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ABSTRACT

The purpose of this research is to study cosmological consequences of the
coupling between dark energy and dark matter through general disformal trans-
formations. Using dynamical analysis, the influence of general disformal coupling
on the evolution of background universe is investigated. We have found two new
classes of fixed points for the case where disformal coefficient depends on both
scalar field and its kinetic term. Omne of these classes of the fixed points is the
generalization of disformal fixed point found in literature, while the other class of
the fixed points occurs only when disformal coefficient depends on kinetic term of
the scalar field. For the same value of the parameters of model, the stable fixed
points in these classes can take two different physically relevant values. In addition
to the background evolution, we also explore properties of density perturbations
of the Universe for the case of disformal coupling. We analyze how both linear
and non-linear density contrast of matter evolve with time on small scales. Based
on this analysis, the growth of large scale structure in the Universe, the spherical
collapse of the overdense regions and cluster number counts are investigated. We
have found that the disformal coupling can affect an enhancement of the cluster

number counts at late time.



CHAPTER 1

INTRODUCTION

After Einstein has proposed the general theory of relativity in 1915, this
theory has been tested many times until now. For example, the precession of
Mercury’s orbit [1, 2], gravitational lensing [3, 1, 5], the gravitational deflection of
light by the Sun [6, [7, 8]. Moreover, this theory has been being used to describe the
macroscopic systems, such as galaxies, clusters of galaxies and also our Universe.
However, the general relativity theory encounters with important problems: Firstly
this theory cannot describe phenomena at the quantum gravity level. Secondly
it cannot be used to explain the present accelerating expansion of the Universe
unless the mysterious form of energy with negative pressure, called dark energy,
is introduced [9, [10]. These are some reasons why at present the Einstein theory
of gravity is faced with many questions as well as the Newton theory. Therefore,
physicists modify the Einstein theory of gravity in order to associated with the
observations. The important models of modified gravity are scalar tensor theories.
These theories reveal an interaction between dark energy and dark matter in some
frames. In this work we will study this interaction inspired by general scalar tensor
theories.

The observational data of Supernova Type Ia (SN Ia) [11, [12, 13], CMB
observation [14, [L5, [16], Large-scale structure surveys (LSS) [17, 18, 19] indicated
that currently the Universe is in the phase of an accelerating expansion. In order
to explain this phenomenon, we can assume that dynamics of the present Uni-
verse is dominated by some form of energy e.g. dark energy, or physics of gravity
should deviate from Einstein theory of gravity on large scales (greater than 100
Megaparsec). For this reason the cosmological constant has been reconsidered as
a source of the accelerating behaviour of the Universe [20]. However, it cannot

exactly be identified whether the cosmological constant really drive a present ac-



celeration of the Universe. The ACDM model in which the accelerating expansion
of the Universe is driven by the cosmological constant, is currently a standard
model of the Universe because this model is in agreement with the observational
data [21, 22]. Nevertheless, the standard ACDM model of the Universe appears
to be extremely fine-tuned [23], because from the prediction from particle physics
the vacuum energy density is much larger than the observed value of dark energy
[20, 24]. This is the reason why physicists have been constructing new theories in
order to satisfy with the data from the observations.

In the standard ACDM model of cosmology, at the present epoch the
Universe appears to be extremely fine-tuned. In attempt to alleviate the fine-
tuned problem, the various models of time dependent A are proposed, for example
dark energy models or the models in which the A depends on scale factor a. Here
we focus on the model of a scalar field as a dark energy. An important problem
of the model of dark energy is the coincidence problem [25, 26] namely why the
energy density of dark energy and dark matter are of the same order of magnitude
at the present epoch albeit they are evolving differently during the expansion of
the Universe. In order to alleviate the coincidence problem, we assume that there
is an interaction between dark energy and dark matter [27, 28, 29, B0, B1].

At present, it seems that we have already known very little about proper-
ties of the dark energy. For instance, 1) the accelerating expansion of the Universe
shows a redshift z < 1 [31, B2, B3| so that the dark energy (if exist) should dominate
the dynamics of the Universe at late time, 2) the equation of state of dark energy
should be < wy = —1.006 £ 0.045 [[14]. For the case where gravity obeys Einstein
theory, age of the Universe which contain dark energy is older than the Universe
which do not contain dark energy. There are many the models of the Universe
that have been constructed to explain the accelerating expansion of the Universe,
for example the simplest model of the Universe that is ACDM, for which wy = —1,
quintessence and k-essence model of the Universe in which scalar field plays the
role of dark energy with wy # —1 [34, B5]. Therefore, investigating the properties
of dark energy is an essential topic of cosmology to insight into our universe. We
have already known that dark energy does not only influence the expansion rate

of the Universe, but also the growth of structure formation and the collapse of



the overdense regions due to gravitational instability which is slowed down by the
Hubble drag. There are several methods to follow the evolution of the overdense
regions or structure formation, for example N-body simulations [36, B7], the spher-
ical collapse model [38, B9] and other alternative methods [40, 41]. The simplest
method to study non-linear structure formation is the spherical collapse which
can be derived in both dark energy and modified gravity [42] models. Originally
the spherical collapse model was proposed to explain perturbations in pressure-
less matter. From the work [43], they show that the correction of the relativistic
equation for the cosmological background and density contrast can be obtained by
using Newtonian cosmology for the case of non-vanishing pressure. In this work
we study the effect of dark energy, which has negative pressure, in linear and non-
linear regimes, on the structure formation. We also use spherical collapse model
together with Press-Schechter or Sheth-Torman formalism to estimate cluster num-
ber counts of halos. The cluster number counts can be used to study the influence
of the dark energy to overdense regions, test and discriminate among the dark
energy models [39]. In the work [44], the authors use spherical collapse model to
study the linear and non-linear growth of overdense regions of f(7') model. They
compute the number counts of virialization of haloes in order to distinguish the
current f(7") and ACDM models as well. The study of the influence of dark en-
ergy on the structure formation can be performed under the assumption in which
dark energy can be both homogeneous and inhomogeneous distributes [39, 45]. In
addition, the interaction between dark energy and dark matter remains an open
issue in cosmology. There are many works have been proposed to explain the in-
teraction between dark matter and dark energy [46, 47, 48]. Generally, there are
many motivation in order to study the interaction between dark energy and dark
matter [27, 28, 29, B0, B1, 49, 50, p1].

In this work, we study an interaction between dark energy and dark matter
induced by the general disformal transformation (DFT) which is studied in chap-
ter @ We investigate the background Universe, the evolution of the background
Universe using Cosmological dynamical analysis and also analyze the stability of
fixed points using linear stability theory in chapter . In chapter E/I, we use the

perturbation theory and a spherical collapse model to determine linear and non-



linear perturbations and we also study the evolution of spherical collapse regions,
structure formation as well. In addition, we investigate how a disformal interaction
between dark energy and dark matter influences the growth of large scale structure
of the Universe by computing cluster number counts of virialization of haloes in
chapter E/l We also compare the result of the disformal coupling with conformal
coupling, non-coupling and ACDM models in chapter E/l In the last chapter M,
we conclude the thesis by summarizing our results and providing encouragement

for future research.

1.1 Frequently used symbols and fundamental constants

Symbol & Definition

a & Scale factor of the Universe

e t & Cosmic time
o 7 & Conformal time
o N & Number of e-foldings

z & Redshift

e H & Hubble parameter

o H & Conformal Hubble parameter
o p & Energy density

o P & Pressure

o w & Equation of state

o ) & Dimensionless density parameters

e S & Action

L & Lagrangian density

e R & Riccei scalar



1.2

9w & Metric tensor

G, & Einstein tensor

T,, & Energy-momentum tensor

¢ & Scalar field

X & Kinetic energy of the scalar field

V(¢) & Potential energy of the scalar field

C(¢, X) & Conformal coefficient

D(¢, X) & Disformal coefficient

@ & Coupling term between scalar field and non-relativistic matter

0; & Density contrast of component i

Fundamental constants

Symbol & Fundamental constants & Numerical value

¢ & Speed of light in vacuum & 3 x 10® m/s

Gn & Newton’s gravitational constant & 6.673 x 10~ Nm? kg~!

ky & Boltzmann constant & 8.6 x 107 eV K1

Lo & The Sun’s luminosity & 3.8 x 10%° watts

M, & The Sun’s mass & 2 x 10%° kg

h = h/27 & Reduced Planck constant & 1.1 x 10734Js = 6.6 x 1071 eVs

m, = /% & Planck mass & 1.2211 x 10" GeV/c?

M, = SZCG & Reduced Planck mass & 2.4357 x 108 GeV

l, = /% & Planck length & 1.6 x 107% m

E, = m,c* & Planck energy & 2.0 x 10°J = 1.2 x 10" GeV



1.3

T, = E,/ky & Panck Temperature & 1.4 x 103 K
Hy & Present Hubble parameter & 73.45 £ 1.66 km s~ Mpc~!
A & Cosmological constant & 1.11 x 1072 m~2 or ~ 10735 572

Pracuum & Vacuum energy density & 5.96 x 10727 kg/m3 ~ 10747 GeV*

The list of conversion factors

1 AU =15x10"m

1 parsec = 1 pc = 3.261 light years = 3.086 x 10'® m
1 year = 1 yr = 3.156 x 107 sec

Sun mass Mg = 1.989 x 1030 kg

2

1 Joule = 1 kgm? sec™

1eV =1.602x10"1J



CHAPTER 11

DISFORMAL TRANSFORMATIONS AND THE
COUPLING BETWEEN DARK ENERGY AND DARK
MATTER

It is generally accepted that at one time the Universe was dominated by
matter (baryonic matter and dark matter) and after that there was a big change
from matter dominated Universe to the present epoch in which dynamics of the
Universe is dominated by mysterious form of energy. This unknown form of the
energy called dark energy. The results of observation indicate that 70% of the
total energy of the Universe come from dark energy [52], 30% of the total energy
is from matter (baryonic matter and dark matter) and the remaining is in the
form of radiation 107%%. Furthermore, remarkable fact that the energy densities
of dark matter p. and dark energy p; are of the same order at present epoch that
is pa/pe ~ O(1). This seems to indicate that we are living in the special moment
of the cosmic history. In order to obtain the Universe which has the same order of
the energy densities of dark matter and dark energy at present epoch, it requires
specific initial conditions in the early Universe. The difference order of energy
densities of dark matter and dark energy between early time and present time is
so called Cosmological Coincidence Problem or CCP [25, 26].

Generally, there are many researches devoted to construct cosmolog-
ical models for alleviating the cosmological coincidence problem for instance:
quintessence model [p3, b4, tracker field [55, b6], conformal gravity [57], the cou-
pling between dark matter and dark energy model [29, b8, b9, 60, 61, 62], f(R)
model [63, 64, 65, 66], scalar-tensor theories [67, 68], MOND [69], TeVes [70], DGP
[71], Gauss-Bonnet [72, [73] and Lovelock gravities [74], Horava-Lifshitz gravity
[75], f(T) gravity [76, [77], D-Blonic and DBI Scalar Field [[7§] and so on. How-
ever, there are many cosmological models that are ruled out because those models

do not fit well with the observational data. In this research we study the coupling



between dark energy and dark matter via disformal transformations in which our

analysis is based on scalar-tensor theory of gravitation.

2.1 Conformal transformation

It is generally known and accepted that Einstein theory of gravity is not
only the theory which satisfies Einstein equivalent principle (EEP), and the general
relativity theory cannot explain phenomena of gravity at the quantum level as well.
Therefore, many physicists have been devoting to develop alternative theories of
gravity instead of Einstein theory of gravity. One of the most important theories
is the scalar-tensor theory of gravitation. An action of a scalar-tensor theory of
gravitation in the Jordan frame can be written as

Fo)R
2

s=/ d4x\/—_g[ +P(¢>,X>} + [ e =glnlgu ), 21)

where we have set 1/ V871G =1, g is the metric determinant, ¢ is the scalar field,
X is the kinetic of scalar field, R is the Ricci scalar, F' is a function depending
on fields ¢, P(¢, X) is the general Lagrangian density of the scalar field, £,, is
the matter Lagrangian and v represents the matter fields. For convenience, we
will use canonical scalar field with P(¢, X) = X — V(¢), where V(¢) is the scalar
field potential. The potential V' (¢) is often inserted in the action when studying
the early Universe or the late-time Universe or the accelerating Universe. One of
the useful tools in order to study both interaction between dark energy and dark
matter and relations between various theories of gravity and the Einstein theory

of gravity is conformal transformations of metric tensor which can be written as,

Gur = C () Gy, (2.2)

where C'(¢) is the conformal factor. Under the conformal transformations given in
equation (@), the light cones are not changed and also time-like and space-like

vectors have the same character. The action in equation (@) can be transformed



into Einstein frame under the conformal transformations as

5=/ d4a:\/_§ ; W = U@+ [ oV =Ghon(gr),  (23)

where R is calculated from g, given in equation (@) and ; is the covariant deriva-

tive. The relations between ¢ and ¢, U and V are [79]

99 _ - V(o)
Py U(¢) = : (2:4)
a(b JVE A+ 3F2 /2 2(¢) p=0(d)

where F, = T One can see that action for gravity in equation (@) is in the

Einstein-Hilbert form. Thus, the action given in equation (@) relies in the Einstein
frame. In this frame the conformal part enters the matter sector explicitly (the
last term of this equation). Consequently there is a coupling between scalar field
and the matter. In the original frame called the Jordan frame, a scalar degree of
freedom in scalar-tensor theory modifies gravity via non-minimal coupling between
scalar field and Ricci scalar. However, in the Einstein frame, scalar field affects the
geodesic of matter via the direct coupling. In the next topic we study the coupling
between dark matter and dark energy through disformal transformations which is

a general form of the conformal transformations.

2.2 Disformal transformation

In order to alleviate coincidence problem we assume that there is a coupling
between dark matter and dark energy. So as to study interaction between dark
energy and dark matter, we consider action for gravity and scalar field in the
Einstein frame (EF) and write the action for matter in other frame using a new

metric as follows,

S = [ dov=glR+ P(6.X)]| + [ d'oV=5Ln(Gun o 0).  (25)

where R is the Ricci scalar, P(¢, X) = X — V(¢) is the Lagrangian of the scalar
field, £,, is the Lagrangian of matter field and X = —%gb;agb?a is the kinetic energy

of the scalar field. The metric in Einstein frame ¢ and the metric g is related
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through general disformal transformations as [80, 81, 82],

g,uu = C(¢> X)g;w + D<¢> X)¢;u¢;ua (26)

we use signature (—,+,+,+). Noticed that this transformation will become the
conformal transformation if D(¢, X) = 0. Using the property of the metric

gwgﬂ“ = 67, we determine the inverse metric g** which is given as

" D(6, X)6" 6" -
7700, X) " €6, X)[Cl0, X) —2XD(, X)] 27
One can see that the inverse metric g can exist as long as

From the relation between g,, and g,,, we can derive the determinant of g,, as

VvV (0% D Ne’
G 0(% + 56 qﬁw) , (2.9)

C*(C —2XD), (2.10)

Q |

where g and g are the determinants of g,, and g,, respectively. One can see that
the transformation of the action for matter field in equation (@) into the Einstein
frame (unbarred frame) leads to the interaction between dark energy and dark
matter. In general, disformal transformations given in equation (@) may lead to
Ostrogradski instability in a Jordan frame. In order to avoid this problem we will
use coefficient C' and D based on the result from literature which will be presented
below.

The results from Ostrogradski’s theorem in 1850 [83] show that linear in-
stability in the Hamiltonian associated with a Lagrangian which depends on higher
than first derivative cannot be eliminated by partial integration. This instability
occur because the Hamiltonian is not bounded from below and hence large negative
energy can exist in some configurations. This suggests that the realistic theories
of nature should contain only first derivatives of the field in the Lagrangian.

After Ostrogradski proposed theorem of linear instability, there have been

many studies on this theorem and have been found that the Lagrangian which has
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second derivatives can be free from Ostrogradski instability for some combination of
second derivative of the field. The important work is from G. W. Horndeski in 1974
[84] which has shown that in four dimensional space-time the general Lagrangian
for scalar-tensor theory of gravity with second order derivative of scalar field can

avoid the linear instability when the general Lagrangian is of the form

Ly=> L;, (2.11)
1=2
where
Ly = Ga(h, X)), (2.12)
L1 = Ga(6, X) R+ Gaxl(T0) = 6,0™), (2.14)
£ = Gol6, X)Guwd™ — 5Gaxl(00)° = 3(00)6,00™ +205630%], (2.15)

where O is the d’Alembertian operator, G, is the Einstein tensor and ¢, =
V.,V ,¢. Horndeski Lagrangian is one of the important attempts to develop gen-
eral form of scalar-tensor theory. It has been shown that the Horndeski action
is structurally invariant under disformal transformations if C' and D depend only
on ¢. For the appropiate functions of C' and D the Horndeski action can be
transformed into Einstein frame using disformal transformations [85]. The gener-
alization of the Horndeski theory has been recently proposed in [86]. They have
shown that the propagating degrees of freedom obey the second order equation of
motion and therefore this theory is free from Ostrogradski instability. This theory
is structurally invariant under disformal transformations where C' depends on ¢
and D depends on both ¢ and X. Thus, if we use this disformal transformations
to our analysis Ostrogradski instability will not occur. Therefore, in this work
we study the interaction between dark energy and dark matter using disformal

transformations as follows

G = C() 9w + D(¢, X)),y (2.16)

In the modern viewpoint, Horndeski theory can be constructed by covariantization
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of Galileon theory of scalar field. Recently, however, it has been attempted to
generalize Horndeski theory. An interesting work has been proposed in [86]. They
have shown that one of the possible generalizations of Horndeski theory is to add

some pieces of the Galileon action into the £, and L5 of Horndeski Lagrangian

given by equations () - () such as

L] =Gu(6, X) YR - 2G, x(¢, X) (TP — 6 ¢.,,)

+ Fy(, X) PG by (2.17)
1 . o 1
E? = G5(¢7 X)(4)G;w¢w/ + gGS,X(¢7 X) |:(D¢)3 - 3D¢¢;uu¢7wj + 2¢;uu¢7ua¢;ﬂ
+ By, X)eMPr et VT b bt D by Dt (2.18)

where Gy x = 0G4(¢, X)/0X and €,,,, is the totally antisymmetric Levi-Civita
tensor. One can see that Horndeski theory is a subset of the above theory under

the condition

Fy(¢,X) =0, F5(6,X)=0, (2.19)

It has been shown that the EOM of the extended Horndeski theories remains second
order time derivatives. It is significant that this theory has one more degree of
freedom higher than Horndeski theory. This extra degree of freedom may lead to
Ostrogradski instability. Nevertheless, it has been shown that this extra degree of
freedom does not propagate. Thus, this theory does not involve with Ostrogradski
instability. Usually this theory is called Gleyzes-Langlois-Piazza-Vernizzi (GLPV)
theory [86].

It is clear that the Horndeski action or GLPV action cannot be trans-
formed into Einstein frame using conformal transformations. Therefore, conformal
transformations must be extended to general form. The simplest extention of
conformal transformations is called disformal transformation in which the trans-
formation relation is shown in equation (@) The work of [87] have been already
wrote that general Horndeski action or GLPV action is invariance under disfor-

mal transformation for the case where C' = C(¢) and D = D(¢, X') which is the

equation ()
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2.3 Disformal coupling between dark sectors

In this work we use disformal transformations equation () to study
the coupling between dark energy and dark matter. In order to study the coupling
between dark energy and dark matter, we write the action in the bi-metric form
as shown in equation (@) The variation of the equation (@) with respect to the

metric tensor g, yields the Einstein equation as
G =T+ T4, (2.20)

where G*” is the Einstein tensor computed from g,,,,. The energy momentum tensor

for scalar field and matter are defined in unbarred frame as

w2 0(/—gP(¢, X))
R , (2.21)
o — 2 0=9Lm) (2.92)

V=9 5g,uu

From the equation () and the definitions of energy momentum tensor in equa-
tions (R.21)) and (), we can use Bianchi identities to show the conservation of
total energy momentum tensor V(7" 4+ T#") = 0. However, the energy momen-
tum tensor of dark energy and dark matter are not separately conserved. The

variation of the action in equation (@) with respect to scalar field ¢ gives

0Slss = [ da/=goPlss + [ 6(V=5Lm)lss =0 (2.23)
35,455, (2.24)

The variation for the first term of the above equation is shown below

35, = [ atey=go] ~ 2o 6,00~ V(6)]

_ 4 [ 1 iz a(¢#’) a(gb,u) . 8V(¢)
- / d'av/=g| = 59 {‘b;“a(qsﬂ) () }5‘” 9

= [diev=g] - 50 (820 + 826, )00m — Vo)
= [ dav/=g[ - 6605~ V9]

+ 5¢]
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= [ d'av=5(6} - Vis)oo, (2.25)
where the above equation we use integration by part and ignore surface term and
Vs = 0V/d¢. The variation for the second term of the equation () is shown

below

_ 5 __Em _
35 = [ atab(y/=gLala = [ @™ gg (220

af

The energy-momentum tensor in barred frame is related to the unbared frame

given in equation () as

s — V=399 2 3(V=GLn) _ V=3 5 (2.27)
" V90905 V=G 00pe V=90gas "

where

_ 2 0(vV/—9gLnm
oo~ 2 0V =9Lm) (2.28)
V=g 6gpa
Using the equation (), the equation () becomes

58, = / AT 65usso. (2.29)
From the equation (), we have

5gaﬁ|5¢ = ga550(¢) + 4 [D(, X)¢;O<¢;B]
0@, <6D<¢,X) 1 006 )

0X

= Yop 5¢ 5¢
0(P.00.
R

= 9a5C.406 + (D 406 + D x0X)$.at5 + D(:a

5X> ¢;o¢¢;,3

5¢;6 6¢;a
JoBY o3 ) e

= asC.600 + (D406 + D x0X)bath.s + D (600} + 6,50)) 361 (2.30)

=+ ¢;5

Consider the third term of the above equation

1 1
0X = 5(_§gw¢;u¢w) - _iguyé(ﬁb;ugbw)
= L0 (0,06, + 0408,) = ~6%50,. (231)

Using the above equation, then the equation () becomes

0Gaslss = 9apC.s00+ (D 506 — D x3"00) batis + D (600} + 6500 ) o (2.32)
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Inserting the equation () into the equation (), we have

we=[d VI T05 (405C 0 + (D86 — Dox$"66,) bratrs + 206,56,
= [ d'zy/= l Tfriﬁ (O, Jap + D, ¢;a¢’ ) 5¢ - Tﬁ;ﬁD X¢;V5¢'V¢'CX¢'
/ VoI ls = ¢ #PiaPip 5 \/— , wPiasp
V16,0
+—=T7"D¢..003| . 2.33
= ; (233
Using integration by part to the third and fourth terms and define J = \/—g/v/—g,

the equation () becomes

/d4x\/_ [ Taﬁ (C@gaﬁ + D7¢>¢;a¢;5) + ;V,, (JTgﬁD,Xdy(b;aQﬁ;ﬁ)
~Vao (JT Do) | 00 (2.34)

where T2 is the energy momentum tensor in barred frame which is related to T2

as
ot V=99 2 OV=9Lm) _ V=999 fpo (2.35)
" AV 59045 v g 5§po AV 5ga6
=(C6%05 — fD X P D ,0.5)JTE . (2.36)

From the equations () and (), we obtain the evolution equation for scalar
field as

et o 1 o
Ol = Vo =Vs(JT5 Do) = SITL(C oap + D gbadis)
J o HZ
— S VT’ D x¢" bats] = Q. (2.37)
We use the disformal transformations in equation () to calculate the evolution
equation for scalar field in equation () and the relation between T%% and T2,

Then, we obtain the relation between 7%% and T as follows

_ ToB D x ¢
Tol = : T, 2.
m =07 T2CT(C —2DAX?) ™ (2.38)
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where
T =GapT? = JCG, T + JD x X ¢.,0.,T57 (2.39)
Tmp Eqb;aqs;ﬁTﬁ;/B = J(C - 2D7XX2)¢§9¢;0'T7€7,U ) (240)
and then
— CTy, — D x X (T + 2T, X)
ol =1 P n 2.41
g CJ(C—2DxX?) (241)
- T,
TP = P . 2.42
¢, ¢,/3 m J(C _ 2D’XX2)> ( )
From the conservation of the total energy momentum tensor, we get
VoIt = =V Tt = —Qo™. (2.43)

In order to obtain the coupling () on the right hand side of the above equation, we
multiply equation () by ¢ and rearrange the left hand side of the resulting
equation in the form of the energy momentum tensor. Furthermore, for simplicity

of the following calculation we write ) in the following expressions

FQ =C[-2DF\F, 4+ CF\(Faxy — D) + D x(CyFy — 2F, 4 F5) X |Tonp
— CC4F(C —2D x X*)T,, — OD x Fy F,T,,, + 2CDF}0,
+20D x F?0, +2CDF;03 — CD x F1 F,0, — C(D xx F\ Fy
— D xFixFy + D xFiFy x)T},,0s, (2.44)

where I} = C — 2D xX? F, = C +2DX, F = 2C*F} and

@1 :d);aﬁT%ﬂ? @2 = ¢;ozX;5 %/Ba @3 = ¢;O¢V6T’I’?‘LB’ (245)
O, :Qs;avochpa O5 = QS;OCX;oc‘ (246)

Disformal coupling between dark energy and dark matter has been studied
in [81, 82, 85, 88, 89, 90]. In those works they have studied the disformal transfor-
mation in the simple case in which both C' and D depend only on ¢. The results

from [81] showed that the evolution of the background Universe in the disformal
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coupling theory is nearly similar to that in ACDM model. This theory can address
the coincidence problem and cosmological constant problems. It has been shown
in [85] that the disformal coupling offers possibilities to construct models for cos-
mic acceleration. Furthermore, disformal coupling leads to a new fixed point of
cosmic evolution and gives rise to the disformal screening mechanism. In [88], the
authors study the effects of the interactions between dark energy and dark matter
on the Universe using both conformal and disformal couplings. They discuss the
background evolution, anisotropies in the cosmic microwave background and large
scale structures. In our work we use the general disformal transformation, where
D depends on both ¢ and X, to study the influence of disformal coupling be-
tween dark energy and dark matter on the background Universe and cosmological

perturbations.



CHAPTER III

COSMOLOGICAL DYNAMICAL EQUATIONS

In order to understand and study evolution of the Universe from very early
to late time. We need some tools to analyze the complex evolution of the Universe.
One of the important tools for the cosmologist is the dynamical analysis. In the
context of cosmology, we call cosmological dynamical system. In this chapter, we
use the cosmological dynamical system in order to investigate the evolution of the
Universe in the presence of the scalar field which is the presentation of dark energy
and responds to the accelerating expansion of the Universe at late time. In this
work, we are interested in disformal fixed point which occurs due to the disformal
coupling that we have introduced in the equation () We use the cosmological
dynamical system in order to find the fixed points of the system and use linear
theory of stability to analyze the stability of each fixed point. In the next section,
we will find evolution equation of the scalar field and then find the fixed points of

the system and analyze the stability for each fixed point of the system.

3.1 Evolution equations for FLRW Universe

In this section, we study the influences of disformal coupling on the evo-
lution of background Universe, based on the cosmological principle which states
that the Universe is homogeneous and isotropic on large scale (no center or no
special points exist in the Universe). We use the standard Friedmann—Lemaitre—
Robertson-Walker (FLRW) line element and perfect fluid model of matter. The
spatially-flat FLRW line element takes the form

ds® = —a(7)%dr* + a(7)*dzdx’, (3.1)
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here a(7) is the scale factor and 7 is the conformal time. The relation between
cosmic time ¢ and conformal time 7 is dt = adr. From the Einstein equation

(), we obtain the Friedmann equation as

1

MW =
3M2

Bdﬂ +a’V(9) + azpm] - (3.2)

where H = a'/a is the Hubble parameter and a prime denotes derivative with

respect to the conformal time 7. Using the above line element in the equation

(@), we can write the equations () - () as follows

a®0¢ = ¢" —2HE, T = —pms  Top = 20mX,
a*01 = (¢ = Hd')pm, a*O2 =2(¢" —H)pmX, @*O3 = ¢'(p}, + 3Hpm),
a*04 = ¢'(p), — 2Mpm), a*Os = =2¢'p), X — 4(¢" — H')pm X.

(3.3)

Inserting the above quantities into the equation (), we obtain the interaction

term for the background as,

FQ = F.Qo,
F.Qo =20¢'p, Fi(DF, + D x) 4+ a*Cpp|—4F) 4 X (DF) + D x F,X)
+ CF(C,¢+2X(=D g+ Fyxy))] + 400 Hpn|[DF} — X (D xx Fi 5 X
+ D x(Ff — F1xF3X))] + 2C¢" p [ DF} + X (2D xx F{F, X
+ D x(2F} + 3F1Fy — 2F, x [ X + 2F1 Fy x))). (3.4)

We have used X = ¢?/2a* in the above equation. Inserting the above equation
into the equation ()7 then we can express p, as follows
Fmp;n :a20¢,pm |: — 4F17¢X(DF1 —|— D7XXF2) —|- CFl (qu ‘l— 2(—D7¢ —|— F27X¢)X)]
9 [ DF? + X (2D xx F\F,X + D x(2F} + 3P Fy — 2Fy x o X
+ 2F1F2,XX))} —2CHp [3a2CF12 + 4a2X( — DF? + X (DxxFiFbX

+ Dx(F? — FixF, X + FIFQ,XX))H : (3.5)
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where F, = 2a*CF,[CF; — 2X(DF, + D xF>,X)]. From the equations (2.37) and
(@), we obtain the equation of motion for the scalar field as

0a0°¢ + Topp” = Vy = —Q, (3.6)
¢" +2H¢ + Vya® = F,  pi, [6¢>’%(F5Fd + PR Fy x X — 2D x Fz X?)
+ a*C{=C yF, +2(DyF, — FyFy xp + 2F) 3 Fn )} X
+20?Vy(FEF; + FLFyFyx X — 2D,XFd3X2)} ,

—F [(6(;5’7-[ 1+ 202V,)(F2Fy + F\FyFyx X — 2D x FipX?)

+ (I2O{—C,¢F1 + 2(D7¢F1 — FlFQ’Xd) =+ 2F1,¢Fd1)}:| = _Q(b
(3.7)

where
Fy =2[CF\(Fy = 2FnX) + pm(FPFa+ FiFyFax X = 2D xFisX?)],  (3.8)
and

FdED+2D’)(X, FdlED—f—DjxX,
ng = DFI,X -+ D’XFQ’XX, ng = FLXFZ — FQJ(FL (39)

The equation of motion for energy density of matter p,, and radiation p, can be

computed from the equation () as

4 3Hpu =Qod, (3.10)
p. + 4H p, =0. (3.11)

3.2 Cosmological dynamical systems

In this section, we discussed some aspects of cosmology in the context
of dynamical systems. Alternative to [b9], we suggest the readers that the work
of [91] is also a good and simple example in order to deeply understand cosmo-
logical dynamical systems. In order to construct the models of cosmology which

satisfy observational data, the series of cosmological epoch should contain the era
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of inflation — radiation dominated — matter dominated — cosmological constant
dominated respectively which could be dubbed minimal cosmological model.

We now use the results from the previous section to calculate the au-
tonomous equations and evaluate fixed points which lead to the understanding
the evolution of the background Universe for the existence of disformal coupling
between dark energy and dark matter. We neglect the contribution from the radia-
tion density in this work. We derive the autonomous equations using the conformal

coefficient, disformal coefficient and the scalar field potential of the form
C = CoeM?, D= DyM 4 HA)hed xrs 7 — ppdghid (3.12)

where Aq, Ao, A3, A4 and Cj are dimensionless constant parameters whilst M and
M, are the constant parameters with the dimension of mass. So let us begin the

analysis by defining the dimensionless variables as

Q. TP o _ TP
CT3HZ T 3HY
¢/2 a2V DHZ
NG gm0 (3.13)

where we set 1/v/87G = 1 and (). is the dark matter density parameter. It follows
from the equation (@) that these quantities satisfy the constraint equation,

=27+ 29+ Q + Q. (3.14)

In order to compute the evolution equations for x1, x5 and x3 we first differentiate
the equation (@) to obtain

H 1

7= 5(3:(;2 — 327 —1). (3.15)

From the equation (), we see that

dH  d%a
r_ 2 _ 2"
H = T =0 (3.16)
d*a  H?
=7 = 5o (379 — 325 — 1), (3.17)

where t is the cosmic time. Differentiating the variables z1, x5 and x3 from the
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equations () with respect to the number of e-folding N = Ina together with
using the equation (), we obtain the following autonomous equations,

dl’l K + i

$17N _d7N = F¢ y (318)
d

To,N zdig;\? = 25[3(1 — 29 + 27) + V621], (3.19)
d

T3 N :d—f\:; = ig [\/_xl()\g A1) + 2321 8 + 321(1 4+ Ag) (22 — xl -], (3.20)

1

ds?

Qv _d]\;’ (322 — 31,) . (3.21)

where the 2 y means differentiation z; with respect to N and the new parameters

from the equation () are expressed below

F, =207 [(1 — 6Xg2503) (1 — 6523 (1 4 2)))
+325(1+ Ag) (1 — 2F — 22 — ) (1 + 2X5(1 + 3x2?)) |,
K =C*[32} — V6Aizy — 321 (1 + 22)| [(1 = 6Asz32?)
x (1= 652t (14 2))) + Bs(1+ As)(1 — 2f — 22 — )
x (14 2X3(1 + 32329) )] (3.23)
3 =/3/20%(1 — 2% — w5 — Q) [\ (623232 + 3)5) — 1)
+ 65(1+ Ag) (V61 + \aza) (1+ A (2 + 62307
— 6Aomsrt (14 As(2 + 62327) )] (3.24)

(3.22)

We can derive fixed points by solving the equation,

dxl . d.ﬁlfg . dxg . de .
AN AN "N v " (3:25)
and then we are able to analyze the stability of each fixed point using stability
analysis in the later topic. The four autonomous equations (B.1§) - () can

completely describe the dynamics of this cosmological model in principle.
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3.3 Fixed points and stability analysis
3.3.1 Fixed points

In this analysis we concentrate on the evolution of the Universe at late
time. The fixed points of the system can be obtained by setting the left hand side
of the equations (B.1§) - () to be zero and then solving the resulting algebraic

equations.

Potential dominated solution

Now we consider the phase of potential dominated Universe which corre-
sponds to the fixed point z; = 0 and xo = 1. Inserting this fixed point into the
equation () we obtain Ay = 0. Setting A4 and €2, to be zero, thus the equation

() becomes

1
T1,N :Zmlf lG(m%f - 2) - (\/6I1f< - )\1 + 36)\3I:{’f$§f( - Il'lf)\g + \/6()\3 + 1))

+ 6$1f$3f (\/6(1 + 33 + 2/\3) + [E1f( — )\2(1 + 2)\3) + )\1(2 + 3)\3)))))
x (18x;1fA3 (8% + 1) %, — 323, (2X3 + 9% +3) 2y + 1)] — 0. (3.26)

From the above equation, by taking limit z1; — 0, we obtain

11m I
z1f=0\ Ty dN

) _ 3 (3.27)

z1=m1,22=0,82,=0

Then, substituting the above result into the equation (), we get

This equation suggests that the potential dominated solution can occur in two
situations. First situation can occur when the disformal coefficient is much smaller
than the conformal coefficient such that x3y ~ 0. Second situation exists when the
disformal coefficient does not depend on kinetic energy of the scalar field, in other

words A3 = 0.
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Scaling and scalar field dominated solution

In this section we consider the case of 23, + o5 < 1 and both x5 and x5y
are not equal to zero. Then Q; = x%f + 295 > 0 at the fixed point. Let us begin
our calculation by setting the equation () to be zero. We obtain

0 =294 [3(1 — way + 27;) + V6Asz1y]. (3.29)
For this case xay is not zero, then we get

0=3(1 — zoy + z1,) + V6Asz1y, (3.30)
2

Inserting the equation () into the equation () and using the fact that at

the fixed point both z; y and x5 x are zero, we obtain
0= V6[Ay — A1 + M1+ Ag)]zpsy (3.32)
One can see that when x3; # 0, the above equation gives
Ao = A1 — A (14 Ag). (3.33)

The equation () can also be satisfied when x3; = 0, which implies that the
disformal coefficient equals to zero at this fixed point. Then, this fixed point is
the conformal scaling solution. It can be seen that for the case z35 # 0, the fixed
point corresponds to disformal scaling solution. We will consider the conformal

and disformal fixed point in the following topics.

Conformal scaling solutions

In this section we consider the conformal fixed point where the disformal
coefficient vanishes at the fixed point, that is x3; = 0, but the conformal coefficient
is not zero and still depends on the scalar field. So let us start the calculation by

substituting the equation () into the equation (B.1§) and setting x3; = 0, we
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obtain

0= ; (217 (Mads = 2003 +3)) + V67, (A — 200) — VA - (3.34)

From the above equation, we obtain the fixed point z;; as

YR

SRL N 3.35
T M- 20 (3:35)

We can solve for fixed point x; by inserting the equation () into the equation

(), then we obtain

AN -200 46
67 (M —2\)°

(3.36)

From the equations () and (), we obtain the conformal fixed points as

(@1, 2ap, m3p) = (—24,1=%3,0), (3.37)
A2—2X4\1+6
(15,227, 37) = (57585, S nsst, 0). (3.38)

One can see that the first fixed point given in equation () is the scalar field
dominated solution due to z? stx9p = 1. This fixed point does not depend on A; or
conformal coupling term. Thus, this fixed point is similar to the field dominated
fixed point in quintessence models. However, the stability of this fixed point is
different from quintessence models that will be shown in section . The second
fixed point given in equation (B.38) is the scaling solution, i.e. (2% + x5)/Q,, is a
non-zero constant. Nevertheless, we note that in our consideration {2, vanishes at

these fixed points.

Disformal scaling solutions

For this case, we consider fixed points where z3¢ # 0 in which the disformal
coefficient is not zero, then the equation () is satisfied. Consequently, these
fixed points are disformal scaling solutions. We start to calculate by expressing

the density parameter and the equation of state of dark energy in terms of x;; and
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x95 at the fixed point as

x%f - fo

: 3.39
2 ¥ a3 (3.39)

Qdf:l’%f—i‘l’gf, wdf:

where €2g and wgs refer to the density parameter and the equation of state of dark
energy at the fixed point respectively. In order to relate the calculation to the

observable quantities, we also write ;s and A4 in terms of {24 and wgs by inserting

the equation () into the equation () We obtain

-1 - \/%)\4561}0
— . (3.40)
2035 + \/E iy + 1

2
Qdf = Q:L'%f + \/;)\4.%'1]0 +1, wWyr =

Solving the above equations for x1; and Ay, we get

Qar(1+w 3(1
\/§ \/(1 —|—wdf)Qdf
Inserting the above relations into the equation (), we obtain
1
Tof = 5(1 - wdf)Qdf . (342)

It is noticed that we can choose the values of ¢, xoy and A4 by fixing Q4 and

wgr. Next one, we calculate z3¢ by inserting the equations () and () into
the equation () We obtain the higher order polynomial equation as

1
ny == 5 (200 +3)7 + 26t + Vo)
200 (VB + 620 (625 (s + 1/ 23 + 12)21 + Aaz?) (g + 1
1 51’1( 4+ 1’1><$3(4+ g( +77)w + 4951)(3"‘ )
x (14 (2 + 62327 Xs) + 6233 (Ms — Ay + M) (1 + (2 + 62327) )
+ )\1( —1 + 61’%1’3(2 + 3)\3)))] [ — (L’1{E3<\/6>\4 + 6%1)()\3 + 1)
-1
x (As(627xs +2) +1) + (1= 623Ns05) (1 — 627 (225 + 1) a5) ] =0.
(3.43)

From the above equation, we then have a polynomial equation which has degree 2

of w3y and degree 6 of x1;. Therefore, it is difficult to solve this equation for ;.
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For this reason, we will solve this equation for x3; instead of x;r. Consequently,

we obtain solutions of x3; as follows

1
= 3.44
T TGy (3:44)
il (2)\4 — )\1) + \/6

: (3.45)
623 (21 (AAaAs + 2Xs — A1) + V6 (2X5 + 1))

T3f2 =

where x37; and 3¢, are the solutions of the polynomial equation of the fixed point.
Substituting z; y and A4 from the equation () into the above equation, we obtain

the solutions of 3y as

1
_ ’ 3.46
ZL’3f1 3/\39@0(1 + wdf) ( )

2wqar/3ar + Mi/war + 1
3Qdf(wdf + 1) (2,/39# (2/\3 + 1) wdf + )\1\/wdf + I) .

One can see from the equations (|33]J), (13411), (1346|) and () that there

are two classes for the disformal scaling solutions as shown in Table EI From the

equation (), it is remarkable that x5 — oo when A3 — 0. This implies that,

(3.47)

XT3f2 =

the fixed point in the class I cannot occur when A3 = 0. In other words, this fixed
point does not exist when disformal coefficient does not depend on kinetic terms
of scalar field. In contrast, the fixed point in the equation () can occur when
the parameter A3 = 0 discussed in [92]. We will discuss this case later. In the next
section, we study linear stability theory and then use this theory to analyze the
stability for each fixed point previously obtained from the cosmological dynamical
analysis. Consequently, we can explain how the Universe evole and what are phases

the Universe passed until present phase by the stability of fixed points.

3.3.2 Linear stability theory

In this section, we will give a brief detail of the linear stability theory.
In the context of mathematics, this theory can address the stability of differential
equation solutions. In the context of cosmology, this theory can use to analyze the

stability of fixed points for each phase of cosmological dynamical system. Let us
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Table 1 The fixed points for the disformal scaling solutions in the fuc-
ntion of wy and €. The fixed point class I cannot exist when

)\3 = O
class | z1y Tof T3f
14+wgr)Q2
I iw % (1 —war) Qg | x3p1
14+wgr)Qar
II ﬂzw % (1 — wdf) Qdf X3f2

begin to study the linear stability theory by defining dynamical system in term
of autonomous equation as x = f(x) where f(x) = (fi(x), ..., fu(x)). Using Taylor
expansion around fixed point Xg, we obtain

" f, 1

*f;
aT,j(XO)?/j +

fZ(X) = fi(XO) + 5 j%z:l W(Xo)yjyk + .. (348)

j=1

where y = x — x. Here, we consider only the first order partial derivative. Con-

sequently, we obtain the Jacobian matrix of function f(x) as

of1 9fr
971 lxmxg T O lxexg
Ofa 9fy
g 9F = | Olx=xo T Ondxexo | (3.49)
Oxj|, _ : - :
X=X : . :
_83:1 xX=x0 Oxn x=x0

The equation () contains the information about the stability of the system.
Moreover, in the context of cosmology J can be used to determine the stability
of the system. However, the linear stability theory cannot use to determine the
stability of the system when the Jocobian matrix J equal to zero. For the case
J = 0, the stability of the dynamical systems can be determined by changing
variable, Lyapunov stability, centre manifold theory and etc. [93]. Although, we
will consider this case in later topic.

Now, we consider a simple example of two dimensional dynamical system

before returning to more complex cosmological dynamical system. Consider the
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Table 2 The stability of the two dimensional dynamical system.

Eigenvalues Explanation
1 > 0, uo > 0 | unstable fixed point
1 < 0,1y <0 | stable fixed point
1 < 0,0 >0 | saddle fixed point
1> 0,10 < 0| saddle fixed point

simple autonomous system given by

jfl :g(l'l,ZEQ), (350)
ii‘g :h(ﬂfl,mg), (351)

where g and h are functions of x; and x5. At the fixed points (x19,22) of the

system g(x1,x2) and h(x1,xs) are equal to zero, that is
g(.fClo, xgo) = O, and h($10, .CC20> =0. (352)

The Jacobian matrix of this system is given by

o e 9 g

Or1 Oz2

where J; is a 2 x 2 matrix. Thus, J; has 2 eigenvalues for this system that is p; o

as follows
L+ )+1\/( hay)? + Aga,h (3.54)
,Ul _2 g,xl , T2 2 9,11 , T2 g:(:g , L1 .
1 1
o =50y + hisy) = 5 Gy = hosy)? + 4G D (3.55)

The stability of the system depends on the values of eigenvalue. We express some
possible cases and give a short explanation for each case in Table E In the next
section, we use the linear stability theory to analyze each fixed point which is

obtained from the previous section.
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Potential dominated

The potential dominated fixed point corresponds to (z1f,x2f) = (0,1),
A =M = O, = 0. As mentioned above and from the equation (), we obtain

the Jacobian matrix for the potential dominated fixed point as

8:317]\7 8I1,N 8501’]\7 8x1,N

ox1 Oxo Ox3 oy —3 O 0 O
8122’]\/ 8902,1\; am2,N axZ,N
J — Ox1 Jxa or3 oy, — O _3 0 0
Ozs.y  Ozan  O%an  OTan 0 —3(—1+36x3) —6 —10822
ox1 Oxo Oxs (21913
0N 0N N  ON 0 0 0 -3
311 8332 81‘3 8Qb
(3.56)
From the above Jacobian matrix, we have four eigenvalues as follows
H1 = = 37 M2 = _37
M3 = — 6, Mg = —3. (357)

Then, the potential dominated solution is stable at fixed point because the all
eigenvalues of the Jacobian matrix () are negative. This suggests that the
Universe can evolve from other phase which is unstable or saddle phase to the

stable phase of the potential dominated epoch.

Conformal scaling solutions

For the case of conformal scaling solutions, disformal coefficient vanishes
(D = 0) at the fixed points. This case we neglect the contributions for radiation.
Once again, we write the eigenvalues of the fixed points in terms of density param-
eter {0y and the equation of state wgs to reduce the complexity of the system. In
order to calculate the stability of these fixed points, we begin the calculation by

inserting the conformal fixed points from the equations (ES/) and (M) into the
equation () Then we respectively get

/\2
Qi =1,  wy= 54 -1, (3.58)
A2 — 20\ + 12 A (A — 2)y)

Qg = (3.59)

, Wap = — .
(A1 — 2M1)? TN 20 + 12
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The equation () for the fixed point in the equation () and the equation
() for the fixed point in the equation () Solving the above equations for

A1 and A4, we respectively obtain

A =F /3(1 +wy), for the equation (B.5§), (3.60)

def,/SQdf \/§<1 + wdf)
M=F —F—F, M=F—=—-—, forth ti 3.59). 3.61

From the autonomous equations (.1§) - () and the equation (), we obtain

the Jacobian matrix for the conformal scaling solutions as

Jr; Ny Or1 N 0 oz N
Ox1 88:]02 oy,
0 Z2.N 0 0
_ 0
J = 0 82 dxsn Oz | - (3.62)
Oxs 8?29;,
b,N
0 0 0 Zu

In order to determine eigenvalues for the conformal scaling solutions, we set z3 = 0

and insert the equations () and () into the above Jacobian matrix. We have

3war + %\/3_04 T\/\/%(\/ga + A1) 0 %)\1
I 0 —3a 0 0
0 0 —V3a (M =X+ VBa(s+ 1) 0 |
0 0 0 Swdf
(3.63)

where o = 1 + wgr. We then obtain the eigenvalues for the conformal fixed point

given in equation () as

3 —1 A
ut = <3wdf, (wde)’ Bwar + ?1\/304,

Va(V3(ha = A1) = 3(1 + )\3)\/5)> : (3.64)

3 —1 A
o :<3wdf; %)7300# — 51\/304,

Va(VB(A = As) = 3(1 + >\3)\/5)> . (3.65)

Similarly to the previous calculation, we set x3 = 0 and insert the equations (B.38)

and () into the Jacobian matrix given by equation () Then we obtain the



32

eigenvalues for the conformal fixed point given in equation () as follows

3 afwg —v—T7
,u-i- :<39dfwdf7 1 (Qdf&)df -1 - \/ B df v ) :

(67

3 —v =7
(Qdfwdf— 1+\/045wdf Y >’

4 a

A2y/3Qp0 = 3Xs (1 = Qpewgy + Ns(1 + Qdfwdf))>, (3.66)

_ 3 afwgr —y—T
7! :<BQdfwdf,4(Qdfwdf—l—\/ B dfaf)/ ),

i(Qdfwdf -1+ \/aﬁwf — 0= 7);

«

— )\2\/3019# — 3)\3(1 - Qdfwdf + )\3(1 + Qdfwdf))> s (367)

where 3 =9+ Q% and v = 2Qq(wj + bwg — 4). The stabilities of the fixed point
in equations () and () have been already discussed in literature [94, 95].
Therefore, we are not going to discuss in detail here. However, the main conclusion
can be summarize using equation () as following consideration.

For the conformal scaling solutions, we have x5 # 0, so that wg > —1
and then \; # 0 as follows from the equation () This equation also suggests
that the potential dominated fixed point, which corresponds to wy = —1, occur

when Ay = 0. We note that this fixed point describes de-Sitter expansion.
—6wqr
3(1+wdf)

suitably, for example Ay ~ A3 ~ O(1), the Universe can evolve to the stable fixed

For the case \y < 0, \; < and the values of Ay and A3 are chosen

6wy

point (w4, Qq) = (wgr, 1) at late time. For the case Ay > 0, when \; > Jaliton)
L\de

the Universe evolve to the stable fixed point which is (wq, Q24) = (wgr, 1).

Disformal scaling solutions

For the case of disformal fixed points, the fixed points can occur only when

xsr # 0 or D # 0. For this case, we set {2, = 0. Then, determinant of the matrix
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J for the disformal scaling solutions can be expressed as

0
det J = g;N [3(1+ 23) (VBAs + 61 1 pray + (922,(1+ As)
3
+2v61 (M — Aa) = 3(1+ Ag)(way — 1))
X (\/6)\41’1f + 3‘T%f — 6.132f + 3>:|173f . (368)

Inserting the fixed points from Table |ﬂ into the above equation we obtain J = 0
for all fixed points. This suggests that one or more of the eigenvalues for each
fixed points are zero. Consequently, we cannot use the linear stability theory to
analyze the stability of the system for these fixed points. Fortunately, for the
disformal fixed points, we have relation betweens Ay and Ay, A3, A4 which is shown
in the equation () From this relation, we can write x3 in terms of x; and

2o by using the relation in the equation (), and the dimensionless variable in

equation () We have

DH?
Aol
CD($)V(p)  Doer2? X sVyetad
TofT3f = O(gb) = T
:DO%XASQ(A27)\1+)‘4)¢ = DOVOXz\Se*/\r,Am
3Co 3Cy
_DOVO< . )M - DOVO%( . )AB (3.69)
T30 \ew) T a0 V() -

Using X = ¢/?/2a” and define ry = DoV, 7% /3C}, we obtain
¢/2/2a2 A3 ¢/2 A3
Tartag =T (37—[2x2f/a2> - <6H2x2f)

2 A3
:m(%) , (3.70)

I'gf :TOW . (371)

One can see that r( is a constant and controls magnitude of 35 for a given value
of x1y and x95. Therefore, number of independent dimensionless variables or di-
mensions of phase space of this system reduced to two consisting of z; and ws.

Now we discuss the disformal fixed points in this two dimensional phase space.



Substituting the relations in equations () and () into the equation (3.1§),

we obtain a long polynomial equation as follows

1 2 2 f
T1f,N :Z [ — \/;33'1}“(\/6)\4 + 61’1f) <6>\3 + 79 <\/;<)\i + 3)$1f + )\433'%f -+ )\4)1‘%?3

—(A3+1)
9 2
X (ﬁkwu +afy o+ 1) ()\3 <6T01’%?3+2(\/;)\4$1f +ay 1)
5 —(As+1)
+ 2) + 1) — 67“0()\1 — (A3 + 1))\4>ZB%>3+2 (\/;)‘4931/‘ + $%f + 1)

—(As+1)
2
X (A3(6r0m3;3+2 (\/;/\4$1f + a:%f + 1) +2)+1)+ N (6(3>\3 +2)

9 —(As+1)
X rox§?3+2 <\/;)\41‘1f + xff + 1) — 1) ((1 _ 6)\37’03:%?3“
9 —(As+1)
X (\/;)‘le +aiy o+ 1) )(1— 6(2Xs + 1)roa?y*?

—(A3+1)
2
. (\/;)\le T x%f + 1) ) — (A3 + Dro(V6A, + 6x1f)96??3+1

9 —(A3+1) 9 —(As+1)
(\/;)\4131f + J,‘%f + 1) (/\3(6T0x%?3+2 <\/;)\4l’1f + l’%f + 1)

+2) + 1)>_ —2(2(A} + 3)z1s + 2V6Nazd, + \/6A4)>] =0. (3.72)

It is noticed that, the highest degree of x1; in the above equation is 6 + 4As.
Since it is quite difficult to solve this polynomial equation for x;;, we should solve
this equation for ry instead of z1¢. However, in order to connect our results with

the observational bound, we express ry in terms of Q4 and wg by inserting the

equation () into the equation () In such a way, we obtain
1 1-— Wt ) 1+As
—rg] = —— 3.73
o =T 6/\3 (1 + war 7 ( )

1 (1 _wdf>1+/\3 y A+/1 —|—wdf:|:2wdf,/39df
A1y/3

* 2\/3 1 + war (1 + wdf) + 6(2)\3 + 1)wdf Qdf

(3.74)

From the above equations, the fixed points in Table m can be expressed in
terms of rg as shown in Table . It is noticed that when A3 = 0 the fixed points in
the class II reduce to the fixed point in [96].

The fixed points in this case is quite complicate to perform the direct
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Table 3 This table shows the fixed points of disformal scaling solutions
in term of the observable parameters w,; and (); model which is
separated into two class.

class | z1y T2/ -

I+ % 3 (1 —wy) Q| Tar
I- _W 3 (1= wa) Qi | 701
I+ W 2 (1= ) Q| or
- _W 3 (1 —wy) Qup | 1o

Q,

Figure 1 This figure shows the evolutions of dark matter and dark en-
ergy density parameters from the past to the present epoch
which is computed from the ACDM model. Line A is the den-
sity parameter of the dark matter and line B is the density
parameter of the dark energy

stability analysis analytically. Hence, we will operate the stability analysis by using

numerical analysis instead of analytical analysis and show the regions of the stable

and unstable of the fixed points which correspond to the observable parameters

(Qqr, wqr). However, before going to the stability analysis, in order to compare our

analysis with the standard model of cosmology, we show a plots of the evolution

of the matter energy density parameter €),, and dark energy density parameter

Qg from the ACDM model in Figure m This figure shows the value of €2, drops

down from 1 to 0.3 and the value of §2; increases from ~ 0 to ~ 0.7 from the past

to the present day and value of wy is ~ —0.99 from the past to present day. The
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Figure 2 The regions I (A3, \;) = (1,100) and II (A3, ;) = (20,1) are the
stable regions of the fixed points for the class I". The fixed
point is saddle out side these regions.

standard model of cosmology (ACDM model) and the cosmological observations
[97] suggest that the values of dark energy density parameter and the equation of
state parameter are (€4, wq) ~ (0.69, —0.99). We use these values to connect our
analysis with the observational bound by setting (£24,wq) of the fixed point to be
~ (0.69, —0.99).

Now, we analyze the case of the phase space which is dimension reduces to
two by a relation given in equation () called reduced phase space. There exist
two classes of the fixed points as shown in table . To perform stability analysis,
we first linearlize the equation () and () around the fixed point and then
compute corresponding eigenvalues. However, the expressions for the eigenvalues
are very complicate. Thus, we evaluate the values of the eigenvalues numerically
by inserting the numerical values of parameters and fixed points from Table B into
the analytic expression of the eigenvalues. For the fixed points in class I, the fixed
points are saddle and covers for entire region of the values of —1 < wg < 0 and
0 < Qg < 1 when A\ = A3 = 1 (this class cannot exist when A3 = 0). We have
shown the stable region for the class It from the Table a in the €2¢r — wgr plane in
Figure . For this plot, we use the values of (A3, A1) = (1,100) and (20,1). The

regions I and IT shown in Figure @ are stable. However, the fixed points are saddle
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Figure 3 The regions I and II are the stable regions of the fixed points
for the class I".The fixed point is saddle out side these regions.

out side these regions. Similarly as class I, we show the stable regions for the
class I~ in Figure E and we set the values of (A3, A1) = (1,500) for region I and
(A3, A1) = (20,1). The regions I and II in Figure a represent the regions of stable
fixed points, so that the fixed points become saddle points out side these regions.
According to the Figures @ and , if A\ is large enough, the fixed points stable
within the region Qg4 € [0.7,1) and wgr € (—0.99, —0.97).

Now we consider the case A3 = 0 which corresponds to the fixed points
in class II. This class consists of two cases of the fixed points which are class I
and II7. We consider class IIT which is saddle fixed point. We use the numerical
calculation to perform the stability analysis and show the saddle regions in Figure
@. The saddle regions of this class are increasing when A; increases. This figure
shows the regions I, II and III which are saddle regions and set the values of
(A1, A3) = (2,0),(5,0),(10,0). The fixed points are stable outside these regions
and become saddle points within the region Qg4 € [0.7,1) and wqr € (—0.99, —0.97)
when A; > 1 and A3 > 1. The entire region II overlaps with a part of region III
and the whole of region I overlaps with a part of region II.

Now we consider the case of A3 # 0, this case cannot exist for the fixed

point in class I but occurs for the fixed points class II. We use the numerical method
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Figure 4 This figure show the saddle regions I, II and III of the fixed
point class II". Out side these regions the fixed point is stable.
In this numerical we have used (A, \3) = (2,0),(5,0), (10,0)

to perform stability analysis for the fixed points class II*T and II*. Fixed points in
this class are stable for a wide range of \; when —1 < wg < 0 and 0 < Qg < 1.
Figures H and B show regions I, IT and III which are saddle points. For these figure
we set the values of (A3, A1) = (1,1),(1,5),(5,1). It can be seen in the figures that
the fixed points are stable outside these regions. For this case the same values of
A1, A2, Az can lead to different stable fixed points at late time.

Again, we consider for the case A3 = 0 the equation () becomes

1 — Wqf

T (3.75)

Tot =

One can see that, ro1 or z3; takes a single value for a given value of wgr. From the

equations () and () and a fixed value of )4, we obtain

/\i(wdf-i-l)-i-\/Ai(wdf-‘rl)()\i(wcif-f-l)—ledf)—Gwdf

\/ Qdf = 6w§f
*)\Z(Wdf+1)+\/)\i(wdf+l) ()\i(wdf+1)712wdf>+6wdf

— &7 for positive A4.

for negative M4,
(3.76)

It is noticed that, 24 depends on A4 and takes a single value for a given

Ay where wgr = 0. Nevertheless, the equation () shows that when wgr # 0, Qg



39

Wdc

Figure 5 The regions I, IT and III are the saddle regions of the fixed
point for the class II". The fixed point is stable out side these
regions.

exists two possible values for a given value of A\4. One of the possible value of {24
is positive whilst another one is negative. We noticed that, A\, is a real value when
—1 < wg < 0. In addition, if 0 < wg < 1 and the values of Ay and wg are chosen
as same as the first value of Q4 , the value of 24 will be larger than one. Thus, for
a given value of \i, Ay, Ay and 7y the only one fixed point lies inside the physical
phase space when A3 # 0. Using similar analysis for the case where A3 = 0 and
—1 < wgr < 1, the fixed points in the class I can takes a single physically relevant
value for a given Ai, Ao, Ay and ryg.

For the fixed points class II, the equation which expresses the relation
between wg and the parameters of the model Ai, A3, Ay and 7¢, can be computed

by writing Qg in the equation () in terms of wyr using the equations ()
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Figure 6 The regions I, IT and III are the saddle regions of the fixed
points for the class II”. The fixed point is stable out side these
regions.

The result is

Ewdf :\/g (1 — wdf)Q(HA?’) (12wdf + )\%(1 + wdf) — 2)\1/\4(1 + wdf)>
+3672(1 + wgp) 21 (12(1 + 2X3)2war + N3 (1 + wyr)
— 22 24 (1 4 2X3) (1 + wdf)> — 12rp(1 — wiy) ' (A%(l + war)

oA AL+ A (1 4 wip) + 120w (1 + 2A3))} _0. (3.77)

The values of wg which correspond to E,,,, = 0 are the value of the wy at the fixed
point for a given value of Aj, A3, Ay and ry. We first choose the value of wg and Qg
according to the observational bound, and select values of \; and A3 to compute
A4 and ro from the equations () and () Substituting the selected value of
A1 and A3 and the computed value of A4 and ry into the equation (), we see
that E

wqf

= 0 can be satisfied by the value wg other than the value of Q4 that is
chosen at first time from the observational bound. This suggests that for the fixed
points class II, the same value of the parameters of the model can yield two stable
physically relevant fixed points.

In the Figures (H) and (E), we plot the equation () where 79 and Ay
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Figure 7 The plot show F,, from the equation () be a function of
wyr for the fixed points class IT*. For lines 1 - 7, we set (A, \3) =
(1,1),(1,1),(5,1),(10,1),(5,5),(1,5) and (1,20) respectively.

are calculated from the equation of state of dark energy wgy = wj = —0.99, —0.98
and Qg = QZf = 0.9. The plots show that the values of wg are in a range
wgr = wyr € (—0.98,0.15). In the cases of Ay ~ O(1) and A3 ~ O(1), w; € (0,0.15)
for the fixed points in the class II* and wj, € (—0.98,0) for the fixed points in
the class II". Inserting wy, into the equation (), we obtain the values of 14
associated with wg;. The values of {24 lies within the range between 0 to 1. Using
the stability analysis mentioned above, we have found that both of the fixed points
are stable fixed points. This suggests that in the case of A3 > 0, the fixed points
class II" and II~ can take two different physically relevant values and both fixed
points are stable for same values of the parameters of the model.

We now consider Figures H and E which refer to the fixed points class

It and II-. For E

wy = 0, the solutions of wy, shifts to the lower value when

A1 increases. In contrast, the solution of wj, shifts to the larger value when A3
increases. We have found that the equation of state wy, converges to 0 when As
increases. However, wj does not exist when A\; 2 30. This suggests that when
A1 = 30 the fixed points in the class II* take only one physically relevant value.
From Figure E, one can see that when A3 increases the equation of state wy, shifts
toward 0. From our numerical analysis for the fixed point class 17, we have found

that when \; >

~Y

1 the value of {24 which is associated with wj; becomes larger

than 1. However, we can reduce the value of €04 by increasing the value of A,



42

0.0

E wqp

_1_0'1“‘1“‘1“‘1“‘1“‘.:.“1“
-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2

Wqf

Figure 8 The plot show F,, from the equation () be a function of
wgs for the fixed points class II". For lines 1-3, we have setting
(A1, 23)=(1,1), (5,1), and (5,5) respectively.

for instance, Qs < 1 when A\; = A3 = 5. Moreover, the fixed points in both class
II*t and 117, if O 2 0.9, the solution wyy cannot exist. From the above analysis,

> 0.9 or \; is

Y

we can summarize that, if the value of ro and A4 correspond to €23
sufficiently larger than one, the fixed points correspond to wy; cannot occur. Now
we consider the situation that the same value of the parameters of the model gives
rise to the different fixed points. We start by solving numerically the equations
(B.18) - () and setting the density parameter of each species by €., Qy, Q,., Qq
and wy to be 0.27,0.03,107*,0.7 — 10~* and —0.99 respectively. Then we plot the
evolution of €2; and w, shown in Figure g for the case Ay = A3 = 1 where ry and
Ay are computed from (Qqp, war) = (2, W) = (0.9, —0.99).

One can see that, if we chose the initial conditions such that the initial
value of wy larger than wj, the Universe can evolve toward the fixed points corre-
sponding to the solution wys as displayed in Figures B and E Nevertheless, if the
Universe evolves toward this fixed point, the present value of w, lies outside the
observational bound. Thus, the existence of this solution seems to encounter with
the problem. However, this problem can be avoided by setting the values of ry and

A4 to match up with Q2 = 0.9 or setting A; to be sufficiently larger than 1.
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Figure 9 This plot show the evolution of (2. and wj.
2, represent the evolution of (). and set the initial condition
for w; same as the line 3 and 4. For the line 3-6, we set the

value of initial condition as w; = wy = —0.89,—0.79 and —0369

respectively.

For the line 1-



CHAPTER 1V

NON-LINEAR PERTURBATION AND SPHERICAL
COLLAPSE MODEL

The evidences from the observational data indicate that currently our
Universe is in the accelerating expansion phase. In principle we can suppose that
the accelerating expansion of the Universe is driven by dark energy. One of the most
important observation in order to encourage the existence and influence of dark
energy on the structure formation is the growth of linear perturbations, for example
the ISW effect [102], the Dark Energy Survey [103], the galaxy redshift survey
[104]. The simple and useful tool for study influence of dark energy on structure
formations is the spherical collapse model. This model describes the evolution of
radius of the overdense regions using non-linear growth of matter perturbations
inside the regions. In this chapter, we study effect of disformal coupling between
dark energy and dark matter on large scale structure using spherical collapse model.
The essential process in the spherical collapse model are as follows:

In the matter dominated epoch, density contrast of matter which is the
ratio of density perturbation to background energy density grows propotional to
scale factor inside the Hubble radius. As a result, in some regions of the Universe
energy density of matter is higher than the other regions. These regions are over-
dense regions During the initial phase of matter dominated epoch, the radius of
regions defining from fixed total mass of matter inside the regions expands along
hubble expansion. However, due to the gravitational attraction of the overdensity
inside the regions, the radius of regions expand slower than the hubble expansion
rate. Consequently, magnitude of the overdensity inside the regions grows non-
linearly inside the regions, and therefore the radius of region stops expanding when
gravitational attraction from overdensity is sufficiently strong. At this phase, the
radius of regions reaches the maximum value and start to collapse. This is the turn
around phase. Nevertheless, the regions will not collapse down to an extremely

small radius due to the balance of kinetic energy and the gravitational attraction
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of matter inside the region which is the virialisation process.

From the virial theorem [106], we can express relation between the average
over time of the total kinetic energy < K > and the average over time of potential
energy < W > of the spherical collapse regions at steady state (constant moment
of inertia) as

<K>=—-<W>/2, (4.1)

The virial theorem was first derived in the kinetic theory of gases and using the
vis-viva equation [107] in the nineteenth century by Rudolf Clausius. The virial
theorem was first applied to cosmology on the study of galaxies cluster [108, [109].

In this chapter we study linear and non-linear perturbation in the dark
energy model disformally couple to dark matter where the coupling term is obtained
from the Chapter . We calculate evolution equations for the perturbations in the
Newtonian limit. From these evolution equations for perturbation, the evolution
equations for the spherical collapse can be derived. We use spherical collapse
model and cluster number counts to investigate the influence of dark energy on the
growth of structure and structure formation of the overdense regions. Based on the
results from the spherical collapse model, we compute cluster number counts of the
virialization haloes in order to distinguish the influence of disformally, conformally

coupled, non-coupled and ACDM models.

4.1 Density and Velocity perturbation

In this section, we review the calculation of the evolution equations for
the perturbations in matter. In the calculation, we use a new operator which
is introduced in [50] as A" = —H2V?2  Hence in Fourier space we have A\ =
H/k. Furthermore, we also use Newtonian limit or small scales limit A < 1
in this calculation. In this limit we can neglect time derivative of d¢ and the
metric potential & compare with their spatial derivative, because time derivative
are proportional to A\2.f The reason why we can neglect these terms that is the
time scale of the Universe is very large compare to the spatial variation of the
perturbations d¢ and ®. We now rederive the non-linear evolution equations for

matter perturbation dp,, and velocity perturbation v’ where the subscript m refers
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to matter. So let us start the calculation by using the FLRW line element equation

(@) and the equation () We obtain
p;m = —=3Hpy + Q‘g (4'2)

where bar refers to the background quantities of the Universe. In this calculation

we consider the case C' = C(¢) and D = D(¢). The coupling term ) from the

equation () becomes

AC4DX — C|Cy — 2D(30H + V) + 2D ;X |

©=- 2C[C + D(p — 2X))]

B (4.3)

We define density contrast as 0,, = 0p,,/pm. We compute the perturbation equa-
tions for the matter from the equation () as

0(VaT§) = —6(Qd3)- (4.4)

Here we neglect subscript m to avoid confuse between the subscript m and the
indices. In this calculation, we use line element in the Newtonian gauge also

known as the longitudinal gauge. It was advocated by V. F. Mukhanov et. al. as
[110]
ds® = — (14 20)dt* + a*(t)(1 — 2®)6;;dx'da’ (4.5)

where W and & are scalar quantities. So let us begin the calculation of the equation

(@) by setting # = 0 and using
V,T§ = 0,15 +T2,T% — 4,12, (4.6)
where I'§, is the Christoffel symbol. The equation (@) becomes
S(VATE) = 80,1 + 6T — S(IATS) = —5(Qdg). (A7)

In this analysis, we neglect the anisotropic stress contribution in the field equation,
hence ¥ = ®&. Using the Newtonian limit, we can neglect the terms proportional to

® and §¢. Thus, we can write the perturbation of the right hand side of equation
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¢7"{Q = (é,’y + 5¢,’Y)(Q + 5@)

= 0,Q+ ¢,0Q + Q5 + §¢,6Q, (4.8)
5((/5,7@) = (5,7562 + ©5¢,'y + 5‘25,75@ ) (4-9>
5(60Q) = 6.00Q + Qi g + 66 00Q = $6Q , (4.10)

where we neglect the term d¢. The equation (@) becomes

§(VaTg) = 8(0aT5) +0(LonTy) — 0(LoeTX) = —0Q . (4.11)
K1 K2 K3

We calculate the term K1 from the above equation using the energy-momentum

tensor as follows

15 = (pm + 0pm)UUs = pnUUsg, (4.12)
0(0aT§) = 0a0Tg = 0a0(pmUUs) = 0a(UUgdpm) + Oulpmd(UUs)|,  (4.13)
3(0aT5) = 0a0T§ = 0a0(pmUUy) = 00 (UUpdpm) + Ou[pmd(UUp)].  (4.14)

We define the four-velocity of matter as U® = (U° — §U°,§U?) = (1 — ®,v") and
U' = 6U", then we obtain the first and second terms of the equation () as

UUsdpm = UUsbpp, = U (=1)dpm = —U% ppy (4.15)
Oa(UUn0prm) = —0a(U%0py) = —(0aU*)dpm — U000 pr,
= —(80U*)opm — (0;U")0pm — U060 pm — U'0i6pp,
= —[0s(1 — ®)]5p — 0" 5Py — I P — V' Oi0pp
= — 00" 0 prm — Opm — V' 0;0pp (4.16)

where 1 — ® ~ 1 compare to the perturbation of coupling term §Q),



48

Oalpmd (U UY)] = (0apm)d(UUp) + pmBal6(UUp)] = As + Ay, (4.17)
(UUp) = (8apm)[U0U, + UpdU®]

(=02 + UpoU*]

UodU® = (8apm)Ug0U® = (Oapim)(—1 — @)U

= —(0apm)0U* = (Dapm)PSU* = —(30pm)dU° — (8;pm)SU"

(Oapm)
= (Oapm)d
= (Oapm)
= (Oapm)

m
m

where we neglect the term ® and 0;p,, =0,

As = a8 (UTp)] = pmdalI26Es + UpdU®]
O (UoU)

[ (0alUo)SU + UgdabU]

(

P (OU)SU° + (0;U)SU" + UyOpSU° + Uy0;6U"]

|| Il I
E\ b\

P @O (1 + @) — v'O;(1 + @) — (1 + @) (=P + ']

= (1 = ®)00U* = —p0adU = —pp[006U° + 0;0U"]

= — P[00 (—P) + O]

= —pmdiv’ (4.19)

where 1+ ® ~ 1 and & ~ 0 compare to the perturbation of coupling term 6Q. We
obtain the term K1 as

§(0aTS) = —0pm — (O0")0pp — V' 00 pr — pmOiv’” (4.20)
We calculate the term K2 from the equation () as follows

S(Te\T3) = T2 018 + THeTe,
e =0
19 §T¢ = T90TY + Lo6Th = —3Hopy, (4.21)

Tyors, = TyorG, = pmoly, . (4.22)
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The non-zero components of Christoffel connection are I'; = Hg,; and Ty, = H6'.

Using the perturbation of Christofel symbol as

_ 1
5Ty, = =g ha, 7, + 5gm(auha,, + Oyhay — Ouhyw) (4.23)

where h,s is the metric perturbation. Then, the equation () becomes

T§orS, = pmdlg, | (4.24)
1, o
000 = 59 (Bohga + Oahop — Oshoa) — §* s T3
= 51— 52, (4.25)

1
&:?W@%Mmmw—%mg

1. i . B
= *[<90080h00 + 3" 0ohi;) + g 00ahoo — goﬁﬁghoo]

2
1700 1 —~ij 1 64 2
= ig 8OhOO + 59 aOhij = _580(1) + ﬁa()(—QCL (I)ézj)
= —2H%7;, (4.26)

_ I " |
SQ = gaﬁhﬁyrgoc — ijkhkz]'—wb] — ﬁ(_2a2q)5kz)H6;

= —20H6, (4.27)
§re, =0, (4.28)

where ® ~ 0 compare to the perturbation of coupling term 0¢). Thus, we obtain
the term K2 as
S(TT3) = —3H6p, . (4.29)

We calculate the term K3 from the equation () as follows

S(TATE) = TAO0TY 4 TL6T2, (4.30)
fé\zo‘STfé = I;6\05T>(\) + ff\ofsTi = fg\oéTi ; féo =0,
= f?o‘STé + ngM? = fgo(STji ) fgo =0,
T = plU'U; = (p + Spm) (FF + 5U) (T + 6U;)
= (Pm + 0pm)SUSU;

6sz = (ﬁm + 5pm>vivj = pmvivj s (4'31)
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AT = Hb prv'vj = prHv'v; (4.32)
T6T2 =TTy = pmdly, (4.33)

From the equation (), we obtain

s e 1
LI :M‘i‘ 590 (Oohao + Johoa — Oahoo)

1 1 -1 :
— 1P = SCha ) b (as)

We neglect the above equation compare to the coupling term 6@). Then, we obtain
the term K3 as
5(F20T5\1) = pmHUiUi (4.35)

From the equations (|42d), (|42d), (|43$), the equation () becomes

S(VoTE) = —6pm — (0i0L,)6pm — v5,0:0pm — PO, — 3HSpry — prHo'v;

— — 00, (4.36)
0pm = _(aivin)(;pm - U:naifspm - ﬁmﬁﬂ);n —3H0pm — pmHUiUi + QE(SQ )
(4.37)

where p,, = pm + 0pm. Dividing the above equation by p,, and using

dn=—" and 7%= Om PR (4.38)
then the equation () becomes
O = —(1 4+ 6,)00% — 0! 3,6y, — f;:(sm — 3H8,, — (14 6,) Ho'v; + qi_i? . (4.39)
Using pm = —3H py, + QQE, we obtain
S5, = —(1 + 6,) 00" — V' 030y, — (1 + 0, Hv'v; — Qi%m + @ . (4.40)

Prm Pm
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From the above equation, we obtained the first-order differential equation for the

density perturbation. Now, we consider the equation (@) for g =i, we get

0(VaT}") = 6(0aT}) + 0(Ip,T)) = (L5 TY) = —0(0.4Q)

it p

=L+ Lo+ Ly = —0(¢,Q) . (4.41)
We calculate the term L; from the above equation as follows

3(DaT) = B0T} + ;0T ,

(

6T = §(pnUU;) = 0(pmUs) = Uibpm + pm0U; = 0i0pm + pmvi (4.43
= Uz(ﬁm + 5pm) = ViPm » (
(

806,1}0 - @0<Uzpm) = Uzpm + Uilbm )
T/ = pulU7Us = (B + Opu) (7 + 6U7)(V; + 6U;)

= (Pm + 0pm) U7 6U; (4.46)
oT! = (Pm + 0pm) V7 v; = ppviv; (4.47)
8j(5Tij =0, (pm¥’v;) = vjvﬁjépm + pm0; (vv;) . (4.48)

From the equations () and (), we obtain the term L; as
0T = VP + Vi + 007 0;0pp + pm0; (V7 05) (4.49)

where p,, = pm+9p, and we neglect the subscript m for v; and v* to avoid confusion

of the subscript m and i. Consider the term L from the equation (), we have

DTl = (U + 0T, ) (T7 + 0TY)

o B B pressureless
= T0T7 45,070 + TLAFT, + 674,517
——
background
= F;‘aéT{’ + 5ng5T;’ (4.50)
(5(FZ‘QTZP) = F;‘aéTf + 5ngéTip (4.51)

rle T 0 rale j
Fpoc(ST;p - 1—‘O(Jz(ST; + Fja(ST‘Z?

= D377 + 19,077 +W+W

= T30 = 3Hpyv; . (4.52)
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TS 0TF = STesTY + 6T, 6T7 (4.53)
= 010,077 + 6T},6T7
~0, (4.54)

where we neglect the terms 5F8j and 5F§j compare to the coupling term 0¢Q). We

compute the term Lz from the equation () as follows

I0Te = TLTY 400,07 + T5oT%, + 015,67
N——

o p
background
§(PLT2) = D067 + To0TY, + 615,07, (4.55)

T o T 0 B j
[0 6T = T05T9 + 14,679 )
fgo =0 Ff} =0
— DOOTD + D00 + T00T] + Thety]

_ . _ . . a _ .
= T0T} + U075 = (H8])(05m) + (~gii) (=pmv”)

= pmHv; — ppHv; =0, (4.56)

) ) 1
72078, = TOTY = —pdT = —pu, (ngoaihw) — pd®,  (457)
S(I0T) = —pdi® (4.58)

Consider right hand side of the equation () and using the equation (@), we

have

0(,:Q) = Q009 . (4.59)

From the equations (|44d), (|452i), (|45§) and (), the equation () becomes

S(VoT) = pmti + Vipm + 0'0;0;0pm + pm0i(v'0;) + 3H ppv; + pm0i®  (4.60)
= —Q0;00, (4.61)

Pl = —ViPm — Uivjﬁj(?pm — Pm0; (Uivj) — 3H ppv; — prm0i® — Q0;00 .
(4.62)
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Using the equation (@) and (), we obtain

= —3Hpy — pmOjv’ — v 0;6pm + QEQ. (4.63)

Inserting the equation () into the equation (), we get

PmVi = —0;[—3H ppy — pm0jv" — 07 0;6pp + QEQ]
- pmaj (Ujvi> - Uivjaj(spm - 3I—Ipmvz =+ pmazq) - Qaz5¢

Substituting v; = a?v’ and

. . . i a
0; = a0; + 2aav’ = a0t + 2> =0

a
= a*(v" + 2Hv") (4.65)
into the equation () and divided by p,,, we get
i Q0 i igi L Q
P 1 N
= —(2H + Qoo)v' — v/ 00" — g(a@ + Qo000 , (4.66)

where Qy = Q/pn,. From the equations () and (4.66), we then have the first
order differential equations for non-linear density and velocity perturbations. We

show results of the calculation for perturbation of the coupling term @) from the

equations () - () as follows

6Ty = —0pm, 0Ty = 2X0ppm, (4.67)
§(Tynp0d) = —2X0pp(d + 3H) + 2X V206, (4.68)
501 = d0pm — OHpvivg, 6y = —85m X B + 2X 30y | (4.69)

505 = O[0pm + (V"0 pm) + PO’ + 3HOpy] | (4.70)

30, = 8OX (20pm) — D(6DSpm + XOpm) | (4.71)
§(Tpls) = 4X20(6pm® — Gpr) . (4.72)
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However, we express the explicit calculation for the perturbations of T),, T,
T,,p0¢ and 0; — 05 in appendix @

Next section, we use Newtonian limit and the assumption of top hat model
to derived the second order differential equation of the non-linear density pertur-

bation and the relation between matter density contrast and its radius.

4.2 Evolution equations for the perturbation on small scales

In order to calculate the perturbations of the coupling term @) from the
equation (@), we consider the case where C' = C(¢) and D = D(¢). From the
metric perturbation in Newtonian gauge given in the equation (@) the Einstein
theory converges to Newtonian limit on small scales, such that component pur = 00

of the perturbed Einstein equation becomes
id — 72 1

On sufficiently small scales we have V24 > d¢, Hp, where d¢ is the perturbation
of ¢. Then, the equation () becomes

V3¢ = 6Q). (4.74)

The perturbation of coupling term 6() appears in the equations () and ()
can be computed by applying the small scales limit to the equation () Then

we obtain .
0Q _ D¢
pm  C

Substituting the equation () into the equation (), we then have

(B + (1 + 8) 050, + V2, 0i00m] + Qo - (4.75)

Om = —(1 4 8,)00% — v D6y - (4.76)

Inserting the equation () into the equation (), we get

‘;Q = Quby - (4.77)
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One can see from the above equation that, the 4,, can be eliminated and therefore

the equation (1.74) becomes
V250 = Qodpm - (4.78)

We use the evolution of top hat model in order to obtain a correct explanation of

the spherical collapse model (see the detail in appendix B and [105]). Applying the

assumption of top hat model to the equations () and (), then differentiating

both equations with respect to time ¢, the term 9;v!, can be eliminated. We obtain
52

; s 4 —
Om = —(2H + Qod)om + 37 +m6m + (14 6,,) (V20 + QyV259) . (4.79)

Here we use the assumptions that mass of dark matter particles in the collapsing
regions and the conservation of the number of dark matter particles in the overdense
regions do not differ from the background. In order to connect the equation ()
to the evolution of the radius r of the region which contains dark matter overdensity

dm, these assumptions are applied. Hence, we get [105]

146 = (14 Gpan) (%)3 , (4.80)

where 0, i, is the density contrast of matter in the collpase regions and we set the
initial conditions as » = a and 6,, = 0,,; < 1. The above relation implies that

the overdense regions of radius r will collapse when 9, — oc.

4.2.1 Spherical collapse
In order to study evolution of spherical collapse regions, we use
C=eM?, D=M;*%" V=DM (4.81)

where A, Ay and A3 are the dimensionless constant parameters, while M, and M,
are the constant parameters with dimension of mass. In this computation, we

define the dimensionless variables as

, P 1% _ DH?
1 prm— .

- = 4.82
T3 c (4.82)
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From [96, 111], we can write the evolution equations for the background Universe

in the form of autonomous equations show below

1
T, = 3 21(32% — 329 + 1) — 2(y/3/2X\315 + 271)
\/§ )\1(121‘%1‘3 - 1) - 61‘3()\2[1)% - \/Bxl — )\31’2)

_ 2 -1 4.83

NG LI 1— 325(32% + 22 — 1) (483)

zh) = 9(V6Aswy 4 3% — 30 + 3), (4.84)
rhy = —a3[322 + V6(A\ — \p)xy — 329 + 3], (4.85)

where a prime denotes derivative with respect to number of e-folding N = Ina. The
equations () - () can completely describe the evolution of the background
Universe in principle. We have used the relation between density parameter of

dark matter €2, and dimensionless parameters x; and x5 in the derivation of the

equations () - () as
1=a22 + 25+ Q. (4.86)

From the equation (), we can write xg in terms of z as

_ DMZH? _ MZH?

xg — e(AQ_)\l)(b/MP

C M?
_ MPESE? (o, aie, _ MyHOE® T — A1) Mg
M} M} A M,
— MPQHgEj (e/\3¢/Mp>(>‘2_)‘1)/A3
M
B Mp2H§E2 3M}3Hg , (A2=A1)/A3 L5

where £ = H/H, and Hj is the current value of the Hubble parameter. In or-
der to avoid confusion, reduced planck mass is restored into the equation ()
We have chosen My = M, ~ 1/0.55meV [27]. From the observations, we have
MZHG ~ 2.7 x 1077GeV* ~ 27meV*. The equations (|485i) ~ (1.85), (|487|) and

evolution equation for E form complete set of evolution equations for the back-

ground Universe, so that the evolution of the background Universe is described

by x1, 29 and E. Since the evolution of E is required to calculate cluster number
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counts in the next section, we solve the evolution equations for z;,zs and E in-
stead of z1, z9 and x3. In this calculation, we use cosmic time ¢ instead of conformal
times 7. Then, we have

# = (07 = Jon+ 57 + V(). (4.88)

In order to compute the evolution equation for E, we differentiate the equation

() with respect to N to yield

E H 3

To numerically solve evolution equations for the background Universe, we set initial
conditions for dark energy wy by requiring that the equation of state parameter of
dark energy to lies within the range —1 < wy < —0.9 and Q4 = 2% + z, takes value
0.7. The initial values for F is set such that £ = 1 at present. We now turn to
discuss the evolution of the background Universe. From the equation (), we

can write the coupling term )y in terms of dimensionless variables as

—~ _ )\1 —6 (2)\1 — )\2) 1'3.%% — 6)\3]]21'3 - 6\/61’333'1

4.90
o 6(1 — 322 — 5) w3 + 2 (4.90)

Inserting the equation () into the equation (@), we have

P+ 3H<1 - \/gé)voxl)pm =0. (4.91)

It can be seen from the equation () that during the matter dominated epoch,
we have z1, 29 < 1. Hence the equation () becomes

— )\1
Q0_2+6$3.

(4.92)

This equation suggests that during the matter dominated epoch, the influence
of conformal coupling which is quantified by A; is suppressed by the amplitude of
disformal coupling which is quantified by x3. The equation () gives rg ~ > 1
during the matter dominated epoch when 0 < Ay, |As|, [A3] < 1 and My ~ 1meV.

The effect of conformal coupling can be strongly suppressed by disformal coupling
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Table 4 This table shows values of parameters )\, A\, and )3 for each

model.
N Model | 4 B|C| D E F
A1 0.1 0.1 0.1 0.1 0 -
A2 0 0 |-2] -1 0 -
Xs 1 1| -1[-01 1 :
conformal disformal uncoupling | ACDM

as same as the magnitude of coupling during the matter dominated epoch. In
addition to the suppression due to the disformal coupling, when dark energy slowly
evolves, i.e., x;1 < 1 the effect of coupling term in the equation () can be
reduced. The magnitude of x; depends on A3 which mainly controll potential
slope of dark energy. The disformal coupling can lead to a large magnitude of the
coupling compared with conformal coupling at late time while the coupling can
be negligible during the matter dominated epoch. From the equation (), for
the case A\3 < 0 when x5 ~ 0.7 and x5 ~ 1 the third term in the numerator can
enhance the magnitude of coupling at late time. During dark energy and dark
matter dominated epoch, for the pure conformally coupled model the equation
() becomes Qo = A;/2. Thus, if A, ~ 1, the evolution of the Universe during
the matter dominated epoch may become unphysical. If A\ ~ 1 and p; < pm
where py is the energy density of the dark energy, the last two terms on the LHS
of the equation () will be smaller than the coupling term on the RHS of this
equation. Therefore, the external force )y will strongly drive the dark energy field
¢, consequently matter dominated epoch will stop quickly and the acceleration
epoch cannot start as it should be. However, even though A\; > 1, the universe
still evolve suitably if pg is not too small compared with p,, during the matter
dominated epoch. This situation exists when dark energy starts scaling solution
during the matter dominated epoch in the quintessence model with the exponential
potential [112]. For this case, the dark energy in the matter dominated epoch can
contribute to the spherical collapse and cluster number counts [113]. In this work,
we assume that the dark energy slowly evolve through the whole evolution of the

Universe. Hence, p; < p,, during the matter dominated era.
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Figure 10 Plots of p,, = a®p,,/pmo as a function of redshift z. The lines
A, B, C, D, and F represent the models A, B, C, D and F in
table 4 respectively.

In order to study the influences of the coupling term Qvo on the evolution
of p,,, we plot the evolution of p,,/pmo = a®pm/pmo in Figure @ where p,,o is
the present value of p,,. One can see from the plot that p,, o< 1/a®> when coupling
disappears. For a fixed p,,0, p,n decreases when A\; and — )\, increase for A3 = —1 at
a given redshift because the coupling term Qvo increases in this situation. It can be
seen that the coupling term QVO increases when \; increases. Corresponding to the
equation () that for negative Ay, A3 can enhance x3 because 3M? Hg E*xo /M, >
1 at late time. It follows from the equation (), for the case \3 = —1 the third
term in the numerator of this equation can give a dominant contribution due to
an enhancement of 3 when —)\s increases. From the equation (), the coupling
term QVO can become negative because a large contribution of the fourth term in the
numerator of the equation () x3 can enhance by increasing A3 from negative
value toward zero at late time. In the Figure , when @) becomes negative, p,,

3 as shown by line D. The values of parameters A, Ay and A3

decay faster than a~
for each model show in table (@)

Now we turn to study the effect of the disformally and conformally coupled
models on the growth of density perturbations. Inserting the equations (4.73) and
(B.78) into the equation () and using the equation (), we obtain second

order differential equation of the matter density contrast in terms of dimensionless
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Figure 11 Plots of 4,,/a as a function of redshift z. The values of A\, A\,
and )3 for each line are similar to those of the Figure ([10).
We set 0,,/a = 1 initially for all cases.

variables x1, xs, 0, and Qvo as follows

P YA —(1(1—|—3$ —3332)—|—\/6QV.T )5/ _i_% ((51/71)2
m 2 2o )T T 314 6,
3 N
+5 (=t ) (14 6,)(1+ 200" )00 , (4.93)
and the linearized version of the above equation is
1 N
5 = —(2(1 + 379 — 323) + \/66203:1)5;”
3 —
+50—af — )1+ 200 )0 (4.94)

Since @) during the matter dominated epoch obeys the estimation given in the
equation (), for the case where x3 = 0, i.e. the case of pure conformally
coupled, we obtain the growing solution of the equation () as

1 1
N _ /
O < €Y where p= —111 25 + 12)%. (4.95)

This equation shows that during the matter dominated epoch the conformally cou-
pled model can enhance the growth of d,,. In contrast, for the case of disformally
coupled model the enhancement disappear as shown in Figure Iﬁl It can be seen in
this plot that the ratios d,,/a are not different for disformally coupled and uncou-

pled models during matter dominated epoch, because Q) is suppressed by disformal
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Figure 12 Plots of §. as a function of collapsing redshift z.. The val-
ues of A\, \» and )\; for each line are similar to those of the
Figure ([LQ).

coupling in the disformally coupled models. However, the ratio d,,/a for the con-
formally coupled is larger than the uncoupled model at any given redshifts during
the matter dominated epoch. At late time, the ratio d,,/a for the disformally cou-
pled models can decrease slower than that of the uncoupled and pure conformally
coupled models, which agrees with [27]. For the coupled models at late time, the
decreasing rate of the ratio d,,/a depends on the coupling term @)2 which controls
the growing rate of 9, in the equation () One can see in the Figure [L1 that
at late time the decreasing rate of the ratio d,,/a depends on Aj, Ay and As.

In order to study spherical collapse in the disformally coupled models,
we define 6, which is extrapolated linear density contrast at collapse redshifts.
We compute this quantity by numerically solving the equation (), and then
finding the relation between collapse redshifts (the value of redshift at ¢,, — o0)
and the initial conditions for §,, which lead to collapse at that redshift. For this
computation, we vary the initial value of §,, within the range d,, < 1072 and fix
the initial redshift at 10°. Therefore, we can assume that d,, obeys the linear
evolution equation given in the equation () Hence, to calculate d., we can set
0! = dp, at the initial time. Solving the equation () from the initial redshift
to the collapsing redshift z. using the initial value of §,, that leads to the collapse
of the overdense regions at redshift z.. We obtain the extrapolated linear density

contrast at collapsing redshift z.. We also plot 0. as a function of redshift z in
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Figure . It can be seen in the plot that the enhancement of decay rate of . at
late time is a result of increasing disformal coupling term and the higher growth
rate of density perturbation of dark matter for the model of disformally coupled.
The less amount of density perturbation is needed for collapse when the growth
rate is large. This suggests that the overdense regions are able to efficiently collapse
due to the disformally coupled at late time. Using the approximation w; = —1,
the gravitational potential for dark energy is given by [114]

_4ArGMpq 2

Ud: 5 ’

(4.96)

where M = 4mp,,r3/3 is the total mass of dark matter inside spherical collapsing
regions. For a system with potential of the form U o rP and the kinetic energy
K, the virial theorem can be expressed in the general form as K = pU/2 [115].
Thus, we can compute overdensity for dark matter at virialization phase d,;, using
nonlinear overdensity of dark matter as a function of redshift to compute max-
imum radius and redshift at turn around. Then, combining the virial theorem
and the conservation of energy, we obtain a relation between potential energies of
the overdense regions at turn-around phase and at the time when virialization is
reached as follows

Unta + Udta = ;Um,vir + 2Uq4 wir (4.97)

_3GM?
5

tential energy of dark matter. From the equation (), we have used the fact

where subscript ta refers to turn around, U,, = is the gravitational po-
that at turn around kinetic energy of the overdense regions K, equal to zero.
We have also used K, pir = —Uppir/2 and Ky iy = Ugpir to obtain the equation
() From the equation () and the gravitational potential for dark energy
given in equation (), we obtain

1
pmr?{z + pdr?{z = §pmrgir + 2pdr12)ir : (498)

The overdensity of the forming cluster at turn around is ( = (ZT’")t where py, is
g a

the matter energy density of the background universe. To calculate the overdensity
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for dark matter at virialization, we defined

n= Dir and 0 = <pd> . (4.99)
ta

Tta pm

To obtain a relation between n and 6, we used

<pd> s (4.100)
Pm J iy
From the equation () and the above relation, we obtain

40n* —2n(1+60)+1=0. (4.101)

Therefore, we obtain the overdensity for dark matter at virialization [[114] as follows

pbg,vir 773

m,vir 1 a 3
= Pmpir _ C< kil ) . (4.102)

i = 1+ 2o
We also plot the overdensity for dark matter at virialization in Figure @ It can
be seen in this plot that there is no significant difference between the conformally
coupled and uncoupled models and the overdensity for both cases are larger than
that for the disformal coupling and ACDM models. The overdensity can be sup-
pressed in the disformally coupled models compared with the conformally coupled
and uncoupled models at virialization. This is a result of the low overdensity at

turn around for the disformally coupled model.

4.2.2 Cluster number counts

As mentioned in the introduction, cluster number counts can be used
to study influence of dark energy to spherical collapse of overdense regions. In
this section, we use Press-Schechter/Sheth-Torman formalism to estimate cluster
number counts and study influence of the disformally coupled on the collapse of

overdense regions. Let us begin the calculation by using the volume fraction as

[112]
50

V20

f= OOP(5L,R)d5L = 1erfc[

s 5 ], (4.103)
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Figure 13 Plots of §,;,, as a function of virialized redshift z,,.. The
values of )\, Ay and A3 for each line are similar to those of the
Figure ()

where Gaussian distribution P(d,, R) = e /27" /\/2rc, 6, is linear density con-
trast and both o and 0, are redshift dependent. Differentiating the equation

() with respect to the o, we obtain

df 1d O
o = i%erfc[ }

~1 /6.
= - QW(;) eXp(202). (4.104)

For the Press-Schechter formalism, the mass function describing the comoving
number density of the collapse regions with range of mass between M to M + dM

is given by

_ ol U do
n(M)dM_2MdUdeM

2 6. dl 52 1dM
N _\/;pm<a)dh?]?4 exp |~ 553l 3 (4.105)

where parameter o is the variance in spheres of radius R. The parameter ¢ can be

approximately calculated from [116]

o(R, ) = ox( D(z). (4.106)
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dv

Figure 14 Plots of dV = (dV/dZ)/(dV/dZ)gs as a function of redshift z.
The values of A;, Ay and )\; for each line are similar to those
of the Figure ([10).

Here, the growth factor D(z) = 0,,,(2)/0(0) and 6(0) is the linear density contrast

of matter perturbation at present and ~ in the above equation is

Y(R) = (0.3Qh +0.2)[2.92 + logy (4.107)

R
8h—1Mpc)} '

However, using the assumption of ellipsoidal collapse of halo, the obtained mass
function can fit well with N-body simulation for ACDM model compared with the
assumption of spherical collapse of halo in Press-Schechter formalism. From the
work [117], the authors have derived the mass function called Sheth-Tormen mass

function which is given by

2_ dlno Ocn 0.6 0.707 /6.\21dM
n(M)dM = —0.2709\EpmdlnM [1 + 1.1096(;) ] exp [— T(*) }M? .
(4.108)

g

Q

From the equation (4.108), we can compute cluster number counts per redshift

with mass M > M,,;, as

dN dVe [oo

o = e /M n(M)dM , (4.109)

where f, is the observed sky fraction, dV,/dz = 47r?(z2)/HyE(2) is the comoving
volume element per unit redshift and r(z) is the comoving distance.

To study the influence of disformal coupling term on the cluster number

counts, we plot (dV./dz)/(dV./dz)ges and 0./cD(z) in Figures [14 and @ respec-
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0c/osD(2)

Figure 15 Plots of §./(0sD(z)) as a function of redshift z. The values
of A\, \s and )3 for each line are similar to those of the Fig-
ure ((L0)

tively. Here, (dV,/dz)gqs is the comoving volume element per unit redshift for the
model of Einstein-de Sitter. It can be seen from the Figure [14 that due to large
magnitude of the coupling term Qo, dV., /dz for the disformally coupled model is
larger than the pure conformally coupled and uncoupled models at all redshifts.
However, dV,/dz for the uncoupled model is lowest at all redshifts. In the Figure
, we plot 0./0gD(z) in order to study the influence of disformal coupling on
d./oD(z). In this plot, we set og = 0.83 [97] for ACDM model and for each model,
os is set such that the ratio d./0gD(z) equal to ACDM model at redshift z = 0.
Based on this setting, the value of og for all models lie within the 2 — ¢ bound
from the result of [97]. Due to high growth rate of linear density perturbation and
low J, at late time for the disformally coupled model and d6./03D(z) equals to that
for ACDM, the ratio 0./0gsD(z) for the disformally coupled model is larger than
the pure conformally coupled and uncoupled models. The ratio d./ogD(z) for the
uncoupled model is lowest compared with the disformally coupled and pure confor-
mally coupled models. We now plot cluster number counts with mass M > M,
as a function of redshifts in Figure @, to see the effects of disformally coupling on
the collapse regions. In this plot, we use Sheth-Tormen mass function to compute
and plot the cluster number counts as a function of redshifts for each model. We
also connect the results with the galaxy surveys by using the method as presented

in [98, 99, 100] to compute M,,;,(z) from limiting flux of the surveys. We set
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Figure 16 Plots of dN/dz with mass M > M,,;, = 101*M_h~"! as a function
of redshift z. The values of A\, Ay and )\; for each line are
similar to those of the Figure ([10).

the limiting flux Fj;, = 3.3 x 107 ergs 'em™2 and use [y, ~ 0.485 according to
eROSITA surveys [101] to the plot of cluster number counts in Figure . One can
see in the Figure @ that, due to the large d./0gD(z) for the disformally coupled
model, this model can strongly suppress cluster number per redshift compared with
the uncoupled model. There is not a significant difference between the conformally
coupled and uncoupled models in this plot. The limiting mass M,,;,(z) which de-
pends on E(z), luminosity distance dj, limit flux F};,, controls shape of the graph
of cluster number counts. The graph of cluster number counts seem to deviate
from the bell shape because the limiting mass increases with redshift. For more
detail about the investigation of the effect of disformal coupling on cluster number
counts, we plot the difference ratio Aynv = (dN/dz)/(dN/dz); — 1 in Figure @
for the disformally and conformally coupled models. Here, (dN/dz)¢ is dN/dz for
either ACDM or uncoupled model. In this plot, we defined the label of each line
as follows.

Lines A1, A2, B1, B2 and EL are the difference ratio between conformally cou-
pled model A and ACDM model, the difference ratio between conformally coupled
model A and uncoupled model, the difference ratio between disformally coupled
model B and ACDM model, the difference ratio between disformally coupled model
B and uncoupled model, the difference ratio between uncoupled and ACDM respec-

tively. It can be seen from the Figure @ that at high redshifts the difference ratio
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Agn of disformally coupled model B1 and B2 are negative and become positive at
late time. The difference ratio Agy of conformally coupled model Al is negative
and A2 is positive at high redshifts. It can be seen in the plot that at late time
the line A1 converges to zero and the line A2 drops down from positive to small
negative values and rapidly increases to positive values again at redshifts closed to
zero. Similarly as line A2, at high redshifts the value of difference ratio for line
EL are positive values. As mentioned above, this suggests that the conformally
and disformally coupled models can suppress the cluster number counts at high
redshifts and the strongly suppression exists in disformally coupled model. For the
coupled models, the enhancement of the cluster number counts at low redshift is
mainly effect by a large values of dV/dz. In addition, at high redshifts the clus-
ter number counts does not significantly depend on the chosen value of og. From
the Figures @ and , we have found that the difference of clusters between pure
conformally coupled and ACDM models is ~ 6800 at z ~ 0.3 and ~ 160 at z ~ 1.
The difference number of clusters between disformally coupled and ACDM models
is ~ 26000 at z = 0.3 and ~ 240 at z = 1. These difference number of clusters
yield the uncertainties which are computed from the Poisson error of the dN/dz
as AN ~ 470 and AN ~ 14 at redshifts 0.3 and 1 respectively. The difference
of cluster number counts from the disformally coupled models are larger than the

estimated in eROSITA uncertainty, AN ~ 500 [101].
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Agy

Figure 17 Plots of different ratio Ayy = (dN/dz)/(dN/dz);—1 from dN/dz
presented in the Figure ([LG). Here, lines A1 and A2 represent
the different ratio of line A in the Figure (@) with ACDM and
uncoupled models respectively. Lines B1 and B2 represent
the different ratio of line B in the Figure (@) with ACDM
and uncoupled models respectively. Line E corresponds to
the different ratio of uncoupled model with ACDM model.



CHAPTER V

CONCLUSIONS

In this work, we study the influence of disformally coupled on the evolution
of the Universe and cluster number counts of the overdense regions. We have found
that when the disformal coefficient depends on the kinetic terms of scalar field,
there exist two classes of fixed points. The fixed points in the first class are saddle
points, and exist only when disformal coefficient depends on the kinetic terms.
The fixed points in the second class can be stable when we set the parameters
corresponding to the accelerating expansion of the Universe. The fixed points in
this class can take different physically relevant values for the same value of the
parameters of the model. The two difference values of the fixed point for the same
value of the parameters can be avoided if A is larger than one or the values of rg
and A4 are set from the fixed point wg ~ —0.99 and Qg4 2 0.9.

In addition to the background evolution of the Universe, we also study
effects of the disformal coupling between dark energy and dark matter on large scale
structure using spherical collapse model and the Press-Schechter/Sheth-Torman
mass function to compute cluster number counts. We have found that during
matter dominated epoch, the disformally coupled models have no significant effect
on the growth rate of dark matter density perturbation. Then, collapsing properties
of overdense regions are not altered by disformally coupled model.

For the disformally coupled model, at late time, the growth rate of dark
matter density perturbation can be enhanced due to the large coupling between
dark matter and dark energy. Thus, at late time, overdense regions can collapse
more efficiently indicating by low d. at low redshifts. In addition, comparing the
conformally coupled and uncoupled models, the overdensity at virialization phase
in the disformally coupled model can be suppressed at low redshifts.

Based on the Press-Schechter and Sheth-Torman mass functions, we have
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found that the estimated cluster number counts per redshift strongly suppressed
compared with uncoupled model at redshifts larger than 0.3 by the disformally
coupled model because of a large 6./0sD(z). Furthermore, increasing the disfor-
mal coupling between dark matter and dark energy at late time, the predicted
cluster number counts can be increased compared with the conformally coupled
and uncoupled models at low redshifts by disformally coupled because of a large

comoving volume element per redshift.
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APPENDIX



APPENDIX A PERTURBATION OF @

In this appendix we explicitly show the computation for perturbation of
the coupling term @ from the equations () and () We begin the calculation

using the energy-momentum tensor for perfect fluid as

T8 = (A1)

OOO?
oo O
o3 O O
N O OO

where we set ¢ = 1. From the metric perturbation in Newtonian gauge given in
equation (@), we can write components 00 and ij of the metric perturbation and

also the inverse metric perturbation as

goo = Goo + 0goo = —1 — 28, gij = Gij + 0gi; = a*(1 — 2®)dy5, (A.2)
G =" +6¢% = —1+20, ¢9=7g"+6¢" = — (1 +2)0". (A.3)
a

We use the metric perturbation in Newtonian gauge, small scales limit and use the
energy-momentum tensor for perfect fluid given in equation (@) to compute the

perturbation for the coupling term (). From the equation ()
T, = gaﬂT‘lB = gaﬁgp’BTpo‘, (A.4)
the perturbation of the above equation is

0T = (09a5)3" T, + Gas (89" )T + Gapg”" o1
= (6900)5"° T3 + oo (09”) T3 + Goog™ 0Ty + 97 6T}
=2®p,, — 2®p,, — Opm
= —0Pm. (A.5)
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From the equation ()

Trp = 00057 = ¢.00,39" T, (A.6)

the perturbation of the above equation is shown below

0.00,809°° T + §°°6TC] = 60069 Ty + g*°0T})
2X0prm, (A7)

5Ty

=3

where we neglect the terms proportional to ® in the small scales. From the equation

(), the perturbation calculation for 6; is expressed below

0) =T 05 = TPV 056 = T*9,05¢ — T*’T% 30,0,
561 = 6(T*P0,050) — 6(T*T%40,0) = A1 + As, (A.8)
Ay = 6(T*0,030) = 0a050(6T) . (A.9)

From the energy-momentum of matter
7% = U°UPp,,, , (A.10)
the calculation for perturbation of the above equation shown below

ST = UUP8py + 2pmUSU”,
0T = UU%p,, + 2pmU°SU° = (1 — ®)%5pp + 2pm(1 — @) (—P),
~ oo (A11)

where 1 — ® ~ 1 in small scales limit. From the equation (@), we obtain A; as

Ay = 8u906T™ = $6p,, . (A.12)
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Consider A, from the equation (@)

Ay = —0(T*T2430,0) = —6(Ll 97" T20,0)
_(5FZ5)§UBTQ8 ¢ —Th5(69"" )50, — T455°7 (650,

—(6T00)g" T3 Do) — M Faﬁg (0T) 8o

— — g™ T6TY, — $g7° T 46 (A.13)

0T}, = =695, + ; 2*(0u0gar + w0 Gap — Oaldguw),
oTg = Q/W(og‘i‘ 9 “(0069ga0 + 900gao — Fadgoo),
- 75 “o8g00 = —fao(—ch) = 0P ~ 0, (A.14)
= —gtT? 50T = gzﬁg‘”FO 6T = gzﬁgkjfo 5T}, (A.15)
4 — i’j [0 = Ha%, (A.16)

0TS = pm(U6Ug + UgdU + §U6U)

+ 8pm(UUs + USU, + UssU® + USU,) (A.17)
5T = pon (U550, + LidU™ + 6UGUY)

+ 8o (PV, + LESH, 4 Dyd U™ + 6U U,

= pmbU Uy, + 6pm0U Ui = (P + 0 ppm ) 0U SU,

= PV (A.18)

= 8kI
= —¢6 Ha? 5,]pmv v = —ngpmv Uk (A.19)

Then, we obtain the perturbation for #; as
00, = g.gépm — gngmvivk . (A.20)
The perturbation calculation for ¢, from the equation () shown below

02 — (b aXBTa/B - QbaX ngBTaa

802 = ¢.0(0X 3)7"° T2 + o X s(09"°) TS + .0 X 55" 0T,
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From the kinetic energy of the scalar field X = % g O\, 0, thus we have

1
Xp = —5(3,89M)3A¢3a¢ — 9" (0x0) 0305 ¢, (A.22)

1 - _ _
0X 5 = =5(0509"7)026056 — 0™ (0x) D0 (A.23)
Using equations (|A.22) and (|A.23), hence By, By and B3 become

_ _ 71 _ _
Br = =603 T5 50046000 + 367 06,05]
_ _r1 _ _
— ~ 009" T8 |5 0s09") Db + 5™ 005

= 1 .
= 03" | 50°05(20) + 200,

= 45, XD ~ 0, (A.24)

T B —Ao “Xo |

By = =0.uT;09" | 50200055 + 3" 60,0
= 4p, XD ~ 0, (A.25)

1= o 1 - —\o “Xo |

Bs = =6,a0" 0T} | 50200055 + 5" 000,09

From the equations () - (), we get

505 = 2X $0py. (A.27)

We calculate the perturbation for 83 as follows

93 = ¢,o¢vuTau = ¢,O‘go¢uvuT#7
603 = ¢ (69 )V, T" + ¢.0g*6(V, TH) = Cy + Cy. (A.28)

Using the definition of covariant derivative, we can write C as follows

C1 = 6.0(8g™)V, T4 = 200[0, T4 + T2, Tf — [0, T2
= 200 (5m + 3Hpp) ~ 0. (A.29)
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Similarly as C, we can write Cy from the equation () as follows

Cy = ¢ 0g™ [0, TH + TH TP — T T*]

pp~v pp

= 0ag"[0, 0T} + T8 6T + TJoTY,  — T 0T) — ThoI% |

= —@[0,0TY + TV 5T — pmdThy — T000T" + prdT0y]. (A.30)
Consider the first term in the bracket of the above equation, we have

00Ty = 00Ty + 00Ty = —0pm + 0:0Ty, (A.31)
17§ = pUUp,
0T = U Updpm + pmd(UUp),
0T = UUpdpm + pmd(UUy),
3o =
0a0T§ = 00[UUn0pm + prd(UUp)] = Ou|-U“0pm + ﬁmWUg%Uag)]
= 0a[=U“0pp + +pUsdU“|
= —(0aU")0pm — U%000pm + (0ap)mUodU + pp(0aUo)0U* + pimUp0a0U,
;0T = —(0,U)Spr — U030 pr, +W+W+ PmUo0;6U"
= —(0:0")0pm — V' 0i6pm — pm (1 + @)
= —(0;0")0py — V' 0i6pm — pmOiV" . (A.32)
From the equations () and (|A.32), we obtain
aH(;T’[‘)u = _5:0771 - (811}1)5:0771 - Uzgzépm - ﬁmazvz (A33)

Consider the second term in the bracket of Cy, we get

T4 0T§ = Tho0Tg + 10Ty = (% + TU)OTS + (D + DA)STy = TiyoT;
= —3Hdpm,. (A.34)
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Consider the third term in the bracket of Cy, we get

j —i = L
5F50 :%—F 5F;0 = —g *B(Sg/gvf‘zo + 59 (82-59040 + 80591‘& - aaégio)
—iJ B 1 —ij
= —§70g;Tio + 56" (2455 + Do — 0s8g55)
= _gl](sg]kézkH + §§Z]80(—2a261>5ij) = —g’](Sgin — 51‘]‘_61]80(0,2(1))
1 ) _
= —3($)(—2a2®)H —2aa®(36,,5"') = 6H® — 6H®
= 0. (A.35)

Consider the fourth term in the bracket of Cy, we get

[000TH = 056Ty + Tig0T! = 65 H pov/v;
= pmHV'v; . (A.36)

The last term of C5 equal to 0, then we obtain

Cy = ¢[6pm + (00")0pym + V' 0i0py + Prm0s0v" + 3HEpp + prHV'v;] . (A.37)

From the equations () - (), we obtian the perturbation for 03 as

803 = A[0pm + pmO" + V' 00 py + SHOIpyy + pra Ho' ;] . (A.38)
The perturbation calculation for 6, shown below

01 = ¢V Trp = ¢°° 05V o(0,,0,T7),
501 =9 5(09°)Va(9,,05T77) + 570,50V a($p0..T77)]
=D+ D>. (A.39)



Consider D; from the above equation

Dy = 6,5(86°)57[0(6,06,,T{) — T206,06, 1% — Tp,0,0T]
= D1y + Dy + Dy,

Do = 65695 0u(6 60 T5) = 60(89°)5"0(6.06.,070)
= 6(20)(~1)0[¢*(—m)]
= 4XD(20pm + Opm) ~ 0,

Diy = —.56,,0,(69°") g T T = —6,06,06,0(39°) 5T T8
=0,

Dic = —¢50,,0,,(09°) g7 T\ T?
=0.

Then, we get
D1 ~0.

The calculation for D, from the equation () shown below

Dy = 590 50V a6, T")
= 590 (09 Va (66 TS) + 575V a0 T")}]
= Dy, + Dy,
Dso = §*°9 (69 )Va(0,,05TY)
— 4XB(20pm + bm) 2 0,
Doy = 6555701V (0., T9)]
6,557 50V a0, TY)]
,69°797010a (0,00, TY) — L2059 1% — Dhrtrpt5 1))
655057 0u( 6 ,0T%) = ¢o-00g°oao<¢,o¢,0am>
(1) (~1)A[6*(~8pm)] = —20(608pm + XSu)

From the equations () - (), we obtain the perturbation for 64 as

801 = ~26(660pm + Xbprm)

90

(A.40)

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)
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We show the perturbation calculation for 057, below

95Tmp = ga5¢ ﬂX aTmp = gab’go/\¢ Bon¢ p¢ O’Tfa
3(05Tmp) = 6,56,0,0|(09°)57 X o T + 5 (3g7) X TS + G757 (0X o) TX

+ 37 g7 X 20T

= FE, + Ey + E5 + Ej, (A.49)
Ei = ¢.30,05(69°") g7 X o T§ = ¢,00,00,0(69")g" X o Ty

— 8 X26® & 0, (A.50)
Ey = ¢.50,,005"" (697 X o T%

— 8 X 26D = 0, (A.51)

By = 50,0009 {6 X
= 80 X’9® ~ 0,
Ei=630,005""57" X a0T{
= —4X200py, . (A.52)
From the equations () - (), we obtain
(05 Tpp) = —4X 208y (A.53)

The computation for the perturbation of 7,,,0¢ shown below

1
T0pB¢ = ¢00,5 TV 1070 = 00,57 ﬁap(\/ﬁa” 9)

1
= 0.005T"" —=0,(v/~99"7959),

=
5(Tp06) = 5(600 5T F) (V=G5 0s0) + (60057 ¢_)68 (V39" 0, )
= ((5A)8,,B + Ad(c‘)aB) =021+ 025. (A.54)

From the metric perturbation given in equation (@), we obtain the determinant

of this metric as

g = det(gap) = —a®(1+ 2®)(1 — 20)?,
V=g = a*/(1+20)(1 - 20)3. (A.55)




Using the binomial series
@ 1 2
(142)* = 1+aa:+§a(a—1)a: + ...,

equation (JA.55) becomes

V=g =d[l+ ;(ch) o+ 2(-2@) 4] ~d3(1+D)(1— 30)

=a’(1—29).

We also obtain the inverse of the above equation as follows

111 1
V=g @ VIR J(1 - 20)
B Y TN | EATY. ) W PUN
a3 2 2 a3
_ ;3(1 4.
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(A.56)

(A.57)

(A.58)

From the equation (), we can write A, A background (A4), B and B background

(B) respectively as

1 1

A=0¢opsT—— = ¢ o0 59"° T (1 — 20),
D09, N a9 Ty ad( )

O |

A = ¢,Oé¢7ﬁg’YBT'y ?7

B =+/—99"” 0,0 = a3(1 —20)¢”? 0,0,
B = d’§" 9,0,

(A.59)

(A.60)
(A.61)
(A.62)



The perturbation for A is shown below

- - 1
5A = 600,019 T0— (1 - 20)
5o —o 1 - o 1 ~yBpa
= ¢,a¢,ﬁ[(5gw)T$$ + 975(5717 )5 - ngy —
— Ay + Ay + 6 As,

- -1 - - —o 1
0A1 = 6,060,500 )T7 = = 6.06.0(09") Ty —

4 - _
- D 1
042 = 600,59 (0T7) = = 6.06.09" (0T5) —
2 -
S T |
043 = 60059 T} — = 000,00 15—

4 _

From the equations (|A54l), (|A6d) - (|A6d), We can write §7; as

57, = ~2X 800, (a°5" 0,8) = —2X8pn00(a*5"000)
a a

1 o
= —$2X5pm80(a580¢)

— 2Xopn(3Hb + 0).
We derive the perturbation for 675 as

9,B = 9,[a’*(1 — 2®)g" d,¢],
3(9,B) = 8,[~2a° 5" 0,6 + a*(59”) 0y d + a° 5770, 06},

T e /o la ale} 1 a — —po
072 = 000557 T5 50, [0* (52010 — 20970, + g 0,00}

- - _ ]_ 3 »

= ¢ 0005”1y 5[30{&900&75@ + 0i{a*3"7 0,60}]
1 - |

- $¢Qﬁm [00{a’3" 0000} + 0:{a’770;60}]

2 o _ = _
= ?Xpmaiaiaqs = 2X5,, V266 .
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(A.63)

(A.64)

(A.65)

(A.66)

(A.67)

(A.68)



From the equations () and (), we obtain

§(TppB¢) = —2X6pn(3Ho + 6) + 2X 5 V26

94

(A.69)



APPENDIX B TOP HAT MODEL

In this appendix, we show explicit details for the calculation of the non-
linear second order evolution equation for matter density contrast. We also apply

top hat model to our calculation [105]. From simple symmetric, we have
Dibm g = 5 (0,8) =0, (B.1)

where v’ (0,t) is the comoving velocity. The equation () becomes

5m‘x:0 - [(1 + 57”)811];71] x=0" (B2)
or ‘
D=~ —om (B.3)
’L/Um x=0 - 1 _'_ (Sm o .

Differentiating the equation (@) with respect to time ¢, and using the equation
(4.66), we obtain non-linear second order evolution equation for ¢,, at x = 0 as

follows

m

140

bl == 2H + Qod) bm|__ +

4 H2
x=0 §

x=0
149,
+ 2
a

(8;® + Qod;60)

x=0
To obtained the above equation we have used the identity

1
3

10
VO Wkeeo = 5 (7 Vol = 5 e o

x=0

We then obtain linear second order evolution equation for 9,, as follows

140,
a2

S = —(2H + Qo) + (0:® + Qodi6) . (B.6)
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