curvature and uniform-density gauges at t; and t,

respectively. Then, one can prove that

AN = Nsyo(,ts) — N(ts) = log (ifﬁ) ~log (%) Wy (2, tz) |
3.14

where N(tq1,t2) = log(a(tz)/a(ty)). This is the fundamental equation of the AN
approach. In practice, the AN formalism can be used to compute curvature pertur-
bations via the separate universe approach. The elementary ideas of the separate
universe approach will be shown as follows: on scales larger than the Hubble radius,
the universe can be viewed as many separate universes, i.e. many small separate
disconnected regions which separately evolve as the FLRW universe. The FLRW
universe evolves via the evolution of a(t) while the small region of the universe

on large scales evolves via a(z,t). However, the evolution of each separate region



depends on the initial value of @ that coincides with the local area of the region.
Using this idea, the inhomogeneity and anisotropy can be viewed as the effect of the
difference between the evolution of each local region. This approach is called the
separate universe approach. During inflation, dynamics of the universe is govern by
the inflaton, ¢. For a scalar field inflaton, ¢ can be split as ¢(x,t) = ¢(t) + dp(z, t)
where ¢(t) is the homogeneous and isotropic background field, and d¢(z, t) are very

small field perturbations. Using the idea of the separate universe, the Friedmann

equation for the local region will take this form

2= % (%é?(x,t) + V((b(x,t))) (3.15)

However, the slow-roll condition during inflation, i.e. P < V(¢), forces this equa-

tion to be
7= Bo, 1) ~ %V(gzﬁ(x,t)). (3.16)

Using the above equation, one can consider the evolution of the universe via ¢ in
each small region. Applying this idea to the AN approach, curvature perturbations,

Us,—0(x,t), become

Usp—o(z,t) = AN(6(, 1) = AN(6(t) + d¢(z, 1))

= N(¢(t) + (1)) — N(6(t))

1 1
= Nd;(SQb + §N$$5¢2 + ENQE(%(;QS:S + - (3.17)

where the subscript ¢ denotes the derivative with respect to ¢. Using the last
above equation, the n-point correlation function of curvature perturbations and its

spectrum can be computed if we know d¢ in uniform-curvature gauge at horizon



crossing and the evolution of the background without considering the nonlinear
evolution of curvature perturbations, i.e., in order to compute the n-point corre-
lation function of curvature perturbations and its spectrum via the cosmological
perturbation theory, one has to consider the nonlinear evolution of curvature per-

turbations also.



CHAPTER 1V

EFFECT OF CURVATURE IN FIELD SPACE ON
SQUEEZED BISPECTRUM

4.1 Standard approach

For the model of multi scalar fields minimally coupling with the physical

curvature, its actions can be written as shown

1

573

/ d427/=g (R + Gupd0°0" 8" — 20 (6%)) (A1)

where the reduced Planck mass is set to be unity, and ¢* denote each fields. Because
the field space metric tensor, G, is assumed to be none trivial, and the slow roll

conditions is used, the evolution of multi fields can be written as

1 gl

AN v (42)

Using this model with the AN formalism, i.e. equation (3.17)), for the leading

order, the dimensionless power spectrum takes the form as

Py = —=|V|* = —|N,6¢*"Npdp°|* = NyNyP2 = NN | — | 4.

where Pg;; is the dimensionless power spectrum of fields perturbations at horizon

crossing, t.. Similarly, the bispectrum of curvature perturbations can be yielded as

B\I/<k17 k27 k3) =

NaNbNCB5¢(]€1, k’Q, ]{33) + (NaNachP5¢(k1)P5¢(k2) + 2pe7“ms) . (44)



For the equilateral mode, since the magnitude of each wave vector of the
field perturbation is equal, all field perturbations cross the horizon at the same
time. Therefore, the first term on the R.H.S represents the non-Gaussianity of
field perturbations at horizon crossing. Then, this term is called intrinsic non-
Gaussianity. In the standard cosmological perturbation theory, this term can be
computed from the action of the third order perturbations. Regularly, this term is
proportional to the slow-roll parameter of inflation which is smaller than unity. The
second term is influenced by nonlinear evolutions on large scales. This term can be
computed by the standard cosmological perturbation theory or, alternatively, the

AN approach.

For the squeezed mode, field perturbations do not cross the horizon at the
same time. Therefore, the first term has to be computed when short wavelengths
perturbations cross the horizon. However, at that time, the longer wavelength had
already evolved on large scales. Its evolution affects the time at which the short
wavelengths exist the horizon leading to the correlation between short and long
wavelengths. In this case, instead of the intrinsic non-Gaussianity, the first term
on the R.H.S represents the correlation between short and long wavelengths. In
order to compute this term, one can use the standard cosmological perturbation
theory or the AN approach. From the action of the third order perturbations for
a single field, one can compute the non-Gaussianity parameter of squeezed mode

in term of spectral index as

—InL = (4.5)



which is called the consistency relation. This relation is true for a single field
inflaton only. To avoid the complexity of computing the third order action for
multi fields, the AN approach used to compute the non-Gaussianity parameter
for the squeezed mode has been proposed recently[l, 2]. This approach will be

reviewed in the next section.

4.2 New technique to compute the highly squeezed mode

According to the previous section, non-Gaussianity in the squeezed mode
is caused by the correlation between short and long wavelength modes of per-
turbations. Hence, bispectrum for squeezed mode can be viewed as the power
spectrum of short-wavelength mode modulated by the long-wavelength mode, i.e.
(WU U,) ~ (U (U, W), ¥, = ¥(X) can be defined from ¥(x) by averaging U(x)
over the region which is larger than k; ' using the window function W (kX — x|)

U, = U(F) = /d?’xW(k;l& — X)) (x). (4.6)

From this definition, one can get

3 X X

(U, Py, (ks)) i / Brd3Te ™ W (kjx) <\If(x)\Il(—;)\Il(%)>

" o2

= o / d3xd3§d3pd3qei(p'(x+%Hq';‘*ks&)W(/flx)B\I/(297 ¢,|p+d)

3. 13 <3) (P _ wi(P
—3/dpd q6 <2+q ks>W<kl>B\p(p,q,lp+QI). (4.7)

We choose the Fourier transformation of the window function, W(K ) to be the

delta function, W(p/kl) = §(log p —log k;), for selecting out the mode p = k; in the



above integration. Hence the above equation is reduced to

—~

ok )?

<\IIZP\IIS> ~ (271‘2)2

By (ky, ks, ks) (4.8)

where we have used the approximation that k; < k. Using the above equation with
equation (3.8, one can show that the local nonlinear parameter of the squeezed

mode is given by

3 tlocal (¥ Py,)
— ik k) = ——=—. 4.9
5 NL ( 0> ) 473\1”7)\1/5 ( )

Using this relation, one can compute the bispectrum via the AN formalism. Let A*
and B* be points in the field space when the long and short-wavelength modes are
crossing the horizon, and B be a point in the field space at which the short wave-
length perturbations cross the horizon without the effect of the long wavelength.

Making an expansion around background field at the point B yields

(U, Py,

B+) ~ (¥, Py,

B) + (ViPy(k) (9(B*) — ¢(B)))

= Na (66 Pu (k)| 5) +NoPu (k). (067 (¢/(B") — ¢/(B)))

=0

=N (k7)aPu (k). {56750} ) (4.10)

where the perturbed field, (555’, describes the shifting from B to B*, i.e. deviating
from one to another slow-roll path, and P,, denotes the derivative of P with respect

to the scalar field ¢®. At leading order, this perturbed field is given by

g8 =¢° (0" (A") + 6¢"(A*)) — ¢°(4"(A"))

=0 (A1) + SR00A) = (64
_ 995 SP(AY) (4.11)

= 90 N



where we have already used separate universe approach. Hence, finally, the non-

linear parameter becomes

3 local () — (WiPy,)  _ Nala-Pu,p|dy|a-Pos|a- (4.12)
5) 4Py, |4+ Py, |B 4Py, | a+Puw,|B
For a single scalar field, the above equation will be reduced to
3 foal (1, 1) :N¢|A*7’ms,¢lB%¢(3) 4 Psg|a-
s T 4Py, a-Pu,|5
1 Nola- Nyl g56(B)|a- (55 (log Pu, ) |5) (Pss| a-)
4 Py, | 4~
10 log P 1 0 0log k
= —— 10 e —
40N & \IISB 4 0logk & ‘PSBaloga
1—n
~ - 4.13
. (413)

where k = aH, and we have used the same method as we did in equation (4.3]) and

equation (3.9). It yields again the consistency relation we have mentioned.

4.3 Squeezed bispectrum in multi-inflaton with curved field space

We now consider the multi-field inflation with the action

1
S = / d*zy/—g {—éGUamfa%J - W), |, (4.14)
where W (¢!) is the potential of inflatons.

In the following consideration, We concentrate on two-inflaton field with

the additive separable potential

1

W (6.) = U (9) +V () = ymdd? + smix?, (4.15)



where we have set ¢! = (¢, ). We choose to work with the metric

Gy = ( (1) G(()(b) ) , where G(o) = A1 + Ao (4.16)

Here, A1, Ay and p are the constant parameters.

4.3.1 Background evolution

Varying the action (4.14)) with respect to metric tensor of spacetime, and
inserting the FLRW line element from equation (2.16]) into the result, we obtain

Friedmann equation which can be written as

), _ ([ 2: oW
= () 6~ (97— GO (4.17)

where a prime denotes derivative with respect to number of e-folding of the back-

ground universe. The evolution equation for the background field can be obtained

by varying the action (4.14]) with respect to the field, which yields

T W/, U
o~ 36u07 = g (9 52) (119
" G /! W / V
X+ GON =~ (X + GITV) ’ (4.19)

where subscripts 4 and , denote derivative with respect to ¢ and x respectively.
At the lowest order in slow roll approximation, Eq. (4.17) gives 3H? = W, and the

above equations become

) U , Vi
¢ =——2 X =—=

o —a (4.20)

These equations give the following constrained equation:

@2 do - o dX
/1 W B /><1 VX(X)’ (4'21)




where (¢1, x1) and (¢2, x2) are any points in field space. Substituting the expression
for G(¢) in Eq. (4.16) into the above equation, the relation between the fields ¢

and y along trajectory which passes a point (¢1, x1) in the field space is

__Mfe(en) (/x)”
T el G )
where 7 = A\ym /m?2 and
fo(¢n) = n_ o (4.23)

M+l G(er)
Using Eq. (4.20), the number of e-folding for the background universe between
times ¢; and ty or equivalently between points (¢1, x1) and (¢2, x2) in the field

space can be computed as

_ to - 2 W(¢, X) B 1 U(¢) X1 V(X)
V= |- o Uulo) 7 ), U¢<¢>d¢+/m G0 g™

(4.24)

The above integration cannot be evaluated analytically. Hence, we perform numer-
ical integration by inserting Eq. into the above equation and evaluating the
integration from N = 85 to N = 0 at the end of inflation. The results from the
numerical integration are plotted in figure . From the plot, we see that ¢ — 0
at the end of inflation, which follows from Eq. that if » > 1, the value of
the field ¢ at the end of inflation can be extremely smaller than the value at the
initial stage of inflation. From Eq. , we see that A\; can enhance the number
of e-folding for a given value of x, so that the initial value of ¢ reduces when \;
increases. Since ¢ drops towards zero quickly when yx starts to dominate dynamics

of inflation, the parameters Ay and p have no effect on dynamics of inflation when



the number of e-folding is close to zero.

1.5} J
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Figure 1: Trajectories in the field space for various values of \;, Ay and p. Lines 1,
2, 3 and 4 correspond to the cases where (A1, Ay, p) = (1,0, 1),(1.5,0, 1), (1,0.01,1),
and (1,0.01,2) respectively. In the plot, my/m, =9, x = y/2/A; at the end of
inflation and x = 13 at the initial stage of inflation for all cases while the initial
value of ¢ is chosen such that the total number of e-folding of inflation is 85.

4.3.2 Squeezed bispectrum

Inserting equation (4.3)) into equation (4.12)), we get

3 (s Ni|AGTE 2N g NE' + Ny N GRE W D
2 (V4. Ng) = 2 W( il + Wy NG, W) Do

4(N1NI)|A N]NI W B&pKA'
(4.25)

where a subscript g denotes derivative with respect to . In order to compute fﬁfg

for model of interests, we insert the expressions for the potential and metric given in



equation (4.15) and (4.16|) into the above equation. We compute the expressions for

Ni, Nij and 9¢% /06" | 4 in appendix (A). Since we are interested in fy, at the end

of inflation at which ¢(¢t = t,) — 0, we compute flgfg for the forward formulation by

substituting equation (A.17)), (A.18]) and ({A.26)) into equation (4.25)) while equation
1' is used instead of equation 1’ for the backward fﬁf}z Plots of flgst) for

various values of parameters p, A\;, Ao are shown in figures - . For all plots,
we set mg = 9 x 10° GeV, my/m, =9, and denote number of e-folding at which
the long wavelength and short wavelength perturbations exist the horizon by Ny,
and Ng respectively. From the plots, we see that the curvature of the field space
can significantly affects both amplitude and shape of flst) The amplitude of the
backward fyr, increases and the peak is shifted to larger N, when Ay and p increase,
while the shape of f{; 2z can be largely altered when p = 3. Unlike the change of

the curvature in field space, the increase of A; just shift the peaks of fy;.
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Figure 2: Nongaussianity parameter for forward(upper panel) and backward(lower
panel) formulations. Lines 1, 2, 3, 4, 5, and 6 correspond to the cases \; =
1,1.1,1.2,1.3,1.4, and 1.5 respectively. For all lines, Ao = 0,p = 1.
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Figure 3: Nongaussianity parameter for forward(upper panel) and backward(lower

panel) formulations. Lines 1, 2, 3, 4, 5, and 6 correspond to the cases \y =
0,0.0001,0.001,0.01,0.1, and 1 respectively. For all lines, \; = 0,p = 1.
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Figure 4: Nongaussianity parameter for forward(upper panel) and backward(lower
panel) formulations. Lines 1, 2, 3, 4, 5, and 6 correspond to the cases that p = 1,2,
and 3 respectively. For all lines, A\ = 1, Ay = 0.01.



CHAPTER V

CONCLUSIONS

In this thesis, the effects of curvature in field space of multi fields inflation-
ary models on the squeezed bispectrum are investigated. Using AN formalism, we
compute squeezed bispectrum both in the forward and backward cases. We have
found that the effects of curvature in field space on the squeezed bispectrum can
be quantified by the slopes of the field-space metric and the differences of num-
ber of e-folding between flat and curved models, arising from moving between two
specific points in field space. According to our analysis, The number of e-folding
for moving between two particular points in field space of curved field-space model
is less than that of flat field-space model. From our concrete form of the metric
in field space, amplitudes and shapes of fy; can be affected by the curvature in
field space. When Ay and p increase, amplitudes of backward fy increase, while
amplitudes of forward fy decrease, and peaks of both cases shift to larger N L.
Furthermore, shapes of both forward and backward fy; are largely modified when
p = 3. This indicates that future detections of squeezed bispectrum can put tight

constrains on the curvature in field space of multi-field inflationary model.
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APPENDIX A N;, N;; AND 095 /00%

Al N

In order to compute Nj, we set ¢; and ¢y in Eq. (4.24) to be times at
which the specific perturbations modes are on the spatially flat and uniform density

hypersurfaces respectively. Thus we have

e U(9) v V()
Ni@amW*LGwmwm“’ (A1)

where subscripts , and , denote evaluation at the time when perturbations are on
the spatially flat and uniform density hypersurfaces respectively. Differentiating

the above equation with respect to ¢, and y., we get

_ON U, 0, U, O Va 0G(o(x)) VIX)
N, = = — — G(o,)— dy, (A2
0N V. Oxu Vi 09, U, X 0G(o(x)) VIX)
X O (¢ >Vx* O (¢ )qu Ox« Uy, +/x ox«  Vy(x) X

(A.3)

The derivative of fields at ¢ = t,, with respect to fields at ¢ = t, can be computed

from Eq. (4.21]) and the condition dp = 0 on uniform density hypersurfaces. Setting

(f1,x1) and (¢2,x2) in Eq. (4.21) to be (¢, x«) and (¢y, xu) respectively, and

differentiating the result with respect to ¢, and y,, we get

1 96, 1 Oxu 1
0 = — — A4
U,.G(6) 96, Up.G(ow) " 00, Vs, (A4
0 = 91 L _ Ol (A5)

e + - =
On the uniform density hypersurfaces, there are no perturbations in energy density

d0p = 0, so that if the slow roll approximation is assumed, we have dp ~ W =



Usud¢ + Uy, dx and therefore

B Oy OXu
0 = U¢ua¢*+VXua¢*»
09, OXu
— Zru . A.
0 = U, ot Ve, I (A.6)
Solving the above four equations, we obtain
0 G (du) Us V2, (A7)
06. — G(6)UpVE +G(0.)Us.G(0) U, |
aXu _ G (¢u) U¢2>u qu (A 8)
06 _  G(e)Us V3, (A.9)
aX* VX*G ((bU) U;u + VX* V)?u 7 |
OXu _ G (¢u) UG Vi, (A.10)

OXx VX*G (Cbu) U¢2>u + Vx* VXQu
In order to evaluate the integration terms in Eqs. (A.2)) and (A.3]), we express the
field space metric G in terms of y by inserting Eq. (4.22)) into Eq. (4.16) as

A
1= NS00 /X))

G(o(x)) (A.11)

Setting (o1, x1) = (¢P«, X« ), and differentiating this equation with respect to ¢, and

Xs , we respectively get

0G(e(x)  _ 9fs(¢x)  MMafs(@)X/x)" 1 9fe(¢s)
oo 9o (L Dafolo (/7P NTu(6n) 06, O

w — _i Alrp)‘2f¢(¢*)<X/X*>rp :_Tp/\QG » A
Ox- AT AN S (A13

Inserting the above relation into the integration terms in Egs. (A.2]) and (A.3]) and

performing suitable integration by parts, we can write the parts that cannot be

integrated analytically in terms of the number of e-folding given Eq. (A.1) and



obtain

G.UV2 +GU.GU; —GUNV2 +GV, UL Aoy

N, — A14
b G.Up. VE + GG Uy U2, t g A
G (U V2, -GV, U2 )
N GV TR b (A1
X VX* 2X* ) .

where we have used df,/dos = pAi fs/(9.G.) and

The number of e-folding N in the above equation is given by Eq. . It is clear
that 0y = 0 when the curvature in field space disappears, i.e., A\ = 0. From figure
(1), we see that ¢ — 0 at the end of inflation. Since we are interested to evaluate
fnL at the end of inflation, we set ¢, to be a time at the end of inflation, so that

we have ¢, ~ 0 and therefore the above equations become

Ny =

% )\1(5]\[ . G*X* 5N <A17)

_— N, = )
+ 2ryGL, X 2 2X+

where we have insert the expressions for U and V from Eq. (4.15]) into the above

equation.



A.2 Ny

Since we are interested in the case ¢, ~ 0, Ny; can be computed by

differentiating Eq. (A.17]) with respect to ¢, and x, and the results are

Ny Nyx
l O —A 5N(G*T2+2)\1)+G¢*7‘2¢* (6N*G*Xz) ON A1
(5 4)r (T _ET i )L
fS£3 NAL — AN
2 G*TQ(ZS*X* 2X£

where Gy, = dG(¢.)/d..



A.3 D} /o

We first set (¢1,x1) and (¢2, x2) in Eq. (4.21) to (¢4, xa) and (¢p5, XB)

respectively. Differentiating the result with respect to ¢4 and x4, we respectively

get
1 dop 1 Oxp 1
Us,G(9a)  00aUp,G(0p)  O00a Vi, (A.19)
o = v 1 1 Ol (A.20)

IxaUspG(0B)  Vya - Ixa Vi
In order to solve the above equations for dp%/dpX | we need two more equations
of 0oL /0% . The required equations can be obtained by differentiate the equation
for the number of e-folding with respect to ¢, and y4. However, there are two
choices of the specification of a point B at which the short wavelength perturbation
mode exits the horizon. We consider each specification separately in the following

sections.



A.3.1 Forward formulation

For the forward formulation, a point B in field space is specified from a
point A such that N4y — Np is constant where N4 and Np are the number of e-
folding realised backwords in time from the end of inflation to times at which the

long and short wavelength exit horizon respectively. Hence, we have

_ — o U(¢) XA V(X) — constan
N, NB_/¢B U¢(¢)d¢+/XB GO0 oy = constant. (421

Differentiating the above equations with respect to ¢4 and x4, we get

Uy 0¢pUp Oxs,. VB /XA IG(o(x)) V(x)
0 — — G + dy, A.22
Us, 004Uy, 00a AVXB XB 0. Vi(x) X ( )
Va oxn VB 0¢p Up /XA 8G(¢(X)) V(X)
0 = G — G — + dy . (A.23
Weo Oxa "V xaUs, ), Oxe Vi(v) x- (A-23)

Expressing the integrations in the above equations in terms of the number of e-

folding and solving Eq. (A.19)), (A.20), (A.22)) and (A.23)), we obtain

Tea = | o2 0 (A.24)
Opa  Oxa
Upp (GaUa+GpVe) Upp(GaVa—GgVp) Up Usp
. GaUy, Wp Vi Wa o W—Bh We T I
o VXB(GAUA*GBUB) VXB(GBUB+GAVA) Vg I 7 +] ’
GaGpUs, W CpVa W GpWg1 Gpwp T2
where
[1 = —Al(sNBA
2r9Gada’
IQ = ——6NBA
2x4
ONps = —4Npa+¢% —¢h + G (6a) X7 — G (¢8) X5, (A.25)

where Ng4 = N — N4 which is given in Eq. (A.21]). Substituting the expressions



for the potentials from Eq. (4.15]) into Eq. (A.24]), we get

;o
I'pa=
1 2 | Gemiépxp | midn m3¢p 3 9
2Wg <¢A¢Bm¢ + Gada + Ggp T 2xaxsWs (GBXB - GAXAXB + 5NXA)
1.2 Snm3 ba 2 —Onxami+Gaxixpmi +Gemiohx
m PA B X A X ¢»PBXB
owp X B (mgcgm T G5 T Gaon G oxaWp

(A.26)



A.3.2 Backward formulation

In the backward formulation, points B and A in field space are specified
by Ng and N4 which are the number of e-folding realised backwords in time from
the end of inflation to times at which the short and long wevlength perturbations
exit horizon respectively. For this case, the additional equations for dp%/dpX can

be obtained by differentiating equation

RO X V(x)
Np = /u U¢(¢)d¢+/><3 G(gb(x))vx(x)dx, (A.27)

with respect to ¢4 and y4. The differentiation gives two equations describing
relations among dpk/0pY and dp! /0¢?. The expressions for dp! /0p? can be
computed using the same approach as for Eq. , and the results take similar
form as in Eq. with the replacement of evaluation at point * by evaluation
at point A in field space. Inserting these results into the relations among dpk /97
and 0! /0p? obtained from the differentiate of Eq. with respect to ¢4 and

XA, We get two relations for 9oL /0p%. Solving these two relations together with



Eqgs. ) and - we obtain

b5 Uy (Gu (GBVE — GV U3, + (G Uy + GpVp) V)

Dda GaUys Wg (GUZ, +V2)
Usyy iy
_UYes 5 A28
Wpg 2roG ada ( )
9op Uy (Gu(GBVe — GV UZ, + (GuU, + GpVa) V)
oxa Ve Wp (GUZ, +V2)
U¢ 5]\[
—o5 B A .29
Wg2xa ( )
oxs  Vas (GuUs (GUZ, +V2) + Gu (GuUZ Va — UuV2))
Dpa GaGpUs,Wp (GUZ, + V)
v, A0y
_ B 5 A.30
GpWg2roGada ( )
Oxs Ve (GeUs (GuUZ, +V2) + Gu (GuUZ Vu — UJVE)))
aXA N GBWBVXA (GuUd%u + szu)
Vie On
_ B85 A.31
GpWpg2xa ( )
where
Ony = —ANg + ¢4 — 02 + G (d5) x5 — G (du) X2, (A.32)

and Np is given by Eq. (A.27)). Using ¢, ~ 0 and the expressions for the potentials

from Eq. (4.15)), we get U, ~ Uy, ~ 0 and consequently the above equations give

9¢p  O¢p
b e 8¢A aXA
I‘BA - IxB 9xB <A33)

0pa  Oxa

GBUCbBVB _GBU¢>BVB U¢B )\15NB Ud’B 6NB

_ GaUg , W ViaWs Wg 2raGad WB 2x 4

= U Up sy + n ? g

C GaUs, WB VxaWe T GgWg 2T2G'A¢A G’BWB 2xa

Substituting the expressions for the potentials from Eq. (4.15]) into the above equa-

tion, we obtain

¢Bm2 2 9
Fb — ZGAQS/%%B (GBXB B 5N2B) 2XAWB (G mXXB ¢6NB)
BA T xXBm 2 92 m XB
T 32640V m¢¢B+G_;5NB> s (0B + @5NB>

(A.34)
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